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Preface 


The aim of secondary education is to make the learners fits for entry into higher 
education by flourishing their latent talents and prospects with a view to building 
the nation with the spirit of the Language Movement and the Liberation War. 
To make the learners skilled and competent citizens of the country based on the 
economic, social, cultural and environmental settings is also an important issue 
of secondary education. 


The textbooks of secondary level have been written and compiled according to 
the revised curriculum 2012 in accordance with the aims and objectives of 
National Education Policy-2010. Contents and presentations of the textbooks 
have been selected according to the moral and humanistic values of Bengali 
tradition and culture and the spirit of Liberation War 1971 ensuring equal 
dignity for all irrespective of caste and creed of different religions and sex. 


Honorable Prime Minister, Government of the People's Republic of Bangladesh, 
Sheikh Hasina expressed her firm determination to make the country free from illiteracy 
and instructed the concerned authority to give free textbooks to every student of the 
country. National Curriculum and Textbook Board started to distribute textbooks free 
of cost since 2010 according to her instruction. In its continuation, this textbook has 
been reviewed and updated with a view to create a developed and resourceful Bangladesh 
keeping vision 2041 ahead. 


Higher Mathematics, in line with Mathematics for classes nine and ten, plays an 
important role as a powerful instrument to visualise real features of abstract 
ideas as well as to enhance thinking skills. The use and application of higher 
mathematics is everywhere in the huge development of ICT and Science. 
Considering these things, the book Higher Mathematics has been introduced in 
the secondary level. In this case, sincere attempts have been taken to make the 
book easy and entertaining, giving due emphasis on the understandability of the 
students. 

Considering the challenges and commitments of 21st century and following the 
revised curriculum the textbook has been written. The textbook has been revised 
and re-edited by a group of prominent educationist to make it learner friendly in 
2017. 

I thank sincerely all who were involved in the process of revision, writing, editing, 
art and design of the textbook for their intellectual labour. 


Professor Md. Farhadul Islam 
Chairman 
National Curriculum and Textbook Board, Bangladesh 
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Chapter 1 


Set and Function 


The concept and use of set are especially important in mathematics. For this 
reason set has been discussed in Mathematics book of class VIII and IX-X. In this 
chapter, we go beyond the materials covered there. 


After completing the chapter, the students will be able to — 


form universal sets, subsets, complement of a set, power sets; 

> form union, intersection and difference of sets; 

> prove the properties of set operations; 

» describe equivalent sets and explain the concept of infinite set; 

> explain the formula for determining the union set, power set and verify it 
with the help of Venn diagram and examples; 

solve real life problems by using set operations and formulas; 

explain the concept of relations and functions by using sets; 

determine the domain and range of functions; 


vvvyv 


explain one-one function, onto function, one-one and onto functions with 
examples; 


v 


explain inverse function; 
verify whether a relation is a function or not with the help of graphs; 


v 


>» draw the graphs of relations and functions. 


Set 


Any well-defined collection of objects of the real world or of the conceptual realm 
is called Set. For example, S = (1, 4, 9, 16, 25, 36, 49, 64, 81, 100) denotes the set of 
square of natural numbers which are less than 10. The process of expressing set in 
this method is called Tabular Method. Each of the objects forming a set is called 
Element of that set. If x is an element of a set A then we write x € A and if 
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x is not an element of a set A then we write x ¢ A. The aforementioned set S is 
written as S = {x : x is square number not greater than 100 }. This method is 
called Set Builder Method. 


Activity: In the above discussion 1) Explain that S is a set. 2) Express 5$ in 


another way. 


Universal Set 

Suppose, 

S = {z : z is a positive integer and 52 < 16} 
T = (x :z is a positive integer and z? < 20) 
P = {z : z is a positive integer and yz < 2) 


The elements of these three sets are formed by the set U = (x : x is a positive 
integer}. U can be considered as the universal set for sets $, T, P. 


If all the sets under discussion are included in a particular set, that particular set 
is called the universal set. 
Some Special Number Sets 
N = {1,2,3,---}, that is the set of all natural numbers or positive integers. 
Z ={--+,—2,—1,0,1,2,3,---}, that is the set of all integers. 
Q iss P Where p is any integer and q is any positive integers} that is 
the set of all rational numbers. 


R = (x: z is a real number} So the set of all real numbers. 


Subset 


If A and B are sets then A will be called the subset of B if and only if every 
element of A are elements of B and it will be expressed as A C B. For example, 
A = {2,3} is the subset of B = {2,3,5,7}. If A is not the subset of B then A Z B 
is written. For example, A = (1,3) is not the subset of B = {2,3,5,7}. 
Example 1. If A= {7v : is a positive integer }, B = (0) and X = {z: z is 
an integer), then what is the relationship between A, B and X? 


Solution: Here, AC X, BC X, B A. 
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Activity: Suppose X = (x : x integer}. 


1) Considering X as universal set, describe three subsets of X. 


2) Describe two subsets of X where none of them are subsets of one 
another. 


Empty Set 


Sometimes such a set is considered which has no element. This kind of set is 
regarded as empty set and expressed as Ø or {}. 


Example 2. {z:z is a real number and z? < 0} is an empty set, because the 
square of any real number can never be negative. 


Example 3. F = {z : z, African countries who won the FIFA world cup till 
2014) is an empty set, because no African country has ever won the FIFA world 
cup till 2014. 


Equality of Sets 

If A and B sets have the same elements then A and B are regarded to be equal and 
it is expressed as A = B. For example, A = (1,2,3,4), B = (1,2,2,3,4,4,4). 
It is to be noted that even though one element appears in a set repeatedly, it is 
considered same as appearing once. A = B if and only if A C B and B C A. This 
information is extremely important to prove the equality of sets. 


Proper Subset 


A is the proper subset of B if and only if A C B and A # B. That means, every 
element of A is also an element of B and B has at least one element which 
is not an element of A. For example, A = (1,2), B = {1,2,3}. To express A as 
a proper subset of B, A C B is written. 

1) For any set A, A C A. This is because z € A => zx € A. 


2) For any set A, Ø C A. This is because if Ø C A do not happen, © will 
have one element x that A will not have. But this is never true because Ø 
is an empty set. So, Ø C A. It should be mentioned that empty set or Ø is a 
proper subset of any set. 


Difference of Sets 


If A and B are sets, A\ Bis {x : z € A and z ¢ B). 
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A B is called A delete B and the elements of A that are present in B are 
discarded from A to form A\ B. A\ BCA. 


Example 4. If A= {0,1,2,3,4,5,6,7,8,9} and P = (0, 2, 4, 6, 8, 10] then 
A\ B= (1,3,5,7,9). 


Complementary Set 
If U is an universal set and A C U, then the complementary set of A is UMA. 
So, U\ A= {xz:x €U and z ¢ A). 


If the elements of A is discarded from the universal set, then we get the 
complementary set of A and it will be expressed as A’ or A°. 


Example 5. If universal set U is the set of all integers and A is the set of all 
negative integers, then (with respect to U), the complementary set of A will be 
A’ or A* = {0,1,2,3,---} 


Power Set 


The set of all subsets of A is called the power set of A and it is expressed as 
P(A). It is to be noted that @ C A. For this reason, @ is also an element of 
P(A). 


A Set P(A) Power Set 
A=2 P(A) = {Ø} 


A= {a,b} | P(A 
A= {a,b,c} | P(A 


(2, {a}, {b}, A} 
{2, {a}, {b}, {c}, {a,b}, ta, ch, {b,c}, A} 


(A) 
(A) 
A= {a} P(A) 
(A) 
(A) 


= (2,4) 


Activity: 
1) IfU = {1, 2,3, 4, 5,6, 7, 8, 9, 10}, write down the following sets in tabular 
method: 


(1) A2 (z:z€U, 5z > 37} (2) B={a:reU, +5 < 12} 
(3 C={x:26€U, 6«2z «17) (4) D = {z : x € U,r? < 37} 


2 If U = {x@: 2 € Z*,1 < x < 20}, write down the following sets in 
tabular method: 
(1) A= {z : z, isa multiple of 2} (2) B= {z : z, is a multiple of 5} 
(3) C= {z : z, is a multiple of 10} 
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In the light of your work, ascertain which among C C A, BC A, CC B 
are true or false? 


3) If A= {a,b,c,d,e}, then find out P(A). 


Example 6. If A= {a,b} and B = {b,c}, show that P(A) UP(B) C P(AUB). 
Solution: Here, P(A) = (2, {a}, {b}, {a,b}}, P(B) = (9, {b}, (c), (5, c}}. 
. P(A) U P(B) = (2, {a}, {b}, {c}, fa, b}, (5, ch}. 


AUB = {a,b,c}, P(AUB) = {@, {a}, {b}, {c}, {a,b}, {a,c}, {b,c}, {a, b, c). 
So, P(A) U P(B) € P(AU B). 


Activity: 


1) If A = {1,2,3}, B = {1,2},C = (2,3) and D = {1,3}, then prove, 
P(A) = (A, B,C, D, {1}, {2}, {3}, Ø}. 


2) If A= {1,2} and B = {2,5}, then prove, 
(1) P(A)NP(B)=P(ANB), (2) P(A)UP(B) 4 P(AUB). 


Venn Diagram 


Sometimes expressing set related information in diagrams is quite convenient. 
These diagrams are named Venn diagram after the name of John Venn (1834 — 
1923). This has been discussed briefly in the Mathematics book. 


Example 7. The Venn diagram of A’, which is the complementary set of A 
with respect to the universal set U: 


U 


A’ 


Union of Sets 


If A and B are sets then their union of sets is AU B = {x : © € Aor 
z E€ B}. 


So, the set formed by the elements of both A and B is called AU B. 
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Intersection of Sets 


If A and B are sets, their intersection of sets is A N B= (x: € A and 
x € B}. 


That means,the set formed by all common elements of A and B is called AN B. 


Example 8. Two subsets of universal set U = (0, 1, 2, 3,4, 5, 6,7,8,9} are 
A = (x : x prime number } and B = {x : x odd number}. 


So A = {2,3,5,7} and B = {1,3,5,7,9}. 

Therefore, AU B = {1,2,3,5,7,9}, An B = {3,5,7}, 
A' = {0,1,4,6,8,9}, B' = {0,2,4,6, 8}, 
A'U B' = (0,1,2,4,6,8,9), A^ n B’ = {0, 4, 6, 8}, 
(AN BY = {0,1,2,4, 6,8, 9}, (AU BY = {0, 4,6, 8}. 


Activity: Show the examples mentioned above in Venn Diagram. 


Disjoint Set 
If A and B are such sets that AM B = ©, then A and B are called disjoint 


sets. 


Example 9. If A = {x : x positive integer} and B = (xz : x negative real 
number} then A and B are disjoint sets, AN B = Ø. 


Example 10. If A={z:2¢€ Rand0 < z< 2} and B = (z:z € N and 
0< z< 2} then BC A,AUB=A,ANB = B = {1,2}. 


Example 11. IfA = (z:zc€ Rand1 < z € 2) and B = (x : x € Rand 
0<z<1}, AUB={z:xe Rand0< z< 2} and An B = Ø, So, A and B are 
disjoint sets. 


Cartesian Product Set 
The Cartesian Product Set of two sets A and Bis Ax B = ((z,y): z € Aandy € 
B). 


Example 12. A= {1,2}, B = {a,b,c} are two sets. So the Cartesian Product 
of these two sets is A x B = {(1,a), (1, b), (1, c), (2, a), (2, b), (2,c)}. 
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Some Propositions of Set 
Here in every case U is the universal set and sets A, B, C are the subsets of 
U. 
1) Commutative Law 
(1) AUB=BUA (2) AnB-BnA 
2) Associative Law 
(1) (AUB)UC=AU(BUC) (2 (ANB)NC=AN(BNC) 
3) Distributive Law 
(1) AU(BNC) =(AUB)N(AUC) 
(2) AN(BUC) =(ANB)U(ANC) 
4) De Morgan’s Law 
(1) (AU B) 2 ÆN E' (2) (AnB)-A'UP' 
5) Other Formulas 


(1) AUA=A, ANA=A (2) AUØ=4A, ANØ=Ø 
(3) AUU =U, ANU =A (à) ACB = B'C A 
(5) ACB = AUB=B (6) ACB = ANB=A 
(7) ACAUB (8 ANBCA 


(9 A\B=ANB 
Verification of the Two Propositions of the Commutative Law 


The shaded area of the following left diagram denotes both A U B and 
BUA. So in this case, we see that AUB = BUA. On the other hand, the shaded 
area of the right sided diagram shows both AN B and BNA. So in this case, it 
is seen that AN B= BNA. 


A BU U 


Here the verification shown above is done with the help of Venn Diagram. Now 
let’s see this with a definite example. 


Suppose, A = {1,2,4} and B = {2,3,5} are two sets. 
So, AUB = {1,2,4} U {2,3,5} = {1,2,3,4, 5}. 
Again, BU A = {2,3,5} U {1,2,4} = {1,2, 3,4, 5}. 
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So in this case, AU B = BUA. 

On the other hand, AN B = {1,2,4} {2,3,5} = {2} 
and BN A = {2,3,5} n {1,2,4} = (2). 

So here, AN B= BNA. 


Verification of the Two Propositions of the Associative Law 


The shaded area of the following left diagram denotes both A U (B U C) 
and (AU B)U C. So in this case AU (BU C) = (AU B) U C. The shaded area of 
the right sided diagram shows A N (BMC) and (An B) n C. So here we can say 
that (An B) C — An (BnC). 


U U 
e ue 


Here the verification shown above is done with the help of Venn Diagram. Now 
let's see this with a definite example. 


Suppose, A = {a,b,c,d}, B = {b,c, f) and C = (c,d, g}. 

So, BUC = {b,c, f} U {c, d, g} = (bcd, fg) 

and AU (BUC) = {a,b,c,d} U (5,c,d, f, 9} = {a,b, c,d, f, 9}. 
Again, AU B = {a,b,c,d} U (b.c, f) = {a,b, c,d, f} 

and (AU B)UC = (a,b,c,d, f U(c, d, g} = {a,}, c,d, f, g}. 
So in this case, (AUB) UC = AU (BUC). 

Again, BNC = {b,c, f 3 3 (e,d,g) = (c] 

and AN (BNC) = {a,b,c,d} n (c) = (c). 

Again, AN B = {a,b,c,d} {b,c, f) = {b,c} 

and (AN B)NC = {b,c} n {c,d, g} = {c}. 

So here, AN (BNC) =(ANB)NC. 
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Activity: Verify the distributive laws for the sets 
A = {1,2,3,6}, B = {2,3,4,5} and C = (3,5,6, 7). Show the proof in Venn 


diagrams for each set. 


Observation: Each of the operations of union and intersection of sets is 
distributive with respect to one another. 


Proposition 1 (De Morgan’s Law). For any subset A and B of a universal set 
U, 


1) (AUB) =A'NB 2) (ANB) 2 A'UB! 


Proof:(The proof of only the first part is shown below. Prove the second 
one yourself) 


Suppose, z € (AU BY. So, z AU B. 
= rg Aandrg B = rc A'and z c B' = rE JAB 
s. (AU By c A'n B'. 
Again, suppose, z € A'N B'. So, z € A’ and z € B’. 
= rgAandzrg B= tg AUB = > xz e(AUBYy 
z. ANB € (AU By. 
Therefore, (AU BY = A’N B*. 
Proposition 2. For any subset A and B of a universal set U, AV B= ANB’ 


Proof: Suppose, x € AX B. So, xz € A and z ¢ B. 
= rcAandzc B'— re ANB 

S ANB CAN B. 

Again suppose, x € AN B'. So, x € A and x € B’. 
= rcAandzg B = zcAMB 

-. An B'C ANB. 

So, AB — An B'. 

Proposition 3. For any set A, B, C we have, 

1 Ax(BNC)=(Ax B)n(AxC) 
Forma-2, Higher Mathe, Class-9-10 
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2) Ax (BUC) =(Ax B)U(AxC) 
Proof: (The proof of only the first part is shown below. Prove the next 
one yourself.) 
According to the definition, A x (BNC) 
={(z,y):2E€ A, ye BNC} 
= {(xz,y):£ E€ A, yE Bandye C} 
= {(z,y): (x,y) € A x B and (z,y) €E Ax C} 
= (my) : (t,y) € (Ax B)N (Ax C)} 
* Ax (BNC) C (Ax B)N(AxC) 
Ax B)n(AxC) 
:(zy)eAx Band (zy) € Ax C} 


:ze€A, ye Bn C] 

(z,y)€ Ax (BnC)) 
(Ax B)n(Ax C)C Ax(BnC) 
So, Ax (BNC) 2 (Ax B)n (Ax C). 


) 
):zcA, ye BandzcA, y eC) 
) 
2E 


Some More Propositions of the Method of Sets 

) IfAisanyset ACA 

) The empty set @ is the subset of any set A. 

) If A and B are any sets, A = B provided if and only if A C Band BC A. 
) 

) 

) 


w 


If AC Ø, then A= Ø. 


ol 


If AC Band BC C then, AC C. 
6) For any set A and B, AQBC Aand An! B C E. 
7) For any set A and B, A C AU B and B C AUB. 
Proof: Only proofs of two propositions are given. Do the others. 


4) Given, A C 2, also we know, 2 C A. Therefore A = 9. 
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7) According to the definition of union of sets, AU B consists of the common 
elements and all elements of A. So as per the definition of subset, A C AUB. 
By the same logic BC AUB. 


Activity: All of the following sets can be considered as the subset of universal 
set U. 
1) Show that, An(Bn C) 2 (An B)n(AnC). 
2) Show that, A C B if and only if any of the conditions below is fulfilled: 
(1) ANB=A (2) AUB=B (3) Buc 
(4) ANB’ =6 (5 BUA =U 
3) Show that, 
(1) A\BCAUB (2) A\B'=B\A 
(3) A\BCA (4) If Ac B, AU(B\ A)=B 
(5) If ANB =ø, AC Band ANB’ = A and AU B' = B' 
4) Show that, 


(1) (ANB) = AUB' (2 (AUBUOY — A/'n B'nC' 
(3 (AnBnOy- ÀUB'uc' 


One-One Correspondence 


Suppose, A = {a,b,c} is a set of three persons and B = (30,40,50) is the set of 
their ages. Moreover, suppose, the age of a is 30 years, the age of b is 40 years and 
the age of c is 50 years. So it can be said that, there is an one-one correspondence 
between the sets A and B. 


Definition 1 (One-One Correspondence). If the matching of an element of 
B with every element of A and an element of A with every element of B are 
established, such matching is called an one-one correspondence. The one-one 
correspondence between sets A and B is usually expressed as A + B and if any 
element x of the set A corresponds to the element y of the set B, we write z © y. 


Equivalent Set 


let, A = (1,2, 3) and B = {a,b,c} are two sets. An one - one 
correspondence between the sets A and B is shown in the figure below: 
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c 
Mea a 


Definition 2 (Equivalent Set). Any sets A and B are regarded as equivalent 
sets if one can establish an one-one correspondence A + B between them. A ~ B 
is written to indicate that A and B are equivalent. If A ~ B, one of them is called 
equivalent to the other. Notice that, for sets A, B and C 


1 AnA 
2) If A~B, then B~A 


3) If A~ Band B~C, then A^ C. 


Example 13. Show that, A = {1,2,3,--. ,n} and B = {1,3,5,--- ,2n — 1} 
are equivalent sets, where n is a natural number. 


Solution: A and B are equivalent, because the two sets have an one-one 
correspondence as shown below: 


Remarks: The one-one correspondence indicated above can be described by 
Ao B:ko2k—1, kc A. 


Example 14. Show that, the set of natural numbers N and the set of even 
natural numbers A = (2, 4, 6, ++- , 2n, ---}, are equivalent. 


Solution: N = {1,2,3,---,n,---} and A are equivalent sets, because an one- 
one correspondence between the sets N and A can be established, which is shown 
below. 
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Remarks: The one-one correspondence indicated above, can be described by 
N 6 A:no2n,n c N. 


Observation: Empty set Ø is supposed to be equivalent to itself. So, Ø ~ 
Ø. 


Proposition 4. Every set A is equivalent to itself. That means, A ~ A. 
Proof: If A = Ø, it is taken A ~ A. On the other hand, if A # Ø, every 


element makes a one-one correspondence with æ by itselt to establish a one-one 
correspondence AG A: z z, z € A. So A A. 


a a 
Al b« ^b JA 
C« E 


Proposition 5. If A and B are equivalent sets and B and C equivalent sets, 
then A and C are equivalent too. 


Proof: As A ~ B, we can associate every element x of A with a unique element 
y of B. Again, since B ~ C, we can associate with that element y of B a unique 
element z of C. So we can associate the element x of A with the unique elements 
z of C. This association of the elements of A with the elements of C is a one-one 
correspondence between them. So, A ~ C. 


Interval 

If a and b are real numbers and a « b, 
1) (a,b) 2 ( € R:a «€ x « b) is called open interval. 
2) [a,b] = ( € R:a E x € b) is called closed interval. 


3) (a,b) = (rz € R:a « x € b] and [a,0) = (x € R: a € xz « b] are 


respectively called open-closed interval and closed-open interval. 
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Finite and Infinite Sets 


Counting the elements of the set A = {15, 16,17, 18, 19, 20, 21,22}, we see that 

A has 8 elements. This counting is completed by establishing a one-one 
correspondence of the set A with the set B = {1,2,3,4,5,6,7,8}, as shown 
below: 


Definition 3 (Finite and Infinite Sets). A set whose elements can be fixed by 
counting, is called a finite set. If any set A is not a finite set, then it is called 
infinite set. 


1) Empty set 2 is a finite set, whose number of elements is 0. 


2) Ifany set A and Jm = (1,2,3,--- , m) are equivalent, where m € N, then 
A is a finite set and the number of elements of A is m. 


3) If A is a finite set, the number of elements of A is denoted by n(A). 


Note: 
1) J, (1), Jo = {1,2}, J3 = {1, 2,3} is the finite subset of N and n(J1) = 
1, n(J2) = 2, n(J3) = 3 etc. In real sense, Jm ~ Jm and n(Jm) = m. 
2) Only the number of elments in a finite set can be fixed. So notation n(A) 


implies that A is a finite set. 


3) If A and B are equivalent sets and if one of them is finite, then the other 
set must be finite and n(A) = n(B) will hold. 


Proposition 6. If A is a finite set and B is a proper subset of A, then B will 
be a finite set and there will be n(B) « n(A). 


Proposition 7. Set A is infinite if and only if there exists A and a proper 
subset equivalent to A. 
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Observation: Set of natural numbers N is an infinite set. 


Number of Elements of Finite Sets 


Elements of finite set A is denoted by n(A) and how to determine n(A) is 
explained. Now, suppose n(A) = p > 0, n(B) = q > 0 where An B = Ø. 


A B 


p+lip+2p+3 sept 


From the above mentioned one-one correspondence, we see that 
A U B ms Jp. 


So, n(A U B) = p+q = n(A) + n(B). From this we can say the following 
proposition. 


Proposition 8. If A and B are disjoint finite set to each other, then n(AUB) — 
n(A) + n(B). 


Expanding the proposition, we can say, n(AU BU C) = n(A) + n(B) + n(C). 
Similarly, n(A U B UC U D) = n(A) + n(B) + n(C) 4 n(D) etc, 


where A, B, C, D sets are disjoint finite set to one another. 


Proposition 9. For any finite set A and B, n(AUB) = n(A) -n(B) —n(An B). 


Proof: Here, AV B, AM B and B \ A are disjoint sets to each other[See Venn 
Diagram]. 
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U 
A B 


So, A= (AN B)U(AN B) and B = (BN A)U(An B) 
Therefore, A U B = (AN B) U (AN B)U(B\ A) 


"~ n(A) = n(A\ B)+n(AN B) (1) 
~ n(B) =n(B\ A)+n(ANB)------ (2) 
n(AU B) =n(A\ B)+n(An B)+n(B\ A): (3) 


So, from (1) we get, n(A \ B) 2 n(A) — n(An B) 

and from (2) we get, n(B \ A) = n(B) — n(An B) 

Now, putting n(A \ B) and n(B X A) in (3), we get 

n(AU B) = n(A) - n(An B) - n(B) - n(An B) - n(An B) 
^ MAU B) 2 n(A) - n(B) - n(An B) 


Activity: 

1) In each of the following cases, describe all possible one-one 
correspondence between A and B: 

(1) A= {a,b}, B= {1,2} (2) A= {a,b,c}, B = {a,b,c} 

2) For each one-one correspondence described in the above question, 
describe the set F = ((z,y) : x € A, y € B} and z © y in the tabular 
method. 

3) Suppose, A = {a,b,c,d} and B = (1, 2, 3, 4}. Describe a subset F 
of A x B in such a way that associating the second component of each 
ordered pair in that subset with its first component yields a one-one 
correspondence between A and B where, a © 3. 


4) Show that, sets A = {1,2,3,---,n} and B = {1,2,27,--- ,2^ 1) are 
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equivalent. 


5) Show that, set S = {3" : n = 0 or n € N} is equivalent to N. 


6) Describe a proper subset of the S which is equivalent to S. 


7) Show that, the set of all odd natural numbers A = {1,3,5,7,---} is an 
infinite set. 


Set in Solving Real-Life Problems 

Venn diagrams are used to solve real-life problems. Here it is noted that the 
elements of each set which will be written down in Venn diagram, is shown through 
some examples. 

Example 15. Out of 50 persons, 35 can speak English, 25 can speak both 


English and Bangla and every one can speak at least one of these two languages. 
How many persons can speak Bangla? How many persons can speak only Bangla? 


Solution: Let, $ be the set of the 50 persons, E be the set of persons among them 
who can speak in English, B be the set of persons who can speak in Bangla. 


S 50 


E3 B 


| E\B B\E 


So according to the question, n(S) = 50, n(E) = 35, n(E N B) = 25 and S = 
EU B. Suppose, n(B) = zx. 


Then from, n(S) = n(EU B) = n(E) + n(B) — n(En B), we get 
50 = 35 + x — 25 or, z = 50 — 35 + 25 = 40 So, n(B) = 40 

.. 40 persons can speak in Bangla. 

Now, the set of those who can speak in only Bangla is (B \ E). 
Let, n(B\ E) = y. 


As the sets EN B and (B \ E) are disjoint and B = (E N B) U (B \ E) [See Venn 
Diagram] 
Forma-3, Higher Mathe, Class-9-10 
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Therefore, n(B) = n(ENB)+n(B\ E). 
<. 40 = 25 + y or, y = 40 — 25 = 15 So, n(B \ E) = 15 
.. 15 persons can speak in only Bangla. 


So, 40 persons can speak in Bangla and 15 persons can speak in only Bangla. 


Example 16. Each of the 35 girls in a class likes at least one activity among 
running, swimming and dancing. Among them 15 girls like running, 4 like all three 
of swimming, running and dancing, 2 like just running, 7 like both running and 
swimming but not dancing. x like both swimming and dancing but not running, 
2x like only dancing, while 2 girls like only swimming. 


1) Show these information in a Venn Diagram. 
2) Find z. 


3) Express the set of the girls who like both running and dancing, but not 
swimming. 


4) What is the number of girls who like both running and dancing but not 


1) Suppose, set J = those who like running, S = those who like swimming, D = 
those who like dancing. Now let's look at the Venn Diagram shown above. 


swimming? 


Solution: 


2) From the Venn Diagram J' — {the girls who do not like running}. 
So, n(J’) = 35 — 15 = 20 or, 2z + z + 2 = 20 or, 32 = 18 or z = 6. 


3) Set of the girls who like both running and dancing but not swimming: J N 
DAS. 


4) n(Jn Dn") = y is shown in the Venn Diagram and given that n(J) = 15. 
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c. yt44+74+2 = 15 ory =2. 
Therefore, only 2 girls like running and dancing but not swimming. 


Example 17. Out of 24 students, 18 like to play basketball, 12 like to play 
volleyball. Given that U = the set of the students, B = the set of students 
who like to play basketball, V = the set of students who like to play volleyball. 
Suppose, n(B N V) = x and explain the data below in Venn diagram: 


1) Describe the set B U V and express n(B U V) in terms of x. 
2) Find the possible minimum value of z. 


3) Find the possible maximum value of x. 


Solution: 


1) BUYV is the set of the students who like to play basketball or vollyball. 


n(BUV) = (18 — x) + z + (12 — x) =30-2 
2) xor n(B NV) is the smallest, when BU V =U 
So, n(B U V) = n(U) or 30 — x = 24 or z = ô 
*. The possible minimum value of z = 6. 
3) n(B NV) is the largest when V C B 
Then, n(BNV) = n(V) or z = 12 


.. Possible maximum value of z = 12. 


Activity: 


1) Out of 30 students of a class, 20 students like football and 15 like chess. 
Every student likes at least one of the two games. How many students 
like both of the games? 
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2) Among a certain number of persons, 50 can speak Bangla, 20 can speak 
English, and 10 can speak both Bangla and English. How many of these 
persons can speak at least one of the two languages? 


3) Out of 100 students of the Institute of Modern Languages of the 
University of Dhaka, 42 have taken French, 30 have taken German, 28 
have taken Spanish, 10 have taken both French and Spanish, 8 have 
taken both German and Spanish, 5 have taken both German and 
French, while 3 students have taken all three Languages. 

(1) How many students have taken none of the three languages? 


(2) How many students have taken just one of the three languages? 


(3) How many students have taken only two of the three languages? 


4) Out of 50 students of class nine of the science section of a school, 29 
have taken Biology, 24 have taken Higher Mathematics, 11 have taken 
both Biology and Higher Mathematics. How many students have taken 
neither Biology nor Higher Mathematics? 


Exercises 1.1 


1. (i) If any set has 2n elements, the number of its subsets will be 4”. 
(ii) Set of all rational numbers Q = fz : pqE z} 
q 


(iii) a,b € R; (a,b) = {x :x € Randa < z <b}. 
Which combination of these statements is correct based on the information 
stated above? 
1) ¿and & 2) ii and iii 3) ¿and tii 4) i, ii and iii 
If A, = {n, 2n, 3n,---} for every n € N, answer the questions(2 - 4): 
2. Which one of the following is the value of A, N A2? 


1) A 2) Ag 3) As 4) Ag 
3. Which one of the following denotes the value of A3 r1 Ag? 
1) A2 2) As 3) Ag 4) As 


4. Which one of the following is to be written down instead of Az N A3? 
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5. 


1) A3 2) A4 3) As 4) Ag 


Given that, U = (z:1 < x € 20, z € Z}, A = {z : x is an odd number} 
and B = {x : zisa prime number}. List the following sets in tabular 
method: 

1) A 2) B 

3 C = {zxz: z€ Aand z € B} 4) D={x:ceE€Aorze B} 


The number of elements of A and B are shown in the Venn Diagram below. 
If n(A) = n(B), then find out the value of 1) z 2) n(AU B) 3) n(B\ A). 


U 


A B 


If U = {z : z is a positive integer}, A = (z:z > 5} C U and B= {z : 5z < 
12} CU then find the value of n(A N B) and n(A' U B). 


If U = (zx: x is an even integer}, A = {x : 3x > 25) CU and B = (x: 
5a < 12) C U, then find n(A N B) and n(A’N B’). 


Show that, 1) A\ A4 =Ø, 2 A\(A\A)=A. 
Show that, A x (BUC) = (A x B) U (A x C). 
If A C B and C C D, then show that, (A x C) C (B x D). 


Show that, sets A = {1,2,3,---,n} and B = {1,2,2?,---,2™-"} are 
equivalent. 


Show that, set of square of natural numbers {1, 4,9, 16,25, 36,---} is an 
infinite set. 


Prove that, if n(A) = p, n(B) = q and AN B = Ø, then n(AU B) = p * q. 
Prove that, if A, B,C are finite sets, (AU BUC) = n(A) + n(B) - n(C) — 
n(An B) - n(BnC) - n(Cn A) -xn(An BnC). 
A = {a,b,c} and B = (cy) are subsets of the universal set 
U = {a, b, C, T, Y, z}, 

1) Verify that, (i) A C B' (ii) AU B' = B' (iii) A'N B =B. 
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2) Find out: (AN B)U (An B^). 


17. Out of 30 students of a class, 19 have taken Economics, 17 have taken 
Geography, 11 have taken Civics, 12 have taken both Economics and 
Geography, 4 have taken both Civics and Geography, 7 have taken both 
Economics and Civies, while 3 have taken all three subjects. How many 
students have taken none of the three subjects? 


18. In the following Venn Diagram, universal set U = AU BUC. 


A n c 


1) If n(An B) 2 n(Bn C), then find the value of x. 


U 


2) I£n(Bn C") = n(A' n C), then find the value of y. 
3) Find the value of n(U). 
19. In the following Venn Diagram, U = AU BUC and n(U) = 50. 


1) Find the value of z. 
2) Find the value of n(B N C") and n(A' n B). 
3) Find the value of n(An BNC’) 


20. Three sets A, B and C are given in such a way that, AN B = Ø, ANC = Ø 
and C C B. Describe the sets by drawing a Venn Diagram. 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


Given that, A = (z:2«z < 5, ze R}, B={zr:1< x< 3,2 € R} and 
C = {2,4,5}. Express the following sets in set builder method: 

1) ANB 2) ANB 3) A'UB 
Given that, U = {z : x < 10,z € R}, A= {s:1 <z 4) and B= {z : 
3 < x < 6}. Express the following sets in set builder method: 

1) ANB 2) A'nB 3) ANB 4) AAB 
Sets A and B are given below for each case. Find A U B and verify that 
A C (AU B) and B c (AUB). 

1) A-(-2,—1,0,1,2) and B = (-3,0,3] 

2 A-—iíz:z€ N, z « 10and z is the multiple of 2} and B = {z : z € 

N, x < 10 and z is the multiple of 3} 
Find out AM B in every case below and verify that, (AM B) C A and 
(An B) c B. 

1) A= {0, 1, 2,3}, B= 1-1,0,2) 2) A= {a,b,c,d}, B= {b,x£,c, y} 
Among the female students of Begum Rokeya College, a survey was 
conducted about their reading habits of the magazines the Bichitra, the 
Sandhani and the Purbani. It was found that 60% of the girls read the 
Bichitra, 50% read the Sandhani, 50% read the Pubani, 30% read the 
Bichitra and the Sandhani, 30% read the Bichitra and the Purbani, 20% 
read the Sandhani and the Purbani, while 10% read all three magazines. 

1) What percentage of the girls do not read any of the three magazines? 

2) What percentage of the girls read just two of the above magazines? 
A= {z: zx € Rand z? — (a + b)z + ab = 0}, B = {1,2} and C = {2,4,5} 

1) Find out the elelments of set A. 

2) Show that, P(B N C) = P(B) Nn P(C). 

3) Prove that, A x (BUC) — (Ax B)U(A xC). 

Out of 100 students of a class, 42 students play football, 46 play cricket and 
39 play chess. Among them 13 play football and cricket, 14 play cricket and 
chess and 12 play football and chess. Besides, 7 students are not expert in 


any of these games. 


1) Show the set of students who are expert in the above three games and 
expert in none of the games in Venn diagrram. 
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2) Find how many students are expert in all three games. 


3) How many students are expert in at least one game? How many are 
expert in just two of the games? 


28. Find out the set P(@), P({@}). 


29. Once there was a mason in a village. He only built houses for those who did 
not construct their own house. Who built the house of the mason? 


30. A= (z:z £ A}. Describe briefly about the set A. 


Function 


Relation 


We often consider different types of relations among the elements of set X or 
among the elements of set X and set Y. For example, greater-lesser relation in 
the set of natural numbers, brother-sister relation in a family, relation of age with 
your classmates in your recent birthday. For further information regarding this 
context, please refer to the Mathematics book of class 9-10. 


Example 18. Suppose A — (0,1,2,3] is a set. The x « y relation existing 
between the elements of the set A can be described by subset of A x A which is 
S = {(0, 1), (0, 2), (0, 3), (1, 2), (1, 3), (2, 3)), where for ordered pairs included under 
S (first entry) « (second entry). Here S is the < relation described under A. 


Example 19. Suppose, a is the father, b is the mother, c is the elder son, d 
is the younger son, e is the daughter, f is the wife of the elder son in a family. 
Assuming the set of members of the family as F, we get F = {a,b,c,d,e, f]. 
The brother relation in set F, which means the brother relation between x and y 
can be described by B = ((c, d), (c, e), (d, c), (d, e)), where the first entry of the 
ordered pairs under set B is the brother of the second entry of the same ordered 
pair. The set B denotes the brother relation of set F. 


Definition 4 (Relation). if two sets are X and Y, any subset of their cartesian 
product set X x Y is called relation from X to Y. So, RC X x Y is a relation 
from X to Y. 
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Activity: Describe the relation "rz is the square of y" in a set Z in the form of 


set of ordered pairs. 


Function 


The idea of function is as important as sets in mathematics. In practical need, 
relations between two variables or two sets are considered. 


Example 20. Relation between the radius and circumference of a circle is 
expressed as p = 2nr where variables r and p denote the radius and the 
circumference of the circle respectively. Here for every possible value of r, one 
and only one value of p is definite. We say that, variable p is a function of 
variable r which is written as p = f(r), f(r) = 2zr. In this functional relation 
the function has been assumed to be defined with values of r taken from set X 
and values of p from set Y. This function treated as relating X to Y 
((r,p):re X andpcY, p= 2zr}. The idea of relations has been explained in 
the Mathematics book of class 9-10. 


Definition 5 (Function). If X and Y are sets and under any rule, every element 
of set X is associated with one and only one element of set Y, that rule is 
called a function described from X to Y. These types of functions are indicated 
with symbols such as f, g, F, G etc. 


Definition 6 (Domain and Codomain). If f is a function from set X to set 
Y, then this is expressed as f : X — Y. X set is called domain of function 
f: X — Y, while set Y is called codomain. 


Definition 7 (Image and Preimage). If under function f : X > Y, z € X is 
associated with y € Y, then y is called image of x and z is called preimage of 
y under this function and it is expressed as y — f(x). 


Definition 8 (Range). Under function f : X — Y, the set of the elements of 
Y which are the images of any element of X is regarded as range of function f and 
it is expressed as “range f". So, range f = (y : y = f(z) where z € X) = (f(x): 
xz € X). To be noted that range f is the subset of codomain Y. 


Function can be described in different ways. Let's take a look at the following 
examples. 


Example 21. f : xr — 2r 1, x € Z; describes a function from the set 
of integers Z to Z. Under this function image of z is y = f(r) = 2s + 1; 


Forma-4, Higher Mathe, Class-9-10 
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the domain of the function, domain f = Z and range of the function, range 
f—í(y:y—2z41, z € Z} is the set of all odd integers. 


Example 22. A set of ordered pairs 
F = {(0,0), (1,1), (C1, 1), (2,4), (-2,4), (3,9), (—3,9)) describes a function, 
whose domain is a set of first entries of the ordered pairs under 7 and range is set 
of second entries of the ordered pairs under F. 


So, domain F = (0,1, —1,2, —2,3, —3} and range F = {0,1,4,9} 


If you look closely you will see in this case that under F’, x € dom of F, F(z) = 
z?. To be noted that, set of an ordered pair will only define a function when first 
entries of different ordered pairs will be different. 


Example 23. Considering the domain and range of the function F' described 
below as A and B respectively, the function can be described with a diagram, 
where one and only one arrow sign started from every point of set A and ends 
at one and only one point of set B(left sided diagram). To be noted that, a set Y can 
be regarded as the codomain of the function, whose subset can be drawn with 
B(right sided diagram). 


0 

1 

2 

— 

A B A 5 

E y. 
] a d 
9 


Inverse Function 


Three functions are described below in the following three diagrams. 


A B A C A D 
a] 
CHD) A 
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1) Under the left sided diagram drawn above, a — 1,b — 2,c — 4. This 
function is one-one but not onto since there exists no preimage of 3. 


2) Under the diagram drawn in the middle above, a > 1,b — 2,c — 2. This 
function is onto but not one-one since 2 is the image of b and c. 


3) Under the right sided diagram drawn above a — 2,b > 1,c — 3. This 
function is one-on and onto. In the last case, for every element of codomain 
D, domain A has one and only one element which is definite. As a result, 
a function is described from D to A, which is called the inverse function of 


given function. 


Definition 9 (Inverse Function). Suppose, f : A > B is a one-one and onto 
function. If a function g : B — A is described where for every b € B, g(b) =a 
if and only if f(a) = b, that function g is defined as the inverse function of f. 
This is indicated as f^! so, g = f^. 


If the function is f in the right-sided diagram drawn above, f^! : D — A and 
f-'(1) = b, f-1(2) =a, f-1(3) = c. However, in case of the other two diagrams, 
an inverse function is not possible. 

Example 24. Suppose, A = {2,3,5,7} and B = (1,2,4, 7,10}. Those elements 
of B which are divisible by the elements of A are shown below by drawing a 
diagram using arrow signs: 


A B 
NS 


MESS 


Here we now form the set D = {(2, 2), (2, 4), (2, 10), (5, 10), (7, 7)} of all ordered 
pairs which describe the relation of disivility. In the set D, the first entries of the 
included ordered pairs belongs to A while the second entries belong to B and are 
divisible by the first entries. So, D C Ax Band D = ((z,y) : x € A,y € B and 
y is divisible by z }, Here the set D is a relation from set A to set B. 


Example 25. Let's consider the set of ordered pairs of real numbers L = ((z, y) : 
z€ R, y€ Handz < y}. a « b for two real numbers a,b if and only if it is 
(a,b) € L. Therefore, the set L describes the relation of lesser or greater. 
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Example 26. Which one of the following relations is not a function? Give 
reasons. 


X Y X Y 
Solution: The relation shown in upper left is not a function because 2 — 4, 


2 — 5 and 3 — 4, 3 — 5. On the other hand, all other three relations are 
functions. 


Example 27. Find the range of the function f : x — 2z? + 1 where the domain is 
X 51,2,3). 

Solution: f(z) = 2z?--1 where z € X. 

f) = 2(1)? +1 = 3, f(2) = 2(2? + 1 = 9 and f(3) = 2(3? + 1 = 19. 

. range set of {1,2,3} = {3,9, 19}. 


Example 28. For the function f : z — mz + c, the images of 2 and 4 are 
respectively 7 and —1. So find out: 


1) The values of m and c. 
2) The image of 5 under f. 
3) The preimage of 3 under f. 


Solution: 
1) According to f(z) = mz +c, 
f:2—> 7 So, f 222 705, 2m+c=7---+-- (1) 
f:4— -180, f(4) = -1or, 4m +c = —1:----- (2) 
From (1) and (2) we get m = —4 and c = 15 
2) Under f, image of 5 is f(5) = —4 x 5 + 15 = —5 
3) Ifz is the preimage of 3, then f(z) = 3 So, —4r +15 2 3orz -3 


Activity: Is the relation F = ((—2, 4), (—1, 1), (0,0), (1, 1), (2, 4)) a function? 


Find its domain and range. If possible, find out a formula that defines F. 


2023 


2023 


Chapter 1. Set and Function 29 


Remarks: A function F can be determined if its domain is defined and its image 

is uniquely specified for each element z of the domain. Sometimes the domain 

is kept implied. In such cases we take that specific set as domain, whose F(x) 

remains fixed for its each element. 

Example 29. Find the domain of the function F(z) = v1 — x. Find whichever 
1 

is defined among F(—3), F(0), F (5) , F(1), F(2). 

Solution: F(z) = V1—z € R if and only if 1 — x > 0 or 1 > xz Therefore, 

z<l 

So, Dom. F = {x:x € Rand x € 1) 


Here F(—3) = y1- (-3) = V4 = 2 


Activity: 


1) Which one of the following relations is not function? Give reasons. 
X Y X Y X Y 
a g LÍ 
EN P Bae: 


2) f:x — 4r+2 describes a function whose domain D = (—1,3,5]. Find 
its range set. 


one 


3) Describe the given relation S in tabular method and find which of these 
are function. Find dom S and range S, where A = {—2, —1,0,1, 2}. 


(1) S={(z,y):2€A, ye Aandz+y=1} 
(2) S-—l(ny:zeA,yeAandz-y-1l)] 
(3 S= {(z,y): £ € A, y € A and y=2"} 
(4) S={(z,y):2€A, y € A and 4? =z} 
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4) For the function defined by F(z) = 2z — 1, 
(1) Find F(—2), F(0), and F(2). 


1 
(2) Find F (555). where a € R. 


(3) If F(z) — 5, find z. 
(4) Find z if F(a) = y, where y € R. 


One-One Function 


The images of different elements under the function f in the Venn diagram below 
are always different. 


A f B 


Definition 10 (One-One Function). A function f is called one-one function 
if images of the elements in its domain always are distinct under that function. 
So, if 

21,229 € dom f and zı Z zs then f(z1) Z f(z2). 

From the above definition we see that, a function f : A — B is called one-one 
function, if and only if f(z1) = f(x2) then z; = z2, where z1, £2 € A. 


Example 30. Is the function f(x) = 3z +5, x € R a one-one function? 


Solution: Let, a,b € R and f(a) = f(b). 

So 3a + 5 = 3b + 5 or, 3a = 3b or, a = b. 

So function f is one-one. 

Example 31. Show that the function, F : R— R, F(x) = z? is not one-one. 
Solution: Taking zı = —1, z2 = 1 we see that, rı € dom. F,z2 € dom. F and 
41 X3. 


But F(z;) = F(—1) = (-1)? = 1, F(z;) = F(1) = (1? — 1. 


So, F(zi) = F(a), -. F is not one-one. 
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Observation: Inverse relation of a function may not be a function. 
T 


Example 32. Find out for the function f(z) = Fring zd 
1) f(9) 2) f^(2) 
Solution: 
x 
D f()--—.72 
5 9 2 
Elm TE 


2) Let, a= f 1(2) So f(a) 22 


€ 72 Lx a=2a -4 pig 


LN arci 
Example 33. f(z) =3r+1,0<a2<2 
1) Determine the range of f 
2) Show that f is a one-one function. 


3) Determine f^! and draw the graph of f and f~'. 


Solution: 
1) From f(z) = 3x2+1, 0€ z € 2 we get the vertices (0,1) and (2,7) 
.. Range f: R={y:1<y<7} 


2) Since for every y € R, only the image y of z € (0 € x € 2} is shown, so f 
is a one-one function. 
3) Let, y = f(z), is the image of zv. 


1 

So, y= 3r +1 — z= z(y- 1) Y 

Tree function f^! : y — x where, x = 7 

30 e : 5 

or, fF! : y > 3U — 1) which is shown in the 4 

diagram. 3 

Replacing x in the place of y, f^! : x > 2 

1 + 
3 1) 1 fyt 


Rra. 


fon) 


Drawn line of f^! where y = He -1)}, 1< 
z <7 is shown. 
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Onto Function 


In the diagram we consider the sets A = {1,2,3} and B = {5,7,9} under the 
function f where 1 — 5, 2 — 7 and 3 — 9. So, every element of B is an image of 
an element of set A. This type of function is called onto function. 


A B 


WN Ee 


Definition 11 (Onto Function). A function f : A — B will be called the onto 
function if for every b € B, there exists a € A such that f(a) = b. So, B = range 
fs 


Example 34. If two functions f : R — R and g : R — R are defined by 
f(x) = r5 and g(x) = z — 5 respectively, then show that, f is an inverse 
function of g. 
Solution: The function f is one-one, since 

If f(zi) = f(za), then z1 + 5 = z3 +5 or, z1 = T2. 
Again, function f is onto, since 

If y = f(z) then z -c5-yor,z-—y-5ckR. 


So, there is an inverse function f~t. 


If f(x) =y then f(y) =z or, y--52x0r,y2—5 
Again, f(z) = z — 5 = g(a) 


As domains of both f^! and g are same, f^! = g 


Activity: 
1) For each one-one function below, find the related f^! if there is any 
3 2r 
(1) f)- —p:71 (2) Pct sc ud 


2x 3 1 
(3) f:x acc rp? 


4x —9 
2) Ifthere is f-! in case of the function f(x) = —— 
ae 


(1) Find f-+(-1) and f! (1). 


, £ #2, then 
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(2) Find the value of x such that 4f !(z) = a 


3) If there is f~! for the function f(x) = T— z #1, then 


(1) Find f-1(3). 
(2) If f-!(p) = kp, express k in terms of p. 
4) Ascertain whether each given relation F' below is a function. If F is 


a function then find its domain and range, and ascertain whether it is 
One-one: 
(1) F-[(nyeRP:y2s) (2) F={(z,y) E Rs y=27} 
(3 F-((myeB:y-z) (4) F={(z,49) € R: y= ve} 

5) If the function f : (-2, —1,0,1,2) —5 (-8,—1,0,1,8) is defined by 
f(x) = 2? then show that, f is one-one and onto. 


6) f : {1,2,3,4} > R is a function which is defined by f(z) = 2x +1. 


Show that, f is a one-one function but not an onto function. 


Graphs of Relations and Functions 


Graphs are useful geometrical presentations of functions. To draw the graph of 
y = f(x), we draw a pair of perpendicular bisectors XOX’ and YOY’ through a 
point O. O is called the origin, XOX’ is called the x-axis while YOY’ is called 
the y -axis. 

For drawing the graph of y = f(x), pairs of values of independent variable z 
and dependent variable y need to be tabulated between an interval a < x < b. 
Then the limited amount of points of the tabulation are placed on the plane zy. 
By joining the obtained points with a straight line or a curved line, we can get 
the graph of function y = f(x). In the Mathematics book of class 9-10, the 
initial concepts about graphs have been imparted. Here, the linear function, the 
quadratic function and the construction of the graphs of the circle have been 
discussed. 


Linear Functions 


The general form of linear function is f(z) = mx + b where, m and b are real 
numbers. The graph of this function is a line whose slope is m and the intercept 
of y axis is b. 
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Here, let m = 3 and b = 2 So, we can Y+ 

have the function f(r) = 3x + 2 cy (2,8) 
/ 

From the described function, we get HHS) 


following related values of z and y: 


[x | -2 | 1] 0] i] 2) 


Ly |-1|-1]2]|5]| 8) 


., The graph of the function is shown aside. 


Quadratic Function 


A quadratic function is a function which can be described by the equation y = 
ax? +bx+c where a, b and c are real numbers and a 0. Suppose, in this function 
a = 1, b = —4, c = —1. So y = az? 4 bx +c can be written as y = z? — 4r — 1. We 
can get the related values of z and y from the described function which is shown 
in the following table. 


z?— 4r —1 y 
—1 (-1)? - 4(-1)- 1 4 
(1)? — 4(1) -1 
(2)? — 4(2) -1 
(3)? —4(3) - 1 
(4)? — 4(4) - 1 
(5)? —4(5)-1 


This is the required graph of the quadratic function. Let’s observe some general 
properties of this quadratic function. 


1) The graph is paraboloid shaped. 
2) Symmetric point may be found about y axis or parallel to the y axis. 


3) The value of the function will be maximum or minimum at a certain point. 
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Graph of a Circle 


Noted that p, q and r are constants and if r Æ 0 then in R, the graph of a relation 
S = ((z,y) : (x — p + (y — q}? = r°} is a circle whose centre is the point (p,q) 
and radius is r (see the Mathematics book of class 9-10). In the graph paper, 
by plotting the point (p,q) as centre and taking r as radius we can draw a circle 
which will make the graph. 


Remark: If the solution set of a relation is infinite, the known system of drawing 
its graph is to plot sufficient numbers of representative points of solution in the 
graph paper and then to join them, so that the graph of the relation can be clear. 
But if the graph of relation is a circle, using compass will make the work easier 
and beautiful, so we use the latter means. 


Example 35. S = {(z,y): 27+ y? = 16} 


Therefore, the graph of S is a circle z? + y? = 4?, with centre (0,0) and radius 
T — 4. 


Graph of S is shown below: 


Activity: 
1) In the following cases, express y as a function of x from the given 


equations. 
(1) y -2-3(z—5) (2 y—-5- -2(z + 1) 


1 4 
(3) y-2=5(@+3) (4) y-5—3(2-3) 


2) Draw the graphs: 
(1) y 23z-1 (2) z-423 


(3) z?24-?-9 (4) yo grt 
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2x —1 


E le 36. Given that > 
xample iven that f : x a 


1) r(-5)=? 


2) Determine whether the function is one-one. 


3) I£ 2f !(z) = z, find the value of z. 


Solution: 
; . 2r —1 = 2r —1 
1) Given that, f : z > Orly Therefore, f(z) — TENE, 
1 5 
Bess nce 
1(-1)- (-3) Es ua E 
E 1 iS aes v 12. 
Las 3 — 
2 ( 5) +3 iB i 
21 —1 2x —1 
2 i : = 
) Since, f: z > ENS f(x) TENET 
Here, if 22 + 3 = 0 then z = - and therefore the function becomes 
undefined. 
Ze uuum So dom f = RN 2 
2 2 
Let, zı € = f and z2 € dom f 
—1 2x9 -1 
7f) - » m and fa) = os 
Now, f(zi) = f(ze) will happen, if and only if 
2zı—1 223-1 ör 2%, — 1 1522-1 
2x31 +3 22343 ' 221 +3 — 2254-3 
ae 2231—1—221 —3 u 229—1—222—3 
: 2z1-- 3 7 2%2+3 
—4 —4 
r, 92,43 2543 or, 271 +3 Za +3 
Or, 2x1 = 2x» Or $4 = Z9 


*. The function is one-one. 
—1 2r —1 
ee f(x) ^ 2z43 


2x 
3) Gi that 
) Given at, fim 5, 


Let, f(£) =y 22 = f(y) 
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| 24-1 we Amd 
~ 2r $3 97 2248 
or, 2zy + 3y = 27 — 1 or, 2xy — 2r = —3y — 1 


or, -2z(1 — y) = —(1 + 3y) 


Now, f(x) 


or, Z = ba Se 
> 20-y) 
= 1+ 3y 2 
or, f *(y) = — fol 
1 
or, ftx) = x = E ) [changing the variable] 
or, 2f t(x) = ti 
_14+32 "S 
or, tT = Icy [ 2f (x) z] 


or, 1 +837 = z — z? or, x? +32 - 2-1 — 0 
or, Z? -2r -1— 0 or, (x1 + 1)? 20 
or,z+1=0 or,z=-1 


.. Determined value z = —1 


Exercises 1.2 


1. Which one is the domain of the relation ((2, 2), (4, 2), (2, 10), (7,7)}? 
1) {2,4,5,7} 2) {2,2, 10,7} 
3) {2,4, 10, 7} 4) {2,4, 7} 


2. Given, S = ((z,y): x € A, y € A and y = z?) and A = {—2, -1,0,1,2) 
which of the following is a member of the relation $? 
3. If S = ((1,4), (2, 1), (3,0), (4, 1), (5, 4)) then, 
(i) The range of the relation S is (4, 1,0] 
(ii) The inverse relation of S is, S^! = {(4, 1), (1, 2), (0, 3), (1, 4), (4,5)) 


(iii) The relation S is a function 
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Which combination of these statements is correct? 
1) i and & 2) 4i and iii 3) i and iii A) i, ii and iii 
4. If F(z) = Vx —1, then F(10) =? 
1) 9 2) 8 3) -3 4) vio 


5. I£ S = ((z,y) : £? - y? — 25 =0 and z > 0}, 


(i) The relation is not a function. 


(ii) The graph of the relation is a half-circle. 


(iii) The graph of the relation will be on upper half plane of the x axis. 


Which one of the following is true? 


1) ¿ii 2) i, iii 3) idi, iii 4) i, ii and iii 


6. If F(z) = Vz —1= 2, what is the value of x? 


1) 


5 2) 24 3) 25 4) 26 


7. Which one below is the domain of the function F(x) = yz — 1? 
1 Dom. F- (ze R:xz Fl} 2 Dom. F— (re R:z 21) 
3) Dom. F— (ze R:z € 1) 4) Dom. F = (ze R:z»1) 


8. (i) Find the domain, range and inverse relation of the given relation S. 


(ii) Ascertain whether relations S or S^! are functions. 


(iii) Are the functions among these relations one-one? 


1) 
2) 


3) 


4) 
5) 


S = {(1,5), (2, 10), (3, 15), (4, 20)} 

S = ((-3,8),(-2,3), (71,0), (0, —1), (1,0), (2, 3), (3, 8)} 
s- (E) ane-a). (E) 

8 = {(-3, -3), (—1, —1), (0, 0), (1, 1), (3, 3)} 

S = {(2, 1), (2, 2), (2, 3)} 


9. For the described function F(z) = vz — 1, 


Find F(1), F(5) and F(10). 
Find F(a? + 1) where a € R. 

If F(x) = 5, find z. 

If F(z) = y, find x where y > 0. 
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10. For the function F : R > R, F(z) = 2%, 
1) Find dom. F and range F. 2) Show that F is a one-one function. 
3) Find F-!. 4) Show that F~! is a function. 


11. 1) Iff: R— Risa function which is defined by f(z) = az + b;o,b € R, 
a0; show that f is one-one and onto. 
2) If f : [0,1] — [0,1] is a function which is defined by f(z) = V1 — 2?, 
show that f is one-one and onto. 
12. 1) If functions f : R — Rand g : R > R are defined by f(x) = z? +5 
and g(x) = (£ — 5)? then show that, g = f~t. 
2) Iffunction f : R + Ris defined by f(z) = 5x—4, then, find y = f (a). 
13. Draw the graph of the relation S and determine from the graph whether 


the relation is a function. 
1 S={(a,y):24-—y+5=0} 2 S={(z,y):2+y=1} 
3) S = {(z,y) : 3z +y = 4) 4) S= {(x,y) : x = —2} 


14. Draw the graph of the relation S and determine (from the graph) whether 


the relation is function. 
1) S= {(z,4) : z? +y? = 25} 2) S={(z,y): 2° +y =9} 
15. Given that, F(x) = 2z — 1. 
1) Find the values of F(z +1) and F (5) : 
2) Verify whether the function F(x) is one-one, when z,y € R. 


3) If F(x) = y, determine the values of y for three numerical values of z 


and draw the graph of the equation y = 2x — 1. 
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16. Two functions f : R — R and g : R — R are defined by f(z) = 3x + 3 and 
r—38 
g(z) — 


respectively. 
1) Find the value of g^1(—3). 
2) Determine whether f(x) is an onto function. 
3) Show that, g = f !. 

17. Given that, f(x) = Vx — 4. 


1) Find the domain of f(z). 


2) Determine whether f(x) is a one -one function. 


3) Determine whether f-!(z) is a function with the help of graph. 
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Algebraic Expression 


We are familiar with various types of algebraic expressions. When one or more 
numbers and symbols representing numbers are combined meaningfully by one 
or more than one of +, —, Xx, +, power or rational sign, a new symbol 
representing numbers is created. It is called an algebraic expression or in 
brief expression. For example, each of 2x, 2x + 3ay, 6x + 4y? +a + yZ etc, is 
an algebraic expression. 


At the end of this chapter, students will be able to - 


» explain the concept of a polynomial; 

> explain with example the concept of a polynomial with one variable; 

> explain multiplication and division of polynomials; 

> explain the remainder theorem and the factor theorem and apply to factorize 
a polynomial; 

> explain homogeneous expressions, symmetric expressions and cyclic 
expressions; 

> factorize homogeneous expression, symmetric expressions and cyclic 
expression; and 


P resolve rational fractions into partial fractions. 


Variable, Constant and Polynomial 


In any discussion, a literal symbol representing à number may be a variable or 
a constant. If such a symbol denotes any unscheduled element of the number 
set consisting of more than one elements we call the symbol a variable and the 
set is called the domains. If the symbol denotes a definite number, it is called a 
constant. In any discussion a variable can take any value from its domain, but 
the value of a constant remains fixed all through. À polynomial is a special type 
of algebraic expression. In a polynomial there are one or more terms and each 
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term is a product of a constant and a non-negative integral power of one or more 
variables. 


Polynomial of One Variable 


Let, x be a variable. Then, (i) a, (ii) ar+6, (iii) ax? +br+c, (iv) ax?-- bz? -- ex -- d 
; expressions are polynomials of the variable z; where a, b, c, d are fixed numbers 
constants. Generally, the terms of a polynomial of the variable z have the form 
cx”, where C (independent of x) is a fixed number (which may be zero) and p is 
a non-negative integer. If p is zero, the term becomes C , and if C is zero, the 
term is suppressed in the polynomial. C is called the coefficient of x? in the 
term cz? and p is called the degree of the term. The largest of the degrees of the 
terms appearing in a polynomial is called the degree of the polynomial. The 
term having the largest degree is called the leading term and the coefficient of 
the term having the largest degree is called the leading coefficient; the term 
with degree 0, that is, the term independent of variable z, is called the constant 
term. For example, 27° — 32° — z* + 2z — 5 is a polynomial of the variable z, 
its degree is 6, its leading term is 2x? leading coefficient is 2 and constant is —5. 
If a # 0, the aforesaid (i) degree of the polynomial is 0, (ii) degree of 
the polynomial is 1, (ti) degree of the polynomial is 2, and (iv) degree of 
polynomial is 3. Any non zero constant (a Z 0) is a 0 degree polynomial of the 
variable (consider a = az). The number 0 is considered a zero-polynomial and 
the degree of a zero-polynomial is considered undefined 


A polynomial of the variable z is usually arranged in descending order of the 
degrees x of its terms (the leading term appearing first and the constant term 
appearing last). This arrangement of a polynomial is called its standard form. 
For convenience of using, polynomials of the variable x are denoted by symbols 
like P(x), Q(x) et catera. For example, P(x) = 2x? + 7z + 5. Such symbol P(z) 
indicates that the values of a polynomial depend on the values of x. If a specific 
number a is substituted for x in the polynomial, the value of the polynomial for 
that value of z is denoted by P(a). 


Example 1. if P(x) = 323+ 22? — 7x + 8, then find the value of P(2), P(—2), 
and P i 
z j" 
; ; : ; 1 
Solution: Replacing x successively with 2, —2, 2 we get- 


P(2) = 3(23) + 2(22) — 7(2) + 8 = 26 
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P(-2) = 3(-2P + 2(-27 — 7(-2) + 8 =6 


(x) «QY-«()«-s 


Polynomials of Two Variables 


The polynomials listed below are of the variables x and y. 
2r +3y—1 


a? — day +y —5a+7y+1 
82? + 4? + 10z?y + 6zy? — 6x + 2 


The terms of such polynomials have the form cx?y? where C is a definite number 
(constant) and p, q are non-negative integers. In the term cz?y*, the coefficient of 
zP4? is C and the degree of the term is p+ q. In such polynomial, the mentioned 
largest of the degrees of the terms is called the degree of the polynomial. Such 
polynomials are denoted by P(x,y). For example, the polynomial P(z,y) = 
8r? + y? — Ax? + Try + 2y — 5 has degree 3 and P(1,0) = 8 — 4 — 5 = —1. 


Polynomial of Three Variables 


The terms of a polynomial of the variable x,y and z have the form cxr?y%z" 
where C (constant) is the coefficient of the term and non-negative integers are 


p, q, r; p+q+r is the degree of this term and in the mentioned terms of the 
polynomial, the largest of the degrees is called the degree of the polynomial. 
Such polynomial is denoted by the symbol P(z, y, z). For example, the polynomial 
P(z, y, z) = £? + y? + 2°? — 3ryz has degree 3, and P(1, 1, —2) = 1+1-—8+6 = 
0. 


Activity: 
1) Determine the polynomial from below: 
(1) 22? (2) 7 -— 3a? (3) 334-27 


2 
(4) ^ as - (5) 5z? — 2zy -- 3y? (6) 6a+3b 
2 
(7) à4--3 2 ae (9) 2a(x? + 3y) 
(10) 3x 5 (2y + 4z) — E x (12) 2 — 2y 


2) Determine the variables and es from the polynomials listed below: 
(1) z? + 10z 4-5 (2) 3a + 2b (3) 4ryz 
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(4) 2m?n — mn? (5) 7a b —2 (6) 6a7b?c? 
3) Express each of the given polynomials- 


(i) as a polynomial of the variable z in its standard form, and 
ascertain its degree, leading coefficient, and constant term; 


(it) as a polynomial of the variable y in its standard form, and 
ascertain its as a polynomial in y degree, leading coefficient and 
constant term. 

(1) 322-94 2-3 (2) z?—29--z*-3 
(3) 5z?y — 42*y^ — 2 (4) zc 22? +32°+6 
(B) 3235y + 2zyz — z* 


4) if P(x) = 2x? + 3, then determine the value of P(5), P(6), P (1). 


Multiplication and Division of Polynomial 


Addition , Subtraction and Multiplication of two polynomial is always polynomial, 

but division of polynomial may or may not be polynomial. For example, if we 
divide x by z?, take the answer as z^ ?, then it is not a polynomial but if we take 
x as a remainder and result as 0, it is a polynomial. 


Example 2. What is the result of the multiplication of (x? + 2) and (x + 1)? 


Here, the result of multiplication of (x? + 2) and (x + 1) is (z? + 2(z + 1) = 
z? + z? -- 2x + 2, which is a polynomial with a degree 2 + 1 = 3 and leading 
co-efficient is 1x 1— 1 


Example 3. What is the quotient when (z? + 1)(z — 6) is divided by 2z? + 3? 


Here, Dividend P(x) = (z? + 1)(z — 6) = z? — 6x? + x — 6 with a degree 3 and 
leading co-efficient 1. 

And Divisor Q(x) = 2z? + 3 with a degree 2 and leading co-efficient 2. 

Dividing P(x) by Q(z), we get Quotient, F(x) = yt — 8, and Remainder, R(z) = 
2 +3. Hence, Quotient, F(z), is a polynomial with a degree 3 — 2 = 1 and 
leading co-efficient ; 


Note: The following rules hold true for multiplication and division of two 
polynomials. 
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1) Multiplication of polynomial of P(x) and Q(z) of variable x yields a 
polynomial. whose degree = Degree of P(x) + Degree of Q(x) leading 
co-efficient = Leading co-efficient of P(x) Leading Co-efficient of Q(x) 


2) If we divide polynomial P(x) by Q(z) of variable z and the quotient R(x) = 
P(x) 
Q(z) 
of Q(x) and Leading Co-efficient = 


is also a polynomial then, Degree of R(x) = Degree of P(x) — Degree 


leading co-efficient of P(x) 
leading co-efficient of Q(x) 


Division Algorithm 


If both P(x) and Q(z) are the polynomials of the variable x and if degree of 
Q(x) € degree of P(x), we can divide P(x) by Q(x) in usual manner and we 
obtain a quotient F(x) and a remainder R(x), where, 


1) Both F(x) and R(x) are the polynomial of the variable x 
2) degree of F(x) = degree of P(x)— degree of Q(x) 

3) either R(z) = 0 or degree of R(x) < degree of Q(z) 

4) P(x) = F(x)Q(zx) + R(x) holds for all x. 


Equality Rule of Polynomials 


1) Ifar+b = pr--q holds for all z, putting z = 0 and z = 1 we get respectively, 
b — qanda-4- b — p- q, from whence it is found a = p, b=q 

2) If az? +br+c= pz? -- qz +r holds for x, putting z = 0, z = 1 and g = —1 
we get respectively c = r, atb+c=pt+qtranda—b+c=p-—qt+r 
from whence it is found that a = p, b=q, c—r. 

3) In general, if aoz” + aya"! + agua"? + «Fas 42 + Gn = poz” + pix”! + 
paz"? +--+ + p, 12 + Pn holds for all z , ao = po, @1 = Pi: , Gna = 
Dn-1; Qn = Pn. 

ie., the two coefficients of z with the same power are equal in both sides of an 


equal sign. 


Remarks: It is convenient to denote the coefficients of a polynomial of degree n 
by ao(a sub-zero), a1 (a sub - one) etc. 


Identity 


If the two polynomials P(x), Q(x) for all x are equal, their equality is called the 
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referred to as identity of the polynomials; sometimes this is indicated by writing 
P(x) = Q(z). In this case the two polynomials P(x) and Q(x) are the same. The 
sign = is called the identity sign. Generally, the equality of the two algebraic 
expressions is called the identity, if the domain of any variable of the two 
expressions is the same and for the values included in the domain of the variables, 
the values of the two expressions are equal. For example, z(z + 2) = z? + 2z, 
(x+y)? = a? + 2zy + y? are identities. 


Remainder and Factor Theorems 


In this section we shall deal with polynomials of one variable only. First, we 
consider the two examples. 


Example 4. If P(x) = z? — 5z + 6 divide P(x) by (x — 4) and show that the 
remainder is equal to P(4). 


Solution: Let's divide P(x) by (x — 4) like the following and the remainder is 
2. 
z — 4)r? — 5z + 6(x — 1 
g? — 4r 
-r-6 
-r+4 
2 


Since P(4) = 4 — 5(4) + 6 = 2, remainder is equal to P(4). 


Example 5. If P(x) = az? + bz + c, divide P(x) by x — m and show that the 
remainder is equal to P(m). 


Solution: Divide P(x) by x — m like the following and the remainder is am? + 
bm +c. 


x — m)az? + bz + c(ax? + ams + am? +b 


ax? — amz? 
amz? + bz +c 
2 2 


ama? — am?z 
(am? + b)z +c 

(am? + b)z — (am? + b)m 

am? + bm 4- c 
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Again, P(m) = am? + bm + c. So when P(z) is divided by m remainder is equal 
to P(m). 

These two examples suggest the following propositions. 

Proposition 1 (Remainder Theorem). If P(x) is a polynomial of positive 


degree and a is any definite number, the remainder of the division of P(x) by 
x — a will be P(a). 


Proof: If we divide P(x) by x—a the remainder is either 0 or a non-zero constant. 
Suppose, the remainder is R and the quotient is Q(x), then by law of division, for 
all z. 

P(x) = (x — a)Q(z) + R 
Putting z = a in (i) we get, P(a) = 0- Q(a) + R = R. Therefore, the remainder 
of P(x) upon division by z—a is P(a). 


Example 6. Divide P(x) = z? — 8z7+6z+ 60 by z 4-2 and find the remainder. 


Solution: Since, x + 2 = x — (-2) = (x — a) where a = —2, 


Hence, remainder = P(—2) = (—2)° — 8(—2)? + 6(—2) + 60 = 8 


it is proved by following Proposition 1. 

Proposition 2. If P(x) is a polynomial of positive degree and a # 0, the 
b 

remainder of the division of P(x) by az + b will be P (-2). 


Example 7. Divide P(x) = 36x? — 8x + 5 by (2x — 1) and find the remainder. 
oec ai" 1574 el 

Solution: The remainder is P aj 36 5 -8 5 +5 = 9—4+5 = 10 
Example 8. If dividing P(x) = 52?--6z? — az 4-6 by z —2 results the remainder 
6 then find the value of a. 
Solution: Dividing P(x) by x — 2, we will get the remainder 

P(2) = 5(2)3 + 6(2)? — a(2) + 6 = 40 + 24 — 2a + 6 = 70 — 2a 
By the given condition, 70 — 2a = 6 or, 2a = 70 — 6 = 64 hence, a = 32 
Example 9. If P(x) = z? + 5a? + 6x + 8 yields the same remainder upon 
division by z — a and z — b where a Æ b, show that, a? +b? + ab -- 5a -- 5b -- 6 = 0. 


Solution: Dividing P(x) by z—a yields remainder, P(a) = a?--5a? --6a4- 8, 
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and dividing P(x) by x — b yields remainder, P(b) = b? + 5b? + 6b + 8. 
by the given condition, a? + 5a? + 6a + 8 = D? + 5b? + 6b + 8 
or, a? — b + 5(a? — b*) + 6(a — b) = 0 
or, (a — b)(a? + b? + ab + 5a + 5b + 6) =0 
. @+0+ab+5a+56+6 = 0, since a Æ b 
Proposition 3 (Factor Theorem). If P(x) is a polynomial of positive degree 


and if P(a) = 0, so z — a is a factor of P(x). 


Proof: The remainder of P(x) upon division by z—a is P(a) = 0 [given]. This 
means, the polynomial P(x) is divisible by z — a. ..  — a is a factor of the 
polynomial P(x). 

Converse of Factor Theorem 

Proposition 4. If x-—a is a factor of the polynomial P(x), show that P(a) = 0. 


Proof: Since z — a is a factor of P(x), there exists a polynomial Q(x) that 
P(x) = (x — a)Q(x). Putting z = a we get, P(a) = (a — a)Q(a) = 0- Q(a) = 0. 


Example 10. Show that z — 1 will be a factor of P(x) = az? + bz? + ex + d, if 
and only if a -- b -- c - d — 0. 

Solution: Suppose, a+b+c+d=0 

then, P(1) =a +b+ c+ d = 0 [by conditions] 

Therefore, x — 1 is a factor of P(x). [by factor theorem] 

Now let's assume z — 1 is a factor of P(x). 


So, by the converse of factor theorem we get, P(1) =Oie,a+b+c+d= 
0 


Remarks: In general, z — 1 will be a factor of a polynomial of positive degree if 
and only if the sum of the coefficient of the polynomial is 0. 


Example 11. Suppose, P(x) = az? + bz? + cx + d is a polynomial with integer 
coefficients, a # 0, d # 0; suppose x — r is a factor of P(x) show that, 


1) Ifr is an integer, r will be factor of the constant term. 


2023 


Chapter 2. Algebraic Expression 49 


2) Ifr= P is a rational number in its reduced form, p will be a factor of d, 


and q will be a factor of a. 


Solution: 


1) From factor theorem, we get, P(r) = ar? + br? cer cd —0 or, (ar? + 
br + c)r = —d Since (ar? + br +c), r and d are integers, this implies, r is a 
factor of d. 


2) From the converse of factor theorem we get, 


P(r) 2 ar? + br? +er+d=0 


ORC CRUCE 


or, ap? + bp?q + cpg? + dg? — 0- (1) 
From (1) we get (ap? + bpq + cg?)p = —dg? ------ (2) 
and (bp? + cpg + dq?)q = —ap®------ (3) 


Now, ap” + bpq + cq’, bp? + cpq + dq’, p, q, d, a are integers. 


From (2) we get that p is a factor of dq?; from (3) we get that q is a factor 
of ap?. But p and q have no common factor except +1. Therefore, p is a 
factor of d, and q is a factor of a. 


Note: From the above example we see that to determine the factor of integer 
coefficient of the polynomial P(x) by factor theorem first we can test P(r) and 
then P (5) where r is the factor with (r = +1) the constant of polynomial and 


S 
s is the factor with(s = +1) leading coefficient of the polynomial. 
Example 12. Resolve the polynomial P(r) 22? — 6z? + 11z — 6 into factors. 
Solution: All coefficients of the given polynomial are integers and constant = 
—6, leading coefficient= 1 


Now ifr is an integer and P(x) any factor of the form x — r then, r will be the factor 
of the constant term —6. So possible values of r is either of +1, +2, +3, +6. 
Now for these values of r verify values of P(x). 


P(1l)=1-6+11-6=0, ..2—1, is a factor of P(x). 

P(-1)2 -1-6-11-6 #0, ..2+1, is not a factor of P(x). 

P(2) = 8 — 244+ 22-—6=0, .. x — 2, is a factor of P(x) 
Forma-7, Higher Mathe, Class-9-10 
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P(-2) = —8 — 24 — 22 — 6 # 0, ..2+ 2, is not a factor of P(x). 
P(3) = 27 — 544+ 33-6 = 0, ~». x — 3, is a factor of P(x). 


As degree of P(x) is 3 and we have found three factors of degree 1, so if P(x) has 
another factor it will be a constant. 


^. P(x) = k(x — 1)(z — 2)(z — 3) where k is a constant. 


Equating the coefficients of the highest power of z appearing on both sides, we 
get, k — 1 


Therefore, P(x) = (x — 1)(z — 2)(z —3) 


Note: To resolve into factor of the polynomial P(x) first we determine the factor 
of type (x — r) and then divide directly P(x) by (x — r) or rearrange the terms 
of P(x) in the form P(x) = (x — r)Q(z). Where the degree of Q(x) is less than 
degree of P(x) by 1. Then process by determining factors of Q(x) 


Example 13. Resolve into factors: 182? + 15z? — g — 2 


Solution: Let, P(z) = 1823 + 1522 —2 — 2 


Here, constant terms of P(r) is —2 and the set of its factors 
pus mq gs 


The set of factors of leading co-efficient of 18 is 

F, = {1, —1, 2, -2,83, —3,6, —6, 9, —9, 18, —18} 
Now consider P(a) where, a — - andr € Fy, s € Fa 
ifa = 1 then, P(1) 218 15—1—2 420 
if a = —1 then, P(-1) = -18+15+1-20 


1 1 1 1\ 1 
ifa=—5, then P (-5) =18 (-5) +18 @ *3-2-0 


therefore, z 4- ; = 5 (22 +1) i.e., (2z + 1), is a factor of P(x). 
Now, 1823 + 152? — z — 2 = 18r? + 9z? + 62? + 3z — 4x — 2 

= 9z?(2z + 1) + 3z (2x + 1) — 2(2z + 1) = (2x + 1) (9z? + 3z — 2) 
And 927+432—2 = 9x7+62—32—2 = 32(32+2)—1(32+2) = (3z--2)(3z— 1) 
s. P(x) = (2x + 1)(3x + 2)(3x — 1) 
Example 14. Resolve —3z? — 2zy + 8y? + 11x — 8y — 6 into factors. 
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Solution: Considering only the terms of x and constant, we get —3z? + 11r — 
6 


—3z? + 11g — 6 = (—-3z -2)(z — 3) or (3z — 2)(-z 3) ----- (1) 
Again only considering terms of y and constant, we get 8y? — 8y — 6 
8y? — 8y — 6 = (4y + 2)(2y — 3) or (—4y - 2)(-2y + 3) ---- (2) 
combining factors of above (1) and (2) factors of the given polynomial can be 


found, but the constants +2,—3 or —2, +3 must be same in both equations just 
like the coefficients of x and y. 


.. factors are (—3z + 4y + 2)(z + 2y — 3) or (3x — 4y — 2)(-x — 2y + 3). 


To verify the factors we can check the co-efficient of xy —3 -2+4-1 = —2 or 
3.(-2)-4.(-1)- -2 


Activity: 


1) if P(x) = 2x* — 62? + 5z — 2, then determine the remainder by dividing 
P(x) by the following polynomials. 
(1 x-1 (2 x-2 (3) x42 
(4) 1+3 (5) 2z—1 (6) 2z 1 


2) Find the remainder by using the Remainder Theorem. 
(1) Dividend : 4z? — 7z + 10, Divisor: x — 2 
(2) Dividend: 523 — 11z? — 3z + 4, Divisor: z +1 
(3) Dividend: 2y? — y? — y — 4, Divisor: y + 3 
(4) Dividend: 2z? + x? — 18z + 10, Divisor: 2z + 1 
3) Show that (x — 1) is a factor of 32? — Az? + Ay — 3. 


4) if2+3 isa factor of polynomial 2z? + z? + az — 9, then find the value 
of a. 


5) Show that x — 3 is a factor of polynomial z? — Az? + Ax — 3. 


6) If P(x) = 2r — 5z? + 7x — 8 is a polynomial, find the remainder by 
using the Remainder Theorem when P(x) is divided by x — 2. 


7) Show that, z +1 and z — 1 are two common factors of polynomial 
4g^ — 5r? + 5x — 4. 
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8) Resolve into factors: 


(1) z? +22? — 52 — 6 (2) 23442 +r- 6 
(3) a —@? — 10a — 8 (4) zt + 3r? + 5r? + 81 +5 
(B) —2z? + 6y? + zy + 8x — 2y — 8 


Homogeneous, Symmetric and Cyclic Expressions 


Homogeneous Polynomial: If each term of a polynomial has the same degree, 
it is called homogeneous polynomial. The expression z? + 2zy + 5y? is a 
homogeneous polynomial of the variable z, y with two degree (each term having 
degree 2). 


It is a special case of the homogeneous polynomial az? +2hzy+ by? of degree two in 
two variables z, y where, a, h, b are definite numbers. Considering z, y, a, h, b 
the variables,az? + 2hry + by? is homogeneous polynomial of degree 3. 2z?y + 
y?z --92?x — 5x:yz is a homogeneous polynomial of the variables z, y, z each term 
having degree 3. 


(Symmetric Expression): An expression with more than one variable, which 
remains unchanged when any two of its variables are interchanged is called 
symmetric expression. 


The expression a + b + is symmetric expression of the variables, a, b, c because 
the expression remains unchanged when any two of the variables are 
interchanged.Similarly ab + bc + ca of the variables a, b, c and 
z? + y? + z? + zy + yz + zx are symmetric expression of the variables 
T, y, Z. 


But 227+5a2y+6y? is not a symmetric expression of the variables z and y Because 
interchanging z and y it becomes 2y? + 5zy + 6z? which is different from former 
expression. 


(Cyclic Expression): An expression with three variables, which remain 
unchanged when the first variable is replaced by the second, the second variable 
is replaced by the third and the third variable is replaced by the first variable is 
called (cyclically symmetric expression). If the replacing of the variables is 
done cycle-wise like the adjacent figure, it is called cyclically symmetric 
expression. 
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2nd 


£? +y? + 27+ xy 4- yz 4- zx is a cyclic expression of the variables z, y, z because 
replacing z by y, y by z and z by z the expression remains the same.Similarly 
the expression z?y + y?z + 2?z is a cyclic expression of variable g, y, z. 


The expression z? — y? + 2? is not cyclic because replacing x by y, y by z and 
z by x the expression becomes y? — z? + z? which is different from the former 
expression. 


Clearly, every symmetric expression in three variables is cyclic. But not every 
cyclic expression is symmetric. For example, the expression, z?(y — z) + y?(z — 
x) + 27(x — y) is cyclic, not symmetric. For interchanging x and y it becomes 
y?(x—z)+27(z—-y)+z7(y—z), which is different from the former expression. 


Observation: For the convenience of description, the expression of variable x, y is 


indexed by F(z, y) and that of variable z, y, z is indexed by F(z,y,z) 


y 
z 


Activity: Show that, Z + 
y 


z, ; à 
+ — is cyclic but not symmetric. 
x 


Resolve into factors of cyclic polynomials 


There is no hard and fast rule for factorizing polynomials. Often a factor can 
be found by suitable rearranging the terms. Sometimes assuming the expression 
as polynomial of the variable, we determine one or more than one factors by 
the factor theorem and considering the cyclic and symmetric properties of the 
expression, we determine the remaining factors. 


In this regard, it may be noted that, of the variable, a, b, c 


1) If (a — b) be the factor of a cyclic polynomial then, (b — c) and (c — a) will 
be the factor of that polynomial. 
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2) k(a+b+c) and 
k(a? +b? +c”) 4- m(ab -- bc -- ca) are the homogeneous and cyclic polynomial 
of degree 1 and 2 where k and m are constant. 

3) If the values of two polynomials are equal for all values of the variables, the 
coefficient of the corresponding two terms of the polynomial will be equal. 


Example 15. Resolve into factors bc(b — c) + ca(c — a) + ab(a — b) 


Solution: Here two methods are shown. 

First Method: bc(b — c) + ca(c — a) + ab(a — b) 
= be(b — c) + ca — ca? + a?b — ab? 
= be(b — c) + a?b — ca? — ab? + ea 
= be(b — c) + aà?(b — c) - a(b? — c?) 
= bc(b — c) + aà?(b — c) — a(b + c)(b — c) 
= (b — cbc + a? — a(b + e)) 
= (b — c)(bc + a? — ab — ac} 
= (b — c)(be — ab — ac + à?) 
= (b—c){b(c — a) — a(c — a)} 
= (b — c)(c — a)(b — a) 
= —(a — b)(b — c)(c — a) 

Second method: Considering the given expression as a polynomial P(a) in a, we 
substitute b for a, 


P(b) = bc(b — c)  cb(c — b) + (b — b) =0 


So (a — 6) is a factor of given expression. Similarly (b — c) and (c — a) are 
factors of given expression. 


The product of these three factors is a cyclic homogeneous polynomial of 
degree 3, as is the given expression. So, any remaining factor must be a 
constant. 


i.e., bc(b — c) + ca(c — a) + ab(a — b) = k(a — b)(b — c)(c—a)------ (1) 
where k is a constant. (1) is true for all values of a, b, c 
Putting a = 0, b= 1, c= 2 in (1), 
1- 2(—1) = k(-1)(-1)(2) aka =] 
^. be(b — c) + ca(c — a) + ab(a — b) = —(a — b)(b — c)(c — a) 
Example 16. Resolve into factor a?(b — c) + (c — a) + (a — b). 
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Solution: Considering given expression a polynomial P(a) in a, we substitute 
b for a, P(b) = b?(b — c) + (c — b) + (b — b) = 0. So (a — b) is a factor of 
given expression. As it is a cyclic polynomial both (b — c) and (c — a) are also the factors of 
given expression. Again the given expression is a cyclic homogeneous polynomial 
of degree 4 and (a — b)(b — c)(c — a) cyclic homogeneous polynomial of degree 
3. So the remaining factor must be a cyclic homogeneous polynomial of degree 1 
k(a + b -- c), where k is a constant. 


^. a3(b — c) - P (c— a) - (a — b) = k(a —b)(b— c)(c—a)(a-- bo c)------ (1) 


For all values of a, b, c (1) is true. 
So in (1) putting a = 0, b = 1, c = 2, we get 
2 + 8(—1) = k(-1)(-1)(2)(3) or k = —1 
In (1) putting k = —1, we get 
a?(b — c) + (c — a) + (a — b) 2 —(a — b)(b — c)(c — a)(a +b + c) 
Example 17.  Factorize (b+ c)(c + a)(a + b) + abc 


Solution: Considering the expression P(a) in a substituting —b — c for a, 


P(—b—c) = (b--c)(c-b—c)(—b— c4 b) + (—b—c)be = be(b4-c) —be(b+c) = 0 


so (a+ b + c) is a factor of the expression. The given expression having a cyclic 
homogeneous polynomial of degree 3 and one factor of degree 1 have been found. 
So, the remaining factor will be cyclic homogeneous polynomial of degree two, i.e., 
will be of the form k(a? +b? +c?) +m(be+ca+ab) where k and m are constant. 


v. (b+e)(c+a)(a+b)+abe = (a+b+c){k(a?+b?+c?)+m(be+ca+ab)}--- (1) 
(1) is true for all value of a, b, c. 


Putting in (1) first a = 0,b = 0,c = 1 and then a = 1, b = 1, c = 0, we get 
respectively, 


0 = k and x2+m) "oem em 


Now, putting the value of k and m, we get(b + c)(c + a)(a + b) + abc = (a +b + c) 
(bc + ca + ab) 


By using the similar method of solving Example 15, the expression described in 
Example 16 and Example 17 can be factorized. 
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An Important Algebraic Formula: For all values of a, b, c, 
a? + b? + c — 3abc = (a +b + c)(a? +b? + c? — ab — be — ca) 


Proof: Two proofs of the formula are given below. 


First method (Direct applying algebraic method) 
a? + b? + c? — 3abc 
= (a + b)? — 3ab(a + b) +c? — 3abc 
= (a+ b)? + c — 3ab(a -- b - c) 
= (a 4- b - c)((a +b) — (a 4- b)c + c?) — 3ab(a +b + c) 
Eod c)(a? + 2ab + b? — ac — bc + c?) — 3ab(a +b + c) 
= (a +b + c)(a? + b? + c? — ab — bc — ca) 


Second method (using properties of homogeneous cyclic expressions) 
Considering the expression a? + 0? + c? — 3abc a polynomial P(a) of variable 
a and putting in it, a= —(b+c) we get, 


P{-(b + c)} = — (b + c? P 6 3(b-- c)bc = (b+ c) — (b+ c} =0 


Therefore, a + b+ c is a factor of the expression under consideration. As 
a? + b? + c — 3abc is a homogeneous cyclic polynomial of degree 3, 
the other factor will have the form k(a? + b? + c?) + m(ab+ bc + ca) where 
k and m constant. Therefore, for all values of a, b and c 


a? + b? +  — 3abc = (a + b + c){k(a? + 0? + c?) + m(ab + be + ca)} 


Here first putting a= 1, b = 0, c = 0 and then a = 1, b=1, c=0 we get, 
k = 1 and 2 = 2(k x 2+ m) i.e., k = 1 and 1=2+m = m=-1 


. a5 +b + — 3abe = (a +b+ce)(a +b? +e — ab — bc — ca) 
Corollary 1. a? +b'+c3 — 3abc = $(a +b + c)((a — b)? + (b — c)? + (c — ay?) 


Proof: a? + b? + c? — ab — bc — ca 
I(2a? + 2b? + 2c? — 2ab — 2bc — 2ca) 

= i((a? — 2ab + b?) + (b? — 2bc +c?) + (C — 2ca + a?)} 
1 
2 


{(a — b? + (b — c? + (c— a?) 
n a3 +B +c — Sabe = 1(a +b + c)((a — b? + (b — e)? + (c a)?) 


Corollary 2. ifa+b+c=0, then a? +0? + @ = 3abc 


Corollary 3. if a? + b? +c? = 3abc, soa+b+c=O0ora=b=c 
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Example 18.  Factorize (a — b)? + (b — c)? + (c — a)*. 


Solution: Let A=a—b, B=b—c, C=c-a 
then, A+ B+C=a-—6+b-—c+c—a=0 
Therefore, A? + B? + C? = 3ABC 

i.e., (a — b)? + (b — c? + (c — a)? = 3(a — b)(b — e)(c — a) 


Activity: Factorize: 
1) (1) a(b? — c?) - b(c? — a?) + cla? — b?) 

a?(b — c) + (c — a) + ela — b) 
a(b — c)? + b(c — a)? + c(a — b? 
be(b? — c?) + ca(c? — a?) + ab(a? — b?) 
a^(b — c) + b^(c — a) + c*(a — b) 

*(y? — 2?) + yh? — 2?)  z* (a? — y?) 

eae + B(c—a)+c(a—b) 


—yz y —zm way 


2 a b ce 
show that, E REM = az + by + cz 
3) if (a+ b -- c)(ab 4- bc 4- ca) = abc, show that, (a 4- b+ c)? = a? ++ 


c) 
2(b — c)? + (c — ay + e(a — by? 
c) 


Rational Fractions 


Fraction formed with a polynomial as denominator and a polynomial as numerator 


T a? +a+1 
i ll h ional fraction. F le, 2——5——« Y ENA COLL: 
is called the rational fraction. For example, (GAGNER and (REO 
is a rational fraction. 
Li . » a b £ 
ee ee Ee a aA 
a b £ 
Solution: —~ te n 
olution: oa-  (b-cb-a) C- aet) 
a b E 


(a—b)(c—a) (b-c)(a—b) (c-a)(b-c) 
Forma-8, Higher Mathe, Class-9-10 
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a(b — c) + b(c — a) + c(a — b) 
—(a — b)(b — c)(c — a) 


a?—(b—c?  P-—(c—-a? | c?—(a—0y 


Example 20. Simplify: (atc? —8  (a+b?—e bH) a 


(a+b—c)(a—b+c) a-cb-c 
(a+b+c)(a—b+c) atbte 
(at+tb-—c)(b—at+c) b-cc—a 
(at+b+c)(at+b—-c) atb+e 
(cta—b)(c—at+b) cta—b 
(at+b+c)\(b+c—a) atbte 
a+b—c b+e-a_ ccta-b 
a+b+c a+b+c at+bte 


Solution:1st fraction = 


2nd fraction = 


3rd fraction = 


.. given expression 


_a+b-—-c+b+c—-a+c+a-b a+b+c 
x a+b+c — atb+tec o 
(ax +1} (ay + 1)? (az +1)? 


Example 21. Simplify: Gest (z — y)(y — 2) (y — z)(z — z) 


Solution: Given expression 
(az + 1)? (ay + 1)? (az + 1)? 
(-96-92 e-u- (-26-2 
_ (ez +1)’ (y — 2) + (ay + 1)?°(z - z) + (az +1}? (z -y4) ——— (1) 
(z — y)(y — z)Y(z — 2) 


Here numerator of (1) 
(a?r? + 2az -- 1)(y — z) - (a?y? + 2ay - 1) (z — z) - (a?22 -- 2az - 1)(z — y) 
= a^(z^(y—- 2) y (sa) c ^ (x y)) -2alz(y 2) - (2) 2(—9)) 
+{(y — z) + (z— z) + (x — y)} 
But a*(y — 2) y (2 — 2) (s - y) =-(e- wy — 2 — 2) 
and, z(y — z) + y(z — x) + z(z — y) = 0 and (y — z)+ (z—z) -(z—9) 20 
-. numerator of (1) —a? (x — y)(y — z)(z — x) 


So given expression — E = -a 


2 
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2r 423 8x? 


E le 22. Simplify: 
PONES vnplily zta atta? ta a8 


Solution: The sum of the given 3rd and 4th terms 
" 42? 8x7 = 4g? T 8x7 
git+a* aS—g® gt+at  (x*-ra*)(a* — 24) 
_ 403 ( i 23^ ) E af — x1 + 25* 
z* + at z* + at a^ — x4 
= 4a? a‘ + qt _ Ag? 
~ gata ata! fal 
., the sum of a 2nd, 3rd and 4th terms 


at — rt 


2x Ag? Qn i 23? 
z? +a? at- rt x?+a? a? — x 
2x j a? — r? + 2x? 2x k a? + a? 2x 
az? + a? a? — x z? +a?  a?—3? = a? — 2? 
. . 2x a— z +2r a+r 1 
.. the given expression = 2 i^ ——u 7-3 -= 
rc-a a-r a^ — T a^ —mz a— r 


Activity: simplify: 
1) b+e cta a+b 
(a—b)(a—c) (b—c)(b-a) (e—a(e—b) 
a — 1 n -1 r eu] 
(a—b)(a—c) (b—c)(b—a) (c—a)(c— b) 
bc(a + d) ca(b + d) ab(c + d) 


laba-  (b-ob-a)  (c-a)c d) 

a ral | UR Es. G+ qi 

(a-5(a-o  (b-o(b-a)  (c-a)(c—9) 
a? + bc b? 4 ca à tab 


(cuc beg, (esed) 


Partial Fractions 


If a given fraction is expressed as a sum of two or more fractions, then each of 
the latter fractions is said to be a partial fraction of the given fraction. 


37 —8 
Here, the fraction Lu e s can be written down: 
r? —5r+6 
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3zr-8 _ B38) +(e 2) 2 " 1 
e—Sr+6  (r—-3(z-2) 2-2 ° 2-3 
Here the given fraction is expressed as the sum of the two fractions i.e., the 
fraction has been divided into two partial fractions. 


If both N(x) and D(x) are the polynomials of the variable x and if the degree 
of numerator N(x) is less than the denominator D(x), then, the fraction is called 
proper fraction. The degree of numerator N(x) is greater than or equal to that 
of the denominator D(z) the fraction is called improper fraction. For example, 

z? +1 , l 2x4 z? + 3r? +2 
Erea) is a proper fraction. But PA an Dr 
improper fractions. We mention that numerator divided by the denominator of 
the improper fraction in general rule or the terms of the numerator rearranged in 


both are 


8 convenient way, the fraction as a polynomial (quotient) and as the sum of the 


3432742 
2 E ME E 


improper fraction can be expressed. For example, 13 
T 


6 
r+2 
How to convert the proper rational fraction into the partial fraction in different 


ways is shown below. 


1) The denominator is, or can be expressed as a product of distinct linear 
factors but no factor is repeated. 


2) When the degree of the numerator is greater than or equal to that of the 
denominator, then degree of numerator is lessen by dividing the numerator 
by the denominator. 


3) The denominator is, or can be expressed as a product of linear factors, some 
of which are repeated. 


4) The denominator is or can be expressed as a product of linear and quadratic 
factor, none of which is repeated. 


5) The denominator is, or can be expressed as a product of linear and quadratic 
factors, some of which are repeated. 


The denominator is, or can be expressed as a product of distinct linear 
factors but no factor is repeated 

bz —7 
(x — 1)(x — 2) 


Example 23. Resolve into partial fraction 
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5a — 7 = A H B 
(r—-1)(r—-2) 2-1 «2-2 
On both sides of (1) multiplying (x — 1)(a — 2), 
5a — 7 = A(z—-2) + B(z —-1)------ (2) 


Solution: Let, 


ee (1) 


which is true for all values of x. 
Now, on both sides of (2) putting z = 1 we get, 5—7 = A(1—2)+ B(1-1) 
or, —2 = —A, ". A=2 
Again, on both sides of (2) putting x = 2 we get, 10—7 = A(2—2)-- B(2—1) 
on3-B,.. B=3 
Now putting values of A and B in (1) we get, 
5a —7 | 2 


(x—1)(27—-2) z-i 
partial fractions. 


3 
| E z thus the given fraction is converted into 


Remarks: That the given fraction is converted into the partial fraction properly, 
can be examined. 


PM 3 | 2(z-2)c-3(2-1) | 5a — 7 _ 
R.H.S. = "EN + 21-32 48 DOS Gees) L.H.S. 
Example 24. Express a into partial fraction 

ar UMS ccm eame i 
Solution: Let, ae ml = ae + E + NE (1) 


(r-1)(xz—2)(27-3) 2-1 z-2 cz-3 
on both sides of (1) multiplying (z — 1)(z — 2)(x — 3), 
z +5 = A(x — 2)(x — 3) + B(x — 1)(x — 3) + C(x — 1)(x — 2)------ (2) 
(2) is true for all values of z 
On both sides of (2) putting z = 1, 
145- A(-1(-2) — 6=2A = A=3 


Again, on both sides of (2) putting x = 2 we get, 
)wsscBü)(-i) es -cB Bec 

And on both sides of (2) putting z = 3 we get, 
3+5 =C(2)(1) or, 8 = 2C or, C = 4. 

Now, the values of A, B and C, putting in (1), we get, 
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£+5 | 3 7 P 4 
(r—1)(—2)(—-3) -v-1 z-2 cx-3 


When the degree of the numerator is greater than or equal to that of the 
denominator, then degree of numerator is lessen by dividing the numerator 
by the denominator. 

(x — 1)(¢ — 5) 


Example 25. Express (z—2)(z — 4) 


into partial fraction. 


Solution: Here dividing numerator by denominator, we get 1. 
(x — 1)(x— 5) A B 


MS ogea = e b P D heresis (1) 
Multiplying (z — 2)(z — 4) on both sides of (1) 
(x — 1)(x — 5) = (x — 2)(x — 4) + A(z — 4) + Bie — 2)------ (2) 


On both sides of (2) putting x = 2, 4 respectively 
@-1)0=5)= A( — 4y ax, a=} 


And (4—1)(4—5) = B(A—2) o, B= > 


Now putting values of A and B in (1) we get, 
(r—1)(x—5) _ 3 3 


(@-2)(e-4) ~ |^ Xs-2) 35-42) 
fraction. 


which is the desired partial 


2x3 
(z — 1)(x — 2)(z — 3) 
Solution: Dividing numerator by denominator, we get 2 
3 

le. e ea 3 z-1': i "353 €— (1) 
On both sides of (1) multiplying (x — 1)(x — 2)(x — 3) we get, 

245? = 2(z — 1)(z — 2)(x — 3) + A(x — 2)(z — 3) + B(x — 1)(z — 3) 

-TC(z-—1)z-2)--- (2) 

On both sides of (2) putting z — 1, 2, 3 we get, 

2 = A(-1)(-2) or, A = 1; 16 = B(1)(-1) or, B = —16 

54 


and 54 = C(2)(1) or, C= $7 27 


Example 26. Express into partial fraction. 
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Now putting the values of A, B, C in (1) we get, 
253 1 16 


LA mz5.L-—— 
(x — 1)(x-2)(x-3) r—-1 «2-2 
fraction. 


+ m which is desired partial 
HH — 


The denominator is, or can be expressed as a product of linear factors, 
some of which are repeated. 


Example 27. Express as partial fraction. 


— oe 
(z — 1*(z -2) 
(2-—1)?(a-2) z-1 (x—1» 
on both sides of (1) multiplying (x — 1)?(z — 2), we get 
x = A(z — 1)(x — 2) + B(r-2)-C(r—1)y....-- (1) 
on both sides of (2) putting z = 1, 2 respectively, we get 


1-B(1-2)o B= —1 and 2 = C(2 —- 1}? or,2=C = C=2 


Solution: Let — 
r—2 


Again, Equating the coefficients of z? on both sides of (2), we get 
0=A+Cor, A=-C=-2 
Now putting the values of A, B and C in (1), we get 
T —2 —1 


(z—1)(r-2)  z—-1  (æ-1} 
fraction. 


2 
+ E which is the desired partial 


The denominator is or can be expressed as a product of linear and 


quadratic factor, none of which is repeated.: 
c 


(x — 1)(z? + 4) 


! T s A Be+C 
Solution: Let, (GENDER “2a Pan (1) 


On both sides multiplying by (x — 1)(z? + 4), we get 
z = A(z? +4) + (Br+Cy)(x—-1)------ (2) 


Example 28. Express as partial fraction. 


in (2) putting x = 1, we get 


ics ; 


Equating coefficients of x? and z, 
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A+B=0---(3) and C — B- 1... (4) 


1 
in (3) putting A = 5 we get, B= — 


orp e OT] 


1 
in (4) putting B = — we get, C = 


Now putting the values of A, B and C in (1), we get 
1 r 4 


x EE CO ee a—4 


(x — 1)(x? + 4) ra hy 3?-4  5(r—1) 5(a?+4) 
which is the desired partial fraction. 


The denominator is, or can be expressed as a product of linear and 
quadratic factors, some of which are repeated. 


Example 29. Express as partial fraction. 


1 
x(x? + 1)? 
i A " Br C DE 
z(zr?--1? xr z?+1 G+ TP 
Multiplying both sides of (1) by z(z? 4- 1)?, we get 
1 = A(x? +1)? + (Br + C)(z? + 1)z + (Dz + E)x 
= A(r* + 2x? + 1) + (Br + C) (£? + 2) + Dz? + Ex 
or, 1 = Azt +2Ax? + A+ Brt + Bx? - Ca? - Cz - Dr? + Ez (2) 


Solution: Let, 


E (1) 


on both sides of (2) equating the co-efficients of x*, z?, z?, x and the constant 
we get, 


A+B=0, C=0, 2A4A+B+D=0,C+E=0, A=1 

in C + E = 0 putting C = 0, we get E = 0 

in A + B = 0 putting A = 1, we get B = —1 

in 2A + B + D = 0 putting A = 1 and B = —1, we get D = —1 
< A=1, B=-1, C=0, D=-land E=0 


in (1) putting values of A, B, C, D and E, we get 


1 1 x z£ , i i F 
ae + 1p E » d (2+ ly which is the desired partial 
fraction. 
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Activity: Express in partial fraction: 
et+atl 


D Prats 2) PEE 
x 
9? epee Ò ee +P 


3) 


v++ 322 +2 
22 


Exercise 2 


1. Which one of the following expression is symmetric? 
1) a+b+c 2) sy—yzt2zn 3) r? -y +2? 4) 2aà?—5bc— c? 
2. if P(r,y,z) 2 2? + y? + 23 — 3zyz then 
(i) P(x,y, z} cyclic 
(ii) P(x,y, z) symmetric 
(üi) P(1,—2,1) = 0 
which one of the following is correct? 
1) i, di 2) i, dii 3) ii, iii 4) i, di, iii 
If one of the factor of x? + pz? — x — 7 polynomial is x + 7 then answer the 
following 3 and 4. 


3. What is the value of p? 


1) -7 2) 7 3) = 4) 477 


4. What is the product of the other factors of the polynomial? 
1) (x-1)(z-1) 2) (x—-1)(x-2) 3) (@—-1)(@+3) 4) (æ+1)(z—1) 
5. If a factor of polynomial zt — 5z? + 72? — a is x — 2 then, show that, a = 4 


6. Suppose, P(x) = az? + bz* + cx? + ex? + bx + a where a, b, c are constant and 
a #0. Show that, if z — r is a factor of P(x), then another factor of P(x) 
will be (rz — 1) 


7. Resolve into factors: 
1) z*- 723 +172? + Tz +6 
2) 4af + 12a? + 7a? — 3a — 2 
3) a +22? 4+20+1 
Forma-9, Higher Mathe, Class-9-10 
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4) aly? + 22) + y(2? + 2?) + z(z? + y?) + 3xyz 

5) (e@+1P?y—z)+ yt U*(z — o) + (zt (n — y) 

6) PEM- c?) + ea (e — a?) + a?? (a? — 6?) 

7) 15a? + 2ry — 24y? — x + 24y — 6 

8) 152? — 24y? — 62? + Qry — wz + 24yz 

tuta L, show that, bc + ca + ab = 0 or, a =b =c 


9. ifr=b+c-—a, y=c+a-—b, and z =a +b -— c show that, 
x? +y? + 23 — 3ryz = 4(a3 + D? + c? — 3abc) 
10. Simplify: 
"WE MN ns M 
(a—b)(a—c) (b—o(b—a)  (c—a)(c— b) 
(a+b)?-ab (b+c)?-bc | (c af — ca 
(b—c)(a—c)  (c—a)(b—a) T (a — b)(c — b) 
a b c 
(a—b(a-c(s-a)'(b-cb-a)z-5)' -aee o) 
4) S E NS DE NN 
(14-2) (+r?) (1-029) (1+8) (26-1) 
11. Express as partial fraction: 


2) 


3) 


5g + 4 £+2 
1) ——— 2) ————— 
) g(x +2) ) z? — Tr +12 
3) xz? — 97 —6 x? —4r-—7 
z(z — 2)(% + 3) (z + 1)(z? + 4) 
2 


5) x 
(2x + 1)(z + 3)? 
12. The polynomial of x, y, z, F(z,y,z) = £? + y? + 23 — 3zyz 
1) Show that, F(z, y, z) is a cyclic expression. 
2) Factorize F(x,y,z) and if F(z,y,z) = 0, (£ +y +z) £ 0 show that, 
T? +Y + 27 = cy +yz + 22 
3) ifs = (b+c—a), y = (ct a — b) and z = (a + b — c) show that, 
F(a,b,¢) : F(n,y,z) 21:4 
13. P(a,b,c) = (a+b+c)(ab+ bc + ca) and Q = a™’ + b7’ c3 —3a1b71c 


1) Express with proper reason whether P(a, b,c) cyclic or symmetric. 
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2) if Q = 0 prove that, a = b = c or ab+bc+ca=0 
. 1 1 1 1 
3) if P(a,b,c) = abc show that, (ETE Tm + W + at 
14. P(x) = 1823 + bz? — x — 2 and Q(x) = 424 + 1223 + 72? — 3x — 2 


Q(x) 


1) Determine the degree of the qoutient 
P(z) 
2) if 3z + 2 is a factor of P(x), find the value of b. 
2 
—2 
3) Express 2 as partial fraction. 


Q(z) 
15. Two polynomials of variable x are P(r) = 7x? — 3a + 4x4 — a + 122° and 
Q(x) = 62? + x? — 9x + 26 


1) Expressing P(x) ideally determine leading co-efficient. 
2) A factor of P(x) is (x + 2) then find the value of a. 
3) Show that there is a common factor of P(x) and Q(z). 


Chapter 3 


Geometry 


In the Geometry section of the Mathematics book of class 8 and class 9-10, the 
theorem of Pythagoras and its converse have been discussed in detail. In learning 
mathematics, the subjects related to this play a very important role. So, in the light 
of the theorem of Pythagoras, more discussion is necessary in Secondary Higher 
Mathematics. For this discussion, one needs to have a clear conception of 
orthogonal projection. With this objective in mind, the theorem of Pythagoras is 
discussed in briefly the first part of this stage, while at the second stage the 
conception of orthogonal projection and the corollary of the Pythagoras theorem 
will be discussed. In the concluding part of the discussion, some problems will be 
included for logical discussion and proof on the basis of theorem of Pythagoras 
and its extended conception . 


At the end of this chapter, the students will be able to — 


> explain the conception of orthogonal projection; 
prove and apply the theorems on the basis of the theorem of Pythagoras; 


» 
P prove and apply the theorems of the circumcentre, centroid and orthocenter; 
> prove and apply the theorems of Brahmagupta; 

» 


prove and apply the theorems of Ptolemy. 


Review of the Theorem of Pythagoras 


About 600 years before the birth of the Christ, the renowned Greek scholar 
Pythagoras (570-495 BC) described an extremely important theorem about 
right angled triangles. This theorem was named after him and so known as the 
theorem of Pythagoras. But it was known even around 1000 years before 
Pythagoras. Egyptian surveyors had possessed the knowledge about the 
theorem. The theorem of Pythagoras can be proved in many ways. Two of its 
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proofs have been taught in lower secondary level. So we will skip its proof. 
Herein it will contain only its explanation and some brief discussion. 


Theorem 1 (Theorem of Pythagoras). In a right angled triangle the area of 
the square drawn on the hypotenuse is equal to the sum of the areas of the two 
squares drawn on the other two sides. 


AB! 
^ ^. 
z s 
2 s 
Pi ` 
~ a X 
"o, a x 
C K .&B p" 
rr p------4 
E a C ! 
x a 
3 c c! 
ed 1 
b C l 
C; b 1A A’ 
I I 
ib b 
I l 
1 l 
Che be ae 


In the figure above ABC is a right angled triangle. ZBAC is a right angle and 
BC is hypotenuse. If any square is drawn on the hypotenuse BC, its area is equal 
to the sum of the areas of the squares drawn on the sides adjacent to the right 
angle which are AB and AC. 


Here BC? = the area of the square BB'C"C = a?, AB? = the area of the square 
AA'B"B = c?, and CA? = the area of the square CC’A” A = b. 


Therefore, BC? = AB? + AC? or à? = bP +c’. 


For example, if the lengths of the two sides adjacent to the right angle of a right 
angled triangle are b = 8 cm. and c= 6 cm, it can be said as per the theorem of 
Pythagoras that the length of the hypotenuse will be a = 10 cm. 


Similarly, it is possible to know the length of the third side by the lengths of any 
two sides. 


Theorem 2 (Converse of the Theorem of Pythagoras). If the area of the square 
on one side of a triangle is equal to the sum of areas of the squares drawn on the 
other two sides, the angle included by the latter two sides is a right angle. 
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B 
a 
c 
C b A 


In the figure shown above, three sides of the AABC are AB, BC and AC. The 
area of the square drawn on the side BC is equal to the sum of the area of the 
squares drawn on sides AB and AC. Therefore, BC? = AB?+AC? or, a? = be. 
So, ZBAC is a right angle. For example, we can say that if the lengths AB, BC 
and CA of AABC are 6 cm., 10 cm. and 8 cm. respectively, ZBAC must be a 
right angle. 


Since, AB? — 6? square cm. — 36 square cm., 
BC? — 10? square cm. — 100 square cm., 
AC? = 8? square cm. = 64 square cm., 
. BC? = 100 = 36 + 64 = AB? + AC? 
z. ZBAC = 90° = right angle. 


Orthogonal Projection of a Point: We call the orthogonal projection of any 
point on any definite straight line when it signifies the foot of the perpendicular 
drawn from that point on the definite straight line. Suppose, XY is a definite 
straight line and P is any point (figure below). We draw the perpendicular PP’ 
from the point P on the straight line XY and P' is the foot of this perpendicular. 
So, the point P' is the orthogonal of P on the line XY. The orthogonal projection 
of any point on any definite straight line is a point. 


P B 
A C 


X P A’ B'Y 


Orthogonal Projection of a Line: Let, the end points of the line segment 
AB are A and B (figure above). Now the perpendiculars AA’ and BB’ are drawn 
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from the points A and B respectively on the line XY. The end points of the 
perpendiculars AA’ and BB’ are A’ and B’ respectively. This line segment A’B’ 
is the orthogonal projection of the line segmentAB on XY. Therefore, it is seen 
that the orthogonal projection is determined by drawing a perpendicular. So, it 
is said that the line segment A’B’ is the orthogonal projection of the line segment 
AB on XY. In the figure above, if the line segment AB is parallel to XY, 
then AB = A'B'. From this conception, we can say that the perpendicular of 
the orthogonal projection on any line is a point. In that case, the length of the 
orthogonal projection is zero. 


Note: 


1. The foot of the perpendicular drawn from any point on any line is the 
orthogonal projection of that point. 


2. The perpendicular of the orthogonal projection on any line is a point, whose 
length is zero. 


3. Any definite line parallel to the line segment of the orthogonal projection 
will be equal to that line segment. 


Some Important Theorems 


We shall now present the logical proof of some important theorems on the basis 
of the theorem of Pythagoras and by the conception of the orthogonal 
projection. 


Theorem 3. The area of the square drawn on the opposite side of the obtuse 
angle of an obtuse angled triangle is equal to the total sum of the two squares 
drawn on the other two sides and product of twice the area of the rectangle 
included by either of the two other sides and the orthogonal projection of the 
other side. 


Special Nomination: Suppose, in the triangle ABC, ZBCA is an obtuse angle, 
AB is the opposite side of the obtuse angle and the sides adjacent to obtuse angle 
are BC and AC respectively. 


CD is the orthogonal projection of the side AC on the extended side BC (figure 
below). It is to be proved that, AB? = AC? + BC? +2. BC. CD 
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B C D 


Proof: As CD is the orthogonal projection of the side AC on the extended side 
BC, AABD is a right angled triangle and ZADB is a right angle. 
So, according to the theorem of Pythagoras 
AB? = AD? + BD? 
= AD? + (BC + CD? [: 8D = BO +CD] 
= AD? + BC? +CD? - 2. BC -CD 


<. AB? = AD? + CD? + BC? +2. BC CD... (1) 
Again A is a right angled triangle and ZADC is right angle. 
<., AC? = AD? + CD?...... (2) 


From the equation (2), putting the value AD? + CD? = AC? in equation (1), we 
get, 


AB? = AC? + BC? 2. BC-CD [Proved] 


Theorem 4. In any triangle, the area of the square drawn on the opposite side 
of an acute angle is equal to the squares drawn on the other two sides diminished 
by twice the area of the rectangle included by any one of the other sides and the 
orthogonal projection of the other side on that side. 


Special Nomination: In the triangle AABC, ZACB is an acute angle and the 
opposite side of the acute angle is AB. The other two sides are AC and BC. 
Suppose, AD is a perpendicular on the side BC (left sided figure below) and 
the extended side of BC (right sided figure below). So, CD is the orthogonal 
projection of the side AC on the side BC in the case of both triangles. It is to be 
proved that AB? = AC? + BC? —2- BC. CD. 


[It is to be noted that here the perpendicular is drawn from A to BC. But 
similarly, the theorem can be proved by drawing a perpendicular from the point 
B to AC.] 


2023 


Chapter 3. Geometry 73 


C D B C B D 


Proof: AADB is a right angled triangle and ZADB is the right angle. 
~- According to the theorem of Pythagoras, AB? = AD? + BD? 


In the left sided figure above BD — BC — CD. 
- BD? = (BC — CD)? = BC? + CD? - 2. BC -CD 
In the right sided figure above BD = CD — BC. 
-. BD? = (CD — BC)? = CD? + BC? - 2. CD- BC 
Therefore, in both figures, BD? = BC? + CD? -2- BC. CD- (2) 
Now from equation (1) and (2), we get 


AB? = AD? + BC? + CD? -2- BC-CD 


Or, AB? = AD? + CD? + BC? -2. BC. CD .«-..-:-- (3) 
Again, AADC is a right angled triangle and ZADC is the right angle. 
~. According to the theorem of Pythagoras AC? = AD?--CD? .....- (4) 


from equation (3) and (4) we get, 
AB? = AC? + BC? -2- BC. CD [Proved] 
Remark: 
1. In the case of the right angled triangle, the sides adjacent to the right angle 
are mutually perpendiculars, so each of their orthogonal projection is zero. 


If ZACB is a right angle then the orthogonal projection of AC on BC is 
CD =0. So BC - CD = 0, therefore AB? = AC? + BC? 


2. Theorem 3 and Theorem 4, are based on Theorem 1. That is why Theorem 3 
and Theorem 4 are called extensions of Theorem 1, therefore they can be called 
extensions of the theorem of Pythagoras. 
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The decisions made on the basis of the explanation above: in the case of 
AABC, 

1) If ZACB is an obtuse angle, AB? > AC? + BC? [Theorem 3| 

2) If ZACB is a right angle, AB? = AC? + BC? [Theorem 1] 

3) If ZACB is an acute angle, AB? « AC? + BC? [Theorem 4] 


'The following theorem is known as the theorem of Apollonius as this theorem was 
stated by Apollonius(240- 190 AD). It is established on the basis of the extensions 
of the theorem of Pythagoras (Theorem 3 and Theorem 4). 


Theorem 5 (Theorem of Apollonius). The sum of the areas of the squares 
drawn on any two sides of a triangle is equal to twice the sum of area of the 
squares drawn on the median of the third side and on either half of that side. 


Special Nomination: AD, Median of triangle AABC, bisects the side BC. It 
is to be proved that, AB? + AC? = 2(AD? + BD?). 


A A 


B D EC B D C E 


Proof: We draw a perpendicular AE on the side BC (left sided figure above) and 
on the extended side of BC (right sided figure above). In both figures ZADB is 
the obtuse angle of AABD and DE is the orthogonal projection of the line AD 
on the extended BD. 


As per the extension of the theorem of Pythagoras in the case of the obtuse angle 
[Theorem 3] we get, 
AB? = AD? + BD? +2-BD-DE..----- (1) 


Here, ZADC is an acute angle of AACD and DC (left sided figure above) and 
DE is the orthogonal projection of the line AD on extended DC (right sided 
figure above). 


As per the extension of the theorem of Pythagoras in the case of the acute angle 
[Theorem 4] we get, 
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AC? = AD? + CD? — 2.CD.DE (2) 
Now adding the equations (1) and (2) we get, 
AB? + AC? = 2AD? + BD? + CD? +2- BD. DE -2.0D . DE 
=2AD?+2BD? [:BD =CD] 
-. AB? + AC? = 2(AD? + BD?) [Proved] 
Determination of the relation between the side of the triangle and the 
median by the theorem of Apollonius. 


Let, length of the sides of BC, CA and AB of the AABC are a, b and c 
respectively. AD, BE and CF are the medians drawn on sides BC, CA and AB 
and their lengths are d, e and f respectively. 


Then from Apollonius’s Theorem we get, 


AB? + AC? = 2(AD? + BD?) 


2 
Or, +b =2 (e + (52) | BD = ja 


1 
Or, B+? = 2d? +2. c? 


a? 
Or, U pO ced 

2,,2). 72 
Or, = wera 
2(c? + a?) - P? 2(a? +b?) — c 

4 4 

Therefore we can say that if the lengths of the sides of any triangle are known, 
the length of the medians can also be known. 


Similarly we can get, e? = and f? = 
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AP + 2) - a? 
4 


2(c? + a”) — b? i 2(a? +b?) -e 


Again, d +e? + f? = 
gain, d^ +e +f 1 a 


So, d? + e? + f? = ACETAT 
z. 3(a? + B+ c*) = A(d? e? + f?) 


So, we can say that in a triangle, thrice the sum of the area of the squares drawn 
on the three sides is equal to four times the sum of the areas of the squares drawn 
on the three medians. 


If it is a right angled triangle i.e. ZAC B is a right angle and AB is hypotenuse, 
then 


Ê= +b 
Or, à? + 0? + e = 2¢? 
Or, ae tert f2) = 22 
Or, 2(d? + e? + f?) 2 3c? 
Therefore, we can say that twice the sum of the area of the squares drawn on the 


medians of a right angled triangle is equal to thrice the area of the square drawn 
on the hypotenuse. 


Exercises 3.1 


1. In AABO, ZB = 60°. Prove that, AC? = AB? + BC? — AB- BC 
2. In AABC, ZB = 120°. Prove that, AC? = AB? + BC? + AB. BC 


3. In AABC, ZC = 90° and midpoint of BC is D. Prove that, 
AB? = AD? + 3BD? 


4. In AABC, AD is the perpendicular on the side BC, while BE is the 
perpendicular on the side AC. Prove that, BC- CD = AC -CE 


5. In AABC, the side BC is trisected at the point P and Q. Prove that, 
AB? + AC? = AP? + AQ? + 4PQ? 


[Hints: BP = PQ = QC; AP is a median of AABQ 
AB? + AQ? = 2(BP? + AP?) = 2PQ? + 2AP?, 
AQ is a median of AAPC. ~. AP? + AC? = 2PQ? + 2AQ?|] 
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6. In AABC, AB = AC, P is a point on BC. Prove that, 
AB? — AP? = BP. PC [Hints: Draw a perpendicular AD on BC. Then, 
AB? = BD? + AD? and AP? = PD? + AD?| 
7. Ifthe three medians of AABC' meet at G, prove that, 
AB? + BC? + AC? = 3(GA? + GB? + GC?) 
[Hints: See the corollaries taken in the light of the theorem of Apollonius 


i.e. the relation between the sides and the medians of the triangle needs to 
be used. ] 


Theorems about Circles and Triangles 


In this section some important theorems about circles and triangles will be 
presented logically. It is mandatory for the students to know the similarity 
of two triangles before proving the theorems. Similarity of triangles is 
discussed thoroughly in Secondary Geometry. For the convenience of the 
students, we will briefly recapitulate the similarity of triangles. 


Equiangularity: Two polygons having the same number of sides with successive 
equal angles are said to be equiangular polygons. 


Similarity: Two polygons having the same number of sides are said to be similar 
if one can establish a one-one correspondence among their vertices such that 


1) The corresponding angles are equal and 
2) The corresponding sides are proportional. 


In this case the two polygons are called similar polygons. 


B 2x C F T G L z M 
z x x x£ x £ 
A 2x D E T H K T N 


Tf you take a look at the figure above, you will see that, 


1) The rectangular ABCD and square EFGH are equiangular but not similar. 
All of their corresponding angles are right angle, but their corresponding 
sides are not proportional. 
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2) The square EFGH and rhombus KLMN are not similar, since their 
corresponding sides are proportional because of any successive matching of 
their vertex but their corresponding angles are not equal. 


However, it is not the same in the the case of two triangles. If one condition of the 
mentioned two regarding the matching of the angles of the vertices of two triangles 
is true, the other one will be true as well and the two triangles will become similar. 
It should be mentioned in this regard that, 


1) If two triangles are equiangular, each pair of equal angles are called 
corresponding angles and the sides opposite to the corresponding angles 
are called corresponding sides. 


2) If the three sides of a triangle are proportional to the sides of another 
triangle, each pair of proportional sides are called corresponding sides, 
and the angles opposite the corresponding sides are called corresponding 
angles. 


3) In both cases the triangles are described by matching a one-one 
correspondence among their vertices of the angles. For example, the 
corresponding angles are ZA and ZD, ZB and ZE, ZC and ZF; the 
corresponding sides are AB and DE, AC and DF, BC and EF, in case of 
AABC and ADEF. 


Some theorems about the similarity of the two triangle are briefly described 
below. 


Theorem 6. If two triangles are equiangular, their corresponding sides are 
proportional. 


B 


A C D F 


In the figure above, AABC and ADEF equiangular triangles. 
AB AC BC 


Therefore, since ZA = ZD, ZB = ZE and ZC = ZF then DE DF ~ EF’ 


eq 
S 
a 
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That is, the corresponding sides will be proportional. 


Corollary 1. if two triangles are equiangular, they will be similar. 


Remarks: If the two angles of one triangle are equal to the two angles of the 
other, the two triangles are equiangular, hence similar. This is because, the sum 
of the three angles of any triangle is two right angles. 


Theorem 7. If the sides of the two triangles are proportional, the opposite 
angles of the corresponding sides are mutually equal. 


B 


In the figure above, AABC and ADEF are such that their corresponding sides are 
. : AB AC BC 

proportional i.e., as —— = —— = EF’ the angles are mutually equal. Therefore, 

ZA = ZD, ZB = ZE and ZC = ZF. 


Theorem 6 is called the converse proposition of the theorem Theorem 7. 


Theorem 8. If one angle of one triangle is equal to an angle of another triangle 
and the side adjoining the equal angles are proportional, the two triangles will be 
similar. 


In the figure below, AABC and ADEF are such that ZA = ZD and the sides AB, 
AC 


AB 
AC and DE, DF adjoining the equal angles are proportional i.e., as —— = —— 


DE DF’ 
AABC and ADEF are similar. 
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B 
IN. E 
A C D F 


Theorem 9. The ratio of the areas of the two similar triangles is equal to the 
ratio of the areas of the squares drawn on their two corresponding sides. 


In the figure below AABC and ADEF are similar triangles. BC and EF are 

the corresponding sides of the two triangles. In this condition, the ratio of the 

two triangles is equal to the ratio of the squares drawn on the two sides BC and 

EF. Therefor BOE Hor Similarly if AB and DE and AC and DF ar 

. Therefore, -DEF ^ EF arly a a a are 
AABC AB? AC? 


' ADEF DE? DF? 


B 
IN. E 
A C D F 


The Circumcenter, Centroid and Orthocenter of a Triangle 


the corresponding sides of two triangles 


Here it should be mentioned that, the distance between the orthocenter and a 
vertex of a triangle is twice the perpendicular distance from the circumcenter to 
the opposite side of that vertex. 


Circumcenter of a Triangle: The circumcenter of a triangle is the point 
of intersection of two perpendicular bisectors of that triangle. Noted that, the 
perpendicular bisector of the third side of the triangle would pass through the 
cireumcenter too. 


Centroid of a Triangle: The centroid of a triangle is the point of intersection 
of three medians of that triangle. The centroid of a triangle divides each median 
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into the ratio 2:1. 


Orthocenter of a Triangle: The orthocenter of a triangle is the point of 
intersection of the perpendiculars drawn from each vertex to their respective 
opposite side. 


Theorem 10. The circumcenter, the centroid and the orthocenter of any 
triangle are collinear. 


Special Nomination: Suppose, O is the orthocenter, S is the cireumcenter and 
AP is a median of the triangle AABC. The line between orthocenter O and the 
circumcenter S intersect the median AP at point G. If we join S and P, the line 
SP is a perpendicular on BC. So, it is enough to prove that the point G is the 
centroid of AABC. 


A 


Proof: OA is the distance between the vertex A from the orthocentre O and SP is 
the distance between the opposite side BC of the vertex A from the circumcentre 
S of AABC. ',. OA - 2S8P (1) 


Now since AD and SP both are perpendiculars on BC so AD || SP. Now 
AD || SP and AP is their intersecting line. So ZPAD — ZAPS, as they are both 
alternate angles. Therefore, ZOAG — ZSPG. 


Now in between AAGO and APGS, 
ZAGO = ZPGS [Vertical opposite angle] 
ZOAG = ZSPG [Alternate angles] 


.. remaining LAOG = remaining ZPSG 
Forma-11, Higher Mathe, Class-9-10 
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-. AAGO and APGS equiangular. 


AG OA AG 2SP 2 
9 Gp = gp therfore, GP" SP [from the equation (1)] 
AG 2 
Therefore, GP i Or, AG: GP 22:1 
So, the point G divides the median AP into the ratio 2 : 1. 
“.G is the centroid of AABC. [Proved] 
Note: 


1) Nine Point Circle: The total nine points including the middle points of 
three sides, feet of the three perpendiculars drawn from each vertex to the 
opposite side and the middle points of the three line segments joining the 
orthocenter to the vertices of any triangle lie on one circle. This circle is 
called the nine point circle. 


2) The center of the nine point circle is the middle point of the line segment 
joining the orthocenter and the circumcentre. 


3) The radius of the nine point circle is half of the circumradius of the triangle. 


Theorem 11 (The Theorem of Brahmagupta). If any cyclic quadrilateral has 
perpendicular diagonals, then the perpendicular to a side from the point of 
intersection of the diagonals always bisects the opposite side. 


Special Nomination: ABCD is a quadrilateral inscribed in a circle with 
perpendicular diagonals AC’ and BD intersecting at point M. ME is a 
perpendicular on the side BC from the point M and extended EM intersects 
the opposite side AD at point F. It is to be proved that AF = FD. 
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Proof: Because they are inscribed angles that intercept the same arc CD of the 
circle, ZCBD = ZCAD 


So, ZCBM = ZMAF 
Again, ZCBM = ZCME [Both complementary to the ZBME] 
So, ZMAF = ZFMA 
Therefore, in AAPM, AF = FM 
Similarly it can be shown that, ZF DM = ZBCM = ZBME = ZDMF 
So, ia ADFM, FD = FM 
So, AF = FD [Proved] 


Theorem 12 (Ptolemy’s Theorem). In any cyclic quadrilateral the area of the 
rectangle contained by the two diagonals is equal to the sum of the area of the 
two rectangles contained by the two pairs of opposite sides. 
A 
AN 


RUE 


C 


Special Nomination: Suppose ABCD is a cyclic quadrilateral whose two pairs 
of opposite sides are AB, CD and BC, AD. AC and BD are its diagonals. Tt is 
to be proved that, AC - BD = AB- CD + BC - AD. 


Proof: (Without loss of generality) we can assume that ZBAC is smaller than 
ZDAC. Then we draw /DAP at point A with line segment AD, making it equal 
to ZBAC so that AP intersects the diagonal BD at point P. 


According to the construction, ZBAC = ZDAP. 
Adding ZC'AP in both sides, we get 

ZBAC + ZCAP = ZDAP + ZCAP Therefore, LBAP = ZCAD 
Now between AABP and AACD 
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ZBAP = ZCAD and ZABD = ZACD [angles on the same segment of the 
circle] 
and remaining LAPB = remainingZADC. 
^. AABP and AACD equiangular. 


_ BP _ AB 
CD AC 
So, AC: BP = AB- CD ------ (1) 


Again, between AABC and AAPD 
ZBAC = ZPAD [by construction] 
ZADP = ZACB [angles on the same segment of the circle] 
and remaining ZABC = remaining ZAPD 

-. AABC and AAPD equiangular. 


„AD _ PD 
"AC BC 
Therefore, AC: PD = BC-AD .«---+: (2) 


Now adding equations (1) and (2), we get 
AC - BP + AC - PD = AB -CD + BC- AD 
Or, AC(BP + PD) = AB -CD + BC- AD 
But BP + PD = BD 
So AC: BD = AB -CD + BC-AD [Proved] 


Example 1. In APQR, ZPQR = 90° and midpoints of the three sides PQ, 
QR and PR are D, E and F respectively. 


1) Draw the figure according to the given information and identify the centroid. 
2) Prove that, PR? = PE? + QE? -2RE? 
3) If QF L PR prove that, QF? = PF . RF 


Solution: 


1) In the following figure, as the midpoints of PQ, QR and PR are D, E and 
F respectively, the medians are PE, QF and DR who intersect at point G. 
., Point G is the centroid. 
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Q E R 


2) ZPQR = 90? and midpoint of QR in APQR is E. P and E is joined. It is 
to be proved that, PR? = PE? + QE? + 2RE?. 


P 


Q E R 


Proof: In APQE. ZPQE = 90° and PE hypotenuse 
SAPE = PQ? ++QE- (1) 
Again, in APQR, /PQR = 90° and PR hypotenuse 
PR? = PQR? + QR? 
Or, PR? = PQ? + (QE + REY 
Or, PR? = PQ? + QE? + RE? +2QE-RE 
Or, PR? = PQ? + QE? + QE? +2RE. RE [. QE = RE] 
Or, PR? = PE? + QE? - 2RE? [using (1)] 
“PR? = PE? + QF? + 2RE? [Proved] 


3) In APQR, ZPQR = 90° and QF 1 PR. It is to be proved that, QF? = 
PF. RF. 
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P F R 
Proof: ZPQR = 90° 
-ZPQF + ZFQR = 90°... (1) 
Again, as QF L PR, ZPFQ = ZQFR = 90° 
In APQF, ZPFQ + ZPQF + ZQPF = 180° 
Or, 90° + ZPQF + ZQPF = 180° 
<. ZPQF + ZQPF =90°.---+: (2) 
From (1) and (2) we get, 
ZPQF + ZFQR = ZPQF + ZQPF 
~. LFQR = ZQPF 
In APQF and AQFR, 
ZPFQ = ZQFR, ZQPF = ZFQR 
remaining / PQF = remaining /ZFRQ 


^. APQF and AQFR are similar 
,TQ QF PF 

En QR = FR = FQ 

QE PF 

RF QF 


Or, QF? = PF - RF [Proved] 


Hence, 


Exercise 3.2 


In the left sided figure below, which is the orthogonal projection of the line 
segment AB on XY? 
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1) AB 2) BC 3) AC 4) XY 
A A 
E 
X B C Y B D C 


2. Intheright sided figure above, which point is the orthocentre of the triangle? 


1) D 2) E 3) F 4) O 


3. Length of each of the three medians of an equilateral triangle is 3 cm. What 
is the length of each side? 


1) 4.5 cm. 2) 3.46 cm. 3) 4.24 cm. 4) 2.59 cm. 
A 


B C 


In the figure above, D, E, F are midpoints of BC, AC and AB respectively. 
In the light of this, answer the questions 4-6: 


4. What is the name of the point G? 
1) Orthocenter 3) Centroid 
2) Incenter 4) Circumcenter 

5. What is the name of the circle drawn using the three vertices of AABC? 
1) Circumcircle 3) Excircle 


2) Incircle 4) Nine Point Circle 
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10. 


11. 


12. 


13. 


14. 
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Which statement of the followings is consistent with the Theorem of Apollonius 
applied to the AABC? 


1) AB? + AC? = BC? 2) AB? + AC? = (AD? + BD?) 
3) AB? + AC? =2(AG?+GD*) 4) AB? + AC? = 2(BD? + CD?) 


From any point P lying on the circumcircle of the triangle AABC, 
perpendiculars PD and PE are drawn on BC and CA respectively. If the 
line segment ED intersects AB at the point O, then prove that, PO is 
perpendicular to AB, i.e; PO L AB 


ZC of AABC is a right angle. If CD is the perpendicular drawn from the 
vertex C on the hypotenuse, prove that, CD? = AD- BD 


AD, BE and CF are the perpendiculars drawn from the vertex of AABC to 
the opposite sides and they intersect at the point O. Prove that, AO-OD = 
BO -OE = CO -OF 


[Hints: ABOF and ACOE are similar. .. BO: CO = OF : OE] 


A semicircle is drawn on the diameter AB. Two of its chords AC and BD 
intersect at point P. Prove that, AB? = AC- AP + BD. BP 


The radius of the circumcircle of an equilateral triangle is 3 cm. Find the 
length of the side of that triangle. 


In the isosceles triangle ABC, AD is the perpendicular from vertex A to the 
base BC. If the circumradius of the triangle is R prove that, AB? = 2R- AD 


The bisector of the angle ZA of the triangle ABC intersects BC at point D 
and intersects circumcircle ABC at point E. Show that, AD? = AB. AC — 
BD-DC 


In the triangle ABC, BE and CF are perpendiculars on the sides AC and 
AB respectively. Show that, 
AABC : AAEF = AB? : AE? 
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15. In APQR, medians PM, QN and RS intersect at the point O. 


Q M R 
1) What is the name of the point O? In what ratio does point O divide 
PM? 
2) Establish the relation PQ? + PR? = 2(PM? + QM?) from APQR. 


3) Show that, the sum of squares of the three sides of APQR is three 
times the sum of square of distance of the three vertices from point O. 


16. In the figure below, S and O are circumcentre and orthocentre of the of 
the triangle A ABC respectively. AP is a median, BC = a, AC = b and 
AB =c. 


1) Establish a relation between OA and SP. 
2) Show that, 5, G, O are collinear. 
3) If ZC is an acute angle, establish the equation a- CD =b- CE 
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Chapter 4 


Geometric Constructions 


The figure drawn by using compass and ruler according to definite conditions is 
geometric construction. Geometric figures drawn for proving the theorems need 
not be accurate. But in geometric construction, figure needs to be accurate. 


After completing the chapter, the students will be able to — 
> construct the triangles on the basis of given data and information and justify 
construction; 


> construct the circles on the basis of given data and information and justify 
construction. 


Some constructions Involving Triangles 


Construction 1. The base, an angle adjoining the base and height to the triangle 
are given. Draw the triangle. 


a BP on the base BC. Cut BM = 


A h from BP. 


Suppose, the base a, the height h and 
an angle z adjoining the base are given. 
The triangle needs to be drawn. 


Drawing: 


Step 1. Cut the part BC = a from any 
ray BD. 


a t 
B c D 


Step 3. Draw through the point M, the 
Step 2. Draw at B the perpendicular line MN || BC. 
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B c D B Cc D 


Step 5. Join A and C. Then ABC is 
the desired triangle. 


Step 4. Again construct ZCBE equal 
to the given Zax at the point B. 
The line segment BF intersects 
MN at A. 


Proof: As MN || BC (As per the construction). .. The height of AABC is 
BM = h. Again BC =a and ZABC = Za. ... AABC is the desired triangle. 


Analysis: The base and an angle adjoining the base are given. So we need to 
cut off a portion from a ray equal to the base and at an end-point we draw an 
angle equal to the given angle. Then we draw the perpendicular at that end point 
of the base and cut off a portion equal to the height. The point where the other 
arm of this angle intersects the line parallel to the base as the given height, is the 
third vertex of the desired triangle. 


Construction 2. The base, the vertical angle and the sum of the lengths of 
the other two sides of a triangle are given. The triangle needs to be constructed. 


P Drawing: 
a — Step 1. Cut the segment DB = s from 


any ray DE. 


Let a be the base, s be the sum 
of the other two sides and x be the D s BE 
vertical angle. The triangle needs to be 

constructed. Step 2. At D of the line DB, draw 
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ZBDF =< Zz. Step 4. At the point C, draw ZBDF 
2 equal to ZDC'A and at C', draw 

F ZBDF equal to ZDC' A'. Let CA 

and C'A' intersect BD at A and 

2 A’ respectively. Then both the 


triangles ABC and A'BC' are the 
required triangle. 


tol 


! 
D 8 B E 
Step 3. Taking B as centre, draw a 
segment of circle of radius a; let 
it intersect DF at C and C'. Join 
B, C and B, C*. 


Proof: Since ZACD = ZADC = ZA'C'D = — (by construction) 


<. LBAC = ZADC + ZACD = — t T = Lr 


z. LBA'C' = ZA'DC' + LA'C'D = — + jn E 
and AC = AD, A'C' = A'D 
So, in the triangle ABC, 
ZBAC = Zz, BC =a and CA + AB = DA + AB = DB =s 
.. AABC is the required triangle. 
Again, in the triangle A' BC", 
ZBA'C' = Za, BC' =a and C'A' + A'B = DA! + A'B = DB =s 
^. AAT BC' is the other required triangle. 
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Construction 3. The base, the vertical angle and the difference of the 
lengths of the other two sides of the triangle are given. The triangle needs to be 


a ——————— d ——— E d 


Let a be the base. Given that d is the difference of the other two sides and z is 
tha vertical angle. The triangle needs to be constructed. 


constructed. 


Drawing: C. Join B and C. 
Step 1. Cut the segment BP = d from M 
any ray BD. 
C 
B dp D 
a 
Step 2. At P, draw ZDPM, equal to 
the half of the supplementary B d P D 
le of Zz. 
epee ica Step 4. Again, at the point C, draw 
M ZDPC = ZPCA so that the 
Pre line segment CA intersect BD at 
T A. Then ABC is the required 
triangle. 
M 
B dP D 
C 
Step 3. Taking B as centre, all are with 
the radius a of the circle; let the g 
arc equal to the radius intersect 
B dP AD 


the straight line PM at the point 


Proof: ZAPC = ZACP 

<. AP = AC 

-. AB — AC = AB - AP =d 

Again ZAPC = ZACP is half of the supplementary angle of Zz. 


-. ZAPC + ZACP = Supplementary of Zz = external LC AD = supplementary 
angle of ZCAB 
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ZA= ZCAB = Le 
-. ABC is the required triangle. 


Construction 4. The height, the median on the base and an angle adjoining 
to the base of the triangle are given. The triangle needs to be constructed. 


gp h t 


Let h be the height, d be the median on the base and Zz be an angle adjoining 
to the base of the triangle. The triangle needs to be constructed. 


Drawing: 

Step 1. Draw BE and draw ZEBP equal to Zz at B. 

Step 2. At the point B, draw BQ perpendicular on the line BE. 
Step 3. From BQ, cut BM equal to the height h. 


Step 4. At the point M, draw the line MN || BE which intersects BP at the 
point A. 


Step 5. Taking A as centre, draw an arc with the radius equal to the median d; 
let the arc intersect B E at the point D. 


Step 6. From BE, cut the segment DC — BD. Join A and C. 

Then AABC is the required triangle. 

Proof: BD = DC ..D is the middle point of BC. 

Join A, D. ... AD = d = the median drawn on the base, i.e., the base BC. 


MN and BE are parallel line. Therefore the height of the AABC is BM = 
h. 
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Again, ZABC = Zz = adjacent to the given length of the median. 
-. ABC is the required triangle. 


Remark: We can get two triangle in many cases depending on Zz. Besides, the 
triangle can not be drawn if the length of the median is lees then height. 


Example 1. Given that the length of the base of a triangle is 5 cm., angle 
adjoining the base is 60? and the sum of the lengths of the two other sides is 7 
cm. Construct the triangle. 


Solution: It is given that the base BC = 5 cm., the sum of the lengths of the 
two other sides AB + AC = 7 cm. and ZABC = 60°. Construct AABC. 

Step 1. From any ray BX, cut off BC = 5 cm. 

Step 2. Draw ZX BY = 60°. 

Step 3. From the ray BY, cut BD =7 cm. 

Step 4. Join C, D. 

Step 5. Draw the perpendicular bisector of CD, let it intersect BD at the point 


A. 
Step 6. Join A,C, Then ABC is the required triangle. 
Y 
A 
60° 
B 5 cm. X 


Note: Since AL is the perpendicular bisector of CD, AD — AC. 
Then BD = BA+ AD = BA+ AC =7 cm. 


Example 2. The length of the base of a triangle is 7.5 cm., an angle adjoining 
the base is 45° and the difference of the lengths of the other two sides is 2.5cm. 
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Construct the triangle. 


Solution: Given that the base BC = 7.5 cm., difference of the other two sides 
AB — AC or AC — AB = 2.5 cm. and the angle adjoining the base 45°. Construct 
the triangle. Here we will see the steps in the Construction of AB — AC — 2.5 
cm.| Draw the triangle taking AC — AB = 2.5 cm.] 


A /Y 


Step 1. From any ray BX cut BC = 7.5 cm. 
Step 2. Draw ZY BC = 45°. 

Step 3. From the ray BY, cut BD = 2.5 cm. 
Step 4. Join C, D. 


Step 5. Draw the perpendicular bisector RS of CD; let it intersect BY at the 
point A. 


Step 6. Join A and C. Then ABCis the required triangle. 


Activity: 


1) The perimeter and the two angles adjoining the base of a triangle are 
given. Draw the triangle. 


2) The base BC = 4.6 cm., ZB = 45° and AB+CA = 8.2 cm. of a 
triangle are given. Draw the triangle. 

3) In a right angled triangle, the length of the sides are 3 cm. and 4 
cm. respectively are given. Determining the hypotenuse, draw the 
triangle. 
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4) The base BC = 4.5 cm., ZB = 45° and AB — AC = 2.5 cm. ofa 
triangle AABC are given. Draw the triangle AABC. 


5) The perimeter of AABC is 12cm., ZB = 60? and ZC = 45° are given. 
Draw the triangle AABC. 


Some Constructions Involving Circles 


Construction 5. Draw such a circle which passes through two definite points 
and whose centre lies on a definite straight line. 


D 


A and B are the two fixed points, PQ is a fixed straight line. Construct such 
a circle which passes through the points A and B and whose centre lies on the 
straight line PQ. 

Drawing: 

Step 1. Join A, B. 

Step 2. Construct the perpendicular bisector CD of line segment AB. 

Step 3. The line segment C' D intersects the line PQ at the point O. 

Step 4. Taking O as centre draw the circle of radius OA or OB, ABNM is the 


desired circle. 


Proof: The line segment C Dis perpendicular bisector of AB. Therefore, any 
point on CD is of equal distance from A and B. By construction, the point O lies 
on CD and PQ. Again, since OA and OB are equal so the circle drawn at the 
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centre O with the radius OA or OB will pass through the points A and B and 
the centre O will lie on the line segment PQ. .'. the circle drawn with O as centre 
and OA or OB is the required circle. 


Construction 6. With the radius equal to a definite line segment, construct a 
circle which passes through two definite points. 


A and B are the definite points and r is the length of the definite line segments. 
Construct such a circle which passes through A and B and whose radius is equal 
tor. 


Drawing: 
Step 1. Join A and B. 


Step 2. Draw two segments of the two circles of radius by centering A and B and 
taking r as radius on both sides of the line AB. The two pairs of segments 
of the two circles intersect at P and Q on the two sides of the line AB 
respectively. 


Step 3. Taking P as centre and PA as radius, draw the circle ABC. 
Step 4. Again taking Q as centre and QA as radius, draw the circle ABD. 
Step 5. Then each of ABC and ABD is the required circle. 


Proof PA = PB = r. .. The drawn circle ABC with centre P and radius PA 
or PB that passes through the points A and B and its radius is PA — r. 


Again QA = QB =r. .. The drawn circle ABD with centre Q and radius QA or 
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QB passes through the points A and B and its radius is QA — r. 
.'. Each of the two circles ABC and ABD is the required circle. 


Construction 7. Construct a circle which touches a definite point of a definite 
circle and passes through a definite point outside the circle 


Let a circle be given with centre C, P be a definite point on that circle and Q be 
a definite point outside that circle. Draw a circle which touches the circle at P 
and passes through the point Q. 


Drawing: 

Step 1. Join P, Q. 

Step 2. Draw the perpendicular bisector AB of PQ. 

Step 3. Join C, P. 

Step 4. Extended line segment CP intersects AB at the point O. 


Step 5. Taking O as centre, draw the circle with radius equal to OP. The resulting 
circle PQE is the required circle. 


Proof: Join O, Q. The line segment AB or the line segment OB is the 
perpendicular bisector of PQ. .. OP = OQ. 


So the circle of radius OP and centre O will pass through Q. 


Again the point P lies on the given circle and on the constructed circle and also 
the line joining the centres of the two circles. i.e. the two circles intersect at the 
point P. So the two circles touch each other at P. 


Therefore, the circle drawn with O as the centre and OP as the radius is the 
required circle. 
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Construction 8. Construct a circle which touches a definite point on a definite 
straight line and passes through a point. 


Suppose A is a definite point on the straight line AB and P be a point not lying 
on the line AB. To draw a circle which touches the line AB at A passes through 
the point P. 


C 


Drawing: 

Step 1. Draw the perpendicular AC at the point A on the line AB. 
Step 2. Join P, A and construct its perpendicular bisector QR. 
Step 3. The lines QR and AC intersect at O. 


Step 4. Taking O as centre draw the circle APS with radius OA. Then APS is 
the required circle. 


Proof: Join O, P. The point O lies on QR that is perpendicular bisector of 
AP. 


SIDASOP. 

.. The circle with centre O and radius OA passes through the points P. 

Again, OA passing through A is a perpendicular to the line AB. 

.'. So the circle touches line AB at the point A. 

.. Taking O as the centre and OA as the radius, the drawn circle is the required circle. 


Analysis: Since the circle is required to touch a definite line at a definite point, 
so, that line has to be tangent to the circle at that definite point and this tangent 
has to be the diameter of the circle. Since the definite point on the line and the 
definite external point both are required to lie on the circle, the perpendicular 


2023 


2023 


Chapter 4. Geometric Constructions 101 


bisector of the line segment joining the two points will pass through the centre. 
So the centre is the point of intersection of this bisector with the perpendicular 
erected at the point given on the definite line. 


Example 3. Given, a point at a distance of 5 cm. from the centre of a circle of 
radius 2 cm. Determine the distance of the two tangents. 


Solution: Draw a circle with the centre at O and 2 cm. Fix a point P at a distance of 
5cm. from O. We need to construct the two tangents to the circle for determining 
their lengths 


Q 


R 


Step 1. Bisect the line OP. Let M be the bisector point. 


Step 2. Draw the circle with centre at M and the radius OM that intersects the circle 
with the centre O at the points Q and R. 


Step 3. Join P, Q and P, R. Then PQ and PR are the two required tangents. 
Now measuring PQ and PR we find PQ = PR = 4.6 cm. 


Activity: 


Drawing the incircle of a triangle whose sides have lengths 5 cm., 12 
cm. and 13 cm., measure the length of its radius. 


Drawing the circumcircle of a triangle whose sides have lengths 6.5 


cm., 7 cm. and 7.5 cm., measure the length of its radius. 


Exercises 4 


1. If Zz = 60°, what is the measurement of the half of the supplementary angle 
of Lr? 
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1) 30° 2) 60° 3) 120° 4) 180° 


3.5 cm., 4.5 cm. and 5.5 cm. are the radius of the three circles that touches 
each other externally, then what is the perimeter of the triangle formed by 
the the three centres of the circles? 


1) 54 2) 40.5 3) 27 4) 13 


Answer the questions 3 and 4 in according to the following figure- 


C 6/2 E 


What is the value of ZADC ? 


1) 30° 2) 45° 3) 60° 4) 75° 
What is the ratio of the area AADC and AAEC? 
1) 2:1 2) ps4 3) 1:2 4) 1: y2 


Two angles and the difference of the lengths of their opposite sides of any 
triangle are given, draw the triangle. 


'The base, the difference of the angles adjoining the base and the sum of the 
other two sides are given, draw the triangle. 


The base, the vertical angle and the sum of the other two angles are given. 
Draw the triangle. 


The base, the vertical angle and the difference of the other two angles are 
given. Draw the triangle. 


The length of the hypotenuse and the sum of the other two sides of a right 
angle triangle are given. Draw the triangle. 


A base adjacent angle, height and the sum of the other two sides of a triangle 
are given. Draw the triangle. 


(i) Given the length of the hypotenuse and the difference of the lengths 
of the other two sides are given. Draw the triangle. 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


(ii) Three medians of a triangle are given. Draw the triangle. 


Draw a circle which touches a definite straight line at a definite point and 
another circle. 


Draw a circle which touches a definite straight line at a definite point and 
another circle at any point. 


Draw a circle which touches a given straight line at some point and also 
touches a given circle at a certain point on it. 


Draw three circle of such different radius that they touch each other 
externally. 


P is any point on a chord AB of a circle with the centre O. Draw a chord 
CD through P such that CP? = AP - PB. 


In an isosceles triangle, the base has the length 5 cm. and the equal sides have 
the length 6 cm. 


1) Draw the triangle. 
2) Draw the circumcircle of the triangle and measure its radius. 


3) Draw a circle which touches a point P of the circle whose radius is 
equal to the circumradius of the previous triangle and which passes 
through the point Q outside that circle. 


The radius of a circle is 3 cm. with the centre O and T is a point at a 
distance of 5 cm. from O. 


1) Construct the figure in accordance with the above information. 


2) Draw two tangents of the circle from T'.(Construction and description 
is must) 


3) Determine the sum of the length of the two tangents by using 
pythagorus theorem. 


Chapter 5 


Equation 


Equations are used to describe various mathematical problems. For example, 
someone buys some shirts at the price of Tk. 200 each and some pants at Tk. 
400 each, which costs him a total of Tk. 1500. We can describe this information 
by the equation 200s + 400p = 1500 or, 2s + 4p = 15, where s = number of shirts 
and p = number of pants. 


2s + 4p = 15 is an equation, where s and p are unknown variables. Variables s 
and p have specific domains and equations are used to find the values of unknown 
variables from their corresponding domains. 


At the end of this chapter, the students will be able to — 


> solve quadratic equations (az? + bx + c = 0); 
identify the equations involving square roots; 
solve the equations involving square roots; 
explain indicial equations; 

solve indicial equations; 


solve system of linear and quadratic equations of two variables; 


vvvvrvy 


express practical problems in linear and quadratic equations of two variables 
and solve them; 

> solve system of indicial equations of two variables; 

> solve quadratic equations (ax? + be + c = 0) graphically. 


Quadratic equations of one variable and their 
solutions 


We know, values of variables for which both sides of an equation are equal, are 
called roots of that equation and these values satisfy the equation. 
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Linear and quadratic equations of one variable and linear equations of two 
variables have been discussed in details in the Secondary Algebra Book. A quadratic 
equation of one variable e.g, az? + br + c = 0 can be solved easily after 
factorizing the left hand side of the equation if the roots are rational. But all 
expressions cannot be factorized easily. That is why the following procedure is 
used to solve the quadratic equations of any form. 


Now we solve the 2nd quadratic equation. 
az? +br+c=0 
or, a?z? + abr + ac = 0 [Multiplying both sides by a] 


or, (az)? + (a2) + (3) — (3) +ac=0 


4 
2—4 
Or, ax + ; = +t 
b Vb? — 4ac 
or, az = —— + ————— 
2 2 
—b+ Vb? — 4ac 
or, £ = ———————— eee (1) 
2a 
Therefore, the two values of x are: 
—b+ Vb? —4 b— Vb? -4 
= tN eee (2) and z; = 2. a er) (3) 


In equation (1) above, b? — 4ac is called the Discriminant of the quadratic 
equation, because it determines the state and nature of the roots of the 
equation. 


Variations and nature of the roots of a quadratic equation depending 
on the conditions of the discriminant 


Let a, 6, c are rational number. Then, 


1) If 6? — 4ac > 0 and is a perfect square, then the two roots of the equation 
are real, unequal and rational. 
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2) Ifb?—4ac > 0 but is not a perfect square, then the two roots of the equation 
are real, unequal and irrational. 


3) If 6? — 4ac = 0 hence the roots of the equation are real and equal. In this 
b 
case, y = -z 

4) If 5? — 4ac < 0 then the roots of the equation are not real. In this case, the 


two roots are always conjugate complex or imaginary to each other. 


Example 1. Solve z? — 5z + 6 = 0. 


Solution: Comparing the given equation with az? + bx + c = 0, we get a = 1, 


b = —5 and c = 6, So the solutions of the equation are: 

| —(-5) (-5)—4.1.6 5-z425-24 54V1 521 
i 2«1 i 2 CM 2 2 
"EU Da 

Mose tora 


That is zı = 3, z2 = 2 
Example 2. Solve z? — 6r + 9 = 0. 


Solution: A comparison with az? + bz + c = 0 gives a = 1, b = —6 and c = 9, 
Hence we obtain, 
| —(-6) (-6)?-4-1-9 6:436—36 6+0 
= 2.1 2 272 
That is zı = 3, 79 = 3 


Example 3. Solve z? - 27 — 2 = 0. 


Solution: After comparing this equation with the standard quadratic equation 
aX? + bx +c = 0 we can write a = 1, b = —2 and c = —2. 


Therefore, the two roots are: 
24 /(-2)?-4-1-(-2)  24V448 24712 
i 2.1 i 2 25-0 
2+2 
i v3 20+V3) ., 5 
2 2 
i.e. z,—14 V3, tg =1- V6, 
It is noticed here that though z? — 22 — 2 cannot be factorized with rational 
numbers, yet it has been possible to solve the equation by this method. 


Or, £ 
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Example 4. Solve 3 — 4x — z? 


Solution: Comparing the equation with the standard quadratic equation az? + 
bz +c=0 we get a = —1, b = —4, c= 3, 
., the two roots are: 


—(—4) + ,/(-4)? — 4- (-1)-3 = 4+ 416 4 12 5 4+ 28 
nat) a” aa 


(=1) 
SERVI aso - (5 VI) 


ie zi = —2 — V7, —2 + V7, 


Activity: Use the formulae (2) and (3) mentioned above to find the values of 
5 and zz from az? + br + c = 0, when 


b=0 2) c=0 3) b=c=0 
4) a=1 5) a= 1, b = c = 2p 


Exercise 5.1 


Use formula to solve the following equations: 

1. 277+9r+9=0 2. 3-427 —227=0 3. 4r—1-22-0 
4. 2:32 5 1-0 5. 3z?--'Iz4-1— 0 6. 2-— 3r? +9r=0 
T. z? —8r+16=0 8. 227+ 7x-1=0 9. 7z-2-—327=0 


Equations involving radicals 


In an equation, the quantities with a variable involving a square root sign are freed 
from the square root sign by squaring and a new equation is obtained. All the 
roots of the equation thus obtained do not satisfy the given equation. These are 
extraneous roots. Therefore, the roots of the equation involving the radical sign 
are to be tested to know whether they satisfy the given equation or not. After 
test, those who satisfy the given equation are the roots of the equation. Some 
examples are given below: 


Example 5. Solve: /84+9- /2z + 15 = 22 — 6 
Solution: 8x +9 — 2x + 15 = 2r — 6 


108 Higher Mathematics Classes IX-X 


or, v/2x +15 + /2x — 6 = 8x +9 

or, 2g + 15 + 2z — 6+ 2//2z + 15 /2x — 6 = 8z + 9 [squaring] 
or, V2z + 15/22 — 6 = 2x 

or, (2x + 15)(2z — 6) = 4a? [again squaring] 

or, 4z? + 18x — 90 = 42? 

or, 18z = 90 


SESO 


Verification: For z = 5, left hand side = v49 — V25 = 7 -5 = 2 and right hand 
side = V4 = 2 


.. Required solution z = 5. 


16 25 
Activity: Taking p = Vz solve News; + 7g and then 


verify the result. 


Example 6. Solve: 2: -8—2V/x F-54220 


Solution: /2x +8 = 2V/r 4 5—2 

or, 2z + 8 2 4(z + 5) + 4 — 8/z +5 [squaring] 
or, 8V/z +5 = 4z + 20 +4 — 27 — 8 

or, 8/z +5 = 2z + 16 = 2(x +8) 

or, 4yr +5=24+8 

or, 16(x +5) = 2? + 16x + 64 [squaring] 

or, 16z + 80 = z? + 16z + 64 

or, 16 = z? 

“a= tV16 = +4 


Verification: For z = 4 left hand side = v16 — 2V9 +2 = 4-2 x3+2=0= 
right hand side 


For z = —4, left hand side = y—8 + 8 — 2y —4 + 5+2 = 0—2 x1+2=0= 
right hand side 


.. Required solution z = 4, —4 
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Example 7. Solve: /2z -9 — /r—4— /r41 


Solution: /2r +9 — vz -4— V/z41 

or, 2z -0-z -4— 22x - 9/z — 4 — z 4 1 [squaring] 
or, 2 -- A — 22x + 9/r —4=0 

or, V2xz -OV/z -4—z 42 


or, (2x + 9)(z — 4) = z? + Az + 4 [squaring] 


or, 27? + z — 36 = x? + Az +4 

or, z2 — 3 — 40 = 0 

or, (x — 8(x + 5) = 0 

<. x£ = 8 or z = —5 

Verification: For z = 8, left hand side = 5 — 2 = 3 and right hand side = 3 
.,£ = 8 is a root of the given equation. 


x = —5 is not acceptable. Because putting « = —5, each term becomes the square 
root of a negative number which is not defined. 


z. Required solution z = 8 


Remark: z = —5 is not acceptable even when we determine the roots in complex 
number. 


Example 8. Solve: J/(z — 1)(z — 2) + \/(x — 3)(z — 4) = V2 
Solution: J/(z — 1)(z — 2) + /(@ — 3)(z — 4) = V2 

or, Vz? — 3x - 2 — V2 = — V2? — Tr + 12 

or, z? — 30 -2 2/2/22 — 3r +2 +2 2 r? — xz +12 [squaring] 
or, /21? — 6x + 4 = 27 — 4 


or, 2x? — 62 + 4 = (2x — 4)? = 42? — 16x + 16 [squaring] 


or, z? - 57-6 — 0 

or, (x — 2)(x —3) 20 

.@2£=2orzr=3, 

Verification: For z = 2, left hand side = v2 = right hand side 
For x = 3, left hand side = v2 = right hand side 
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.. Required solution + = 2, 3. 


Example 9. Solve: Vz? — 6z + 15 — Vz? — 6z + 13 = V10 — V8 


Solution: Vz? — 6x + 15 — Vz? — 62 + 13 = v10 — V8 
Now, writing x? — 6x + 13 = y, we get the equation as 
Vy t2— yy = V10- v8 

or, Vy F2 + v8 = VI + V10 

or, y+2+8+2/8y + 16 = y + 10 + 2/10y [squaring] 
or, /8y + 16 = /10y 


or, 8y + 16 = 10y [squaring] 


or, 2y = 16 or, y=8 

or, z? — 6x + 13 = 8 [putting the value of y] 

or, z? — 6g +5 = 0 or, (x — 1)(z—5) 20 

“.£=1or5, 

Verification: For z = 1, left hand side = v10 — /8 = right hand side 
For z = 5, left hand side = v10 — v8 = right hand side 

.. Required solution + = 1,5 


Example 10. Solve: (1+ 2)3+(1—2)3 = 23 


Solution: (1+ 2)3 + (1—2)3 = 23 
or, 12-z-1— z- 3- (14- z)$(1 — z)8((1-4- z)3 + (1 — 2)3) = 2 [cubing] 
or, 2+3-(1+2)3(1—2)3-23 22 
or, DAP E =0 
r, (1- z)5(1— 2)8 =0 
or, (1+ z)(1 — x) = 0 [again cubing] 
x = 1 and z = —1 both the roots satisfy the equation. 


.. Required solution z = +1 
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Exercise 5.2 


Solve: 
1. V/x—44042-2wyr-412 2 1liz—6-2Vy4r-c-5—yr-1 
3. V/2x-- T4 3x —18 — Ax 4-1 4. YJz+44+vVJare+11= V8zr+9 
5. J/lirz—6-—V4z--5-c- r-l1 6. x? —8 +yz? —14=6 
7. Vr? — 6r +9-— vr? —6r+6=1 8. 2—-2-Vx-9=1 

2x fe —1 z—1 [3x +2 
MS scd 2c : : aequ r—1 3 


Indicial Equation 


The equation in which the unknown variable exists as an index/ exponent is called 
an Indicial or Exponential equation. 2? = 8, 16? = 4°+?, 2**1 — 27 — 8 = ( etc. are 
indicial equations, where z is an unknown variable. To solve indicial equations, 
the following property of indices is often used: 


Ifa > 0, a Z 1, then a? = o" if and only if x = m. That is why both sides of an 
equation are expressed in powers of the same number. 


Activity: 
1 
1) Express 4096 in powers of z 2, 4, 8, 16, 2V2 and 4/4. 


2) Express 729 in powers of 3, 9, 27, 16 and %9. 


64 . 3 NE 
3) Express ggg 12 Powers of 5 and i 


Example 11. Solve: 27+? = 4**? 


Solution: 27*7 = 47*? 
or, 2**7 = (Doy 

or, 2747 = g2+4 

or, xz +7 =2gz+4 
or,r —3 


.'. Required solution g = 3 
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Example 12. Solve: 3- 27? = 9**4 


Solution: 3.27* = 9*** 
or, 3. (33) = (gen 

or, dad e = 326-4) 

or, 3391 = 327+8 

or, 3z - 1 — 27 - 8 
or,x=7 

.. Required solution z = 7 


Example 13. Solve: 377-1 = 3a"? (a > 0,a 4 3, m 7 0) 


Solution: 3"*-1 = 3972? 
3mz-i 


= q"*—? [dividing both sides by 3] 


2 
.. Required solution z = — 
m 


1 
Example 14. Solve: 237-5 . 9*7? = 27-3. 2a1-* (a > 0 and a Z 9) 


Solution: 23775 . 92-2 = 97-3. 941—7 


a—2 z—3 1 
aw 2 2 z-2-14z _ 9e-3+1-3n+5 


Or, ics C wes OD O 
or, q225-3 — 9-2zt3 or, q22-3 — 27 (22-3) 
Or, q2*—3 ue or, 22-3 S 92z—3 =1 


^ 922-3 


or, (2a)? = 1 = (2a)? 


or, 2e — 3 = 0 or, 2r = 3 or, s = 5 
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3 
.. Required solution x = » 


= = ab? +1 
Example 15. Solve: a *(a* + b ")-——-p (??05»0,2b71) 
a 

Solution: a ?(a* +b) = 1 : 
olution: a ?(a* + b *) = + op 

1 

-T , pE -z.b =] 

or, a a +a T gà 


or, 1+ (ab)* = 1 + (ab)? 
or, (ab) * — (ab) ? 

or, —2 = —2 

or,z —2 


.. Required solution z = 2 


Example 16. Solve: 3**? = 37+3 + : 
Solution: 37^? = 377° + 3 


or, 3:35 ode 3l 


or, 37 - 3$ — 3” - 34 = 8 [multiplying both sides by 3 and then transposing] 
or, 3” -34(32 — 1) =8 

or, 3774.8 — 8 

arg = 1 = 3? 

or, z +4 = 0 or, z = —4 

.'. Required solution z = —4 

Example 17. Solve: 327-2 — 5 . 37-2 — 66 = 0 


Solution: 37772 — 5 . 37-2 — 66 = 0 


35 5 
LT. 2f.8:—66-0 
Or, 9 9 


or, 37” — 5. 3* — 594 = 0 [multiplying both sides by 9] 
or, a? — 5a — 594 = 0 [taking 37 = a] 

or, a? — 27a + 22a — 594 = 0 
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or, (a — 27)(a + 22) =0 

Now a # —22 since a = 37 > 0, ...a +2240 
Thus, a — 27 = 0 

or, 37 = 27 = 3? 

or, z=3 

Required solution: z = 3 


Example 18. Solve: a” — (a? + a)a*! + a? = 0 (a > 0,a 4 1) 


Solution: a?* — (a3 + a)a*! + a? =0 

or, a2” — a(a? + 1)a?-a ! +a? =0 

or, a® — (a? + 1)a® + a? 20 

or, p? — (a? + 1)p+ a? = 0 [Taking a? = pj 
or, p — à?p- p- à? - 0 

eo pcc 


or, p = 1 or p = a? 


or, a? = 1 = a or aë = a? 
or =Oorrz=2 


.. Required solution z = 0,2 


Exercise 5.3 


Solve: 
+2 _ 52r f b273 
1. 3+2 — 91 ea a*-3(a,b > 0,5b z a) 
2 532-7 = 33-7 
, ; 8. 4r412 = 22x41 + 14 
3. 27-4 She (a >0,a #2) z ae 
4-5 3/3 224-5 9. 57 +577 = 26 
4. (v3) = (V3) T z—1 
, yen CI 10. 3(9* —4-37-')+1=0 
m 11. 41e 417 = 10 
332-4 X a275 -— 
6. = a^ (a > 0) 12. 22: —3.27+2 — —32 


3z41 
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System of quadratic equations with two 
variables 


The method of solution of the system of two linear equations with two variables or 
the system of two equations of which one is linear and the other is quadratic with 
two variables have been discussed in the Secondary Algebra Book. Here we will 
discuss the solution methodology of some systems involving two such quadratic 
equations. It may be mentioned that if z and y are two variables of any system, 
then (z, y) = (a, b) is a solution of this system when both sides of the two 
equations will be equal if we substitute a for x and b for y. 


1 3 1 
Example 19. Solve: r+—=-, y+- =3 
y 2 z 


Solution: z + T = 
y 
+ m 3 +++ (2) 
pp 
3 
From (1) zy - 1— 5! --- (3) 
From (2), zy + 1 = 3z ---(4) 
From (3) and (4) Sy = 3z or, y = 2z » - (5) 
Putting the value of y from (5) in (4) we get, 
2x? + 1 = 3z or, 27? — 3 -1 2 0 


1 
or, (x — 1)(2x — 1) =0..2=1or 5 
1 
From (5) we get, when z = 1, y = 2 and when z = pU 1 
: : 1 
.'. Required solution (z,y) = (1,2), (s 1) 
Example 20. Solve: z? = 3z + 6y, zy = 5a + 4y 


Solution: x? = 3z + 6y --- (1) 
ry = 5x + 4y +++ (2) 
Subtracting (2) from (1), z(z — y) = -2(x — y) 
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or, z(z — y) -2(z — y) =0 

or, (x — y)(z -2) 20 

<. xz =y (3) 

or, z = —2---(4) 

From (3) and (1) we get, y? = 9y or, y(y—9) =0..y=0or9 

From (3), when y = 0, z = 0 and when y = 9, r = 9 

Again from (4) and (1) we get, z = —2 and 4 = —6+6y or, 6y = 10 or, y = ; 


-. Required solution (z,y) = (0,0), (9,9), (—2, 5) 


Example 21. Solve: z? -- y? = 61, zy = —30 


Solution: z? + y? = 61 ---(1) 


Multiplying equation (2) by 2 and subtracting the result from (1) we get, (z—y)? = 
121 


or, (x — y) = £11 --- (3) 


Multiplying equation (2) by 2 and adding the result with (1) we get, (£ + y)? = 
1 


or, z+y=+1 ++ (4) 
From (3) and (4) we get, 


rt+ty=1 rt+y=1 

«esi -++(6) 
z—y-ll xz-y= -11 
zr+y=-l1 zr+y=-l1 

<- (7) --- (8) 
x-y=ll z-y=-ll 


Solving we get, 

From (5), z = 6,y = —5 From (6, £ = —5,9 = 6 

From (7), z = 5,y = —6 From (8 x = —6,y = 5 

.. Required solution (x,y) = (6, —5), (—5, 6), (5, —6), (—6, 5) 
Example 22. Solve: 2? — 2ry + 8y? = 8, 3ry — 2y* = 4 
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Solution: x? — 2ry + 8? = 8 --- (1) 
3zy — 2y? = 4 --- (2) 

From (1) and (2) we get, 

x? — 2ry +84? 2 


3ry —2y2 1 
or, z? — 2zy + 8y? = 6zy — 4y? 
or, z? — 8zy + 12y? = 0 
or, £? — 6ry — 2zy + 12y? =0 
or, (s — 6y)(z — 2) =0 
“a = 6y ---(3) or, z = 2y --- (4) 
Putting the value of z in (2) from (3) we get, 


1 1 
3- 6y -y — 24? = 4 or, 16y? = 4 or, y? = 7 or, y= 45 


From (3), x = 6x (+5) =43 


Again putting the value of x from (4) in (2) we get, 
3- 2y -y — 2y? = 4 or, 4y? = 4 or, y? = lor, y= +1 
From (4) z = 2 x (£1) = +2 


1 1 
.'. Required solution (z, y) = (s 5) ; (^s -3) , (2, 1), (—2, —1) 


= 5 
aL a ey gp 
z-y «ty 2 


Example 23. Solve: 


Solution: eae + EOW 9 n (1) 
d$—9 @ty 2 
z?--y? = 90 --- (2) 
From (1) we get, 
(r-y)-(r-y? 5 
(z-y)(r-v) 2 
ae 2(z? + y?) _5 


z? — y? 2 
2x90 5 
r?—y? 2 


or, [Putting z? + y? = 90 from (2)] 
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or, z? — y? = 72 ---(3) 

(2) + (3) implies, 2z? = 162 or, z? = 81 or, z = +9 

and (2) — (3) implies, 2y? = 18 or, y? = 9 or, y = +3 

.. Required solution (x, y) = (9,3), (9, —3), (—9, 3), (—9, —3) 


Work: Find the solutions of Example 20 and 21 using some alternative way. 


Exercises 5.4 


Solve : 
1. (2z+3)(y — 1) = 14, (z-3(y-2) - -1 
2. (r—2)(y—1) =3, (x +2)(2y—5) =15 
3. z? = Tx + by, y? = Ty + 6x 
4. z? = 374+ 2Qy, y? = 3y - 2x 

4 4 
B. Pee Sh yh S95 

y x 


8. z2— zy — 14, y? + zy = 60 


9. xz? +y? —25, zy — 12 
— 1 

r-dy x Po r? -4 =3 

z-y rt+y 3 

ll. z? t+ayty? = 3, r? -ryty =T 


12. 227+ 3zy +y? = 20, 5z? + 4y? = 41 


Applications of simultaneous quadratic 
equations 


Many problems of everyday life can be solved using the knowledge of simultaneous 
equations. Sometimes, we are to find out the values of two unknown quantities of 
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the problem. In that case, the two unknown quantities are taken as z and y or any 
other symbols. Then consistent and independent equations are formed according 
to the conditions of the problem. The values of the unknown quantities x and y 
are obtained by solving these equations. 


Example 24. The sum of the areas of the two square regions is 650 square 
metres. If the area of the rectangular region formed by the two sides of the two 
squares is 323 square metres, what are the lengths of the sides of the two squares? 


Solution: Suppose, the length of the side of one square is z metres and that of 
the other square is y metres. 

According to the question, z? + y? = 650 - -- (1) 

and, zy = 323 --- (2) 

<. (£ y)? = £? + y? + 2xy = 650 + 646 = 1296 

i.e. (x +y) = +v1296 = +36 

and, (x — y)? = z? + y? — 2ry = 650 — 646 = 4 

ie. (z —y) = +2 

Since the length is positive, the value of z + y must be positive. 

^ (x +y) = 36 --- (3) and (x — y) = +2 --- (4) 


Adding, 22 = 36 € 2 


z= >" = 1841-19 or, 17 
From equation (3) we get, y = 36 — x = 17 or, 19 
.. The length of the side of one square is 19 metres and that of the other square 
is 17 meters. 


Example 25. Twice the breadth of a rectangle is 10 metres more than its 
length. If the area of the region enclosed by the rectangle is 600 square metres, 
find its length. 


Solution: Suppose that the length of the rectangle is x metres and the breadth 
of the rectangle is y metres. 
According to the question, 2y = x + 10 ---(1) 

zy = 600 --- (2) 
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10+ 2 
2 


From equation (1) we get, y = 


z(10 + z) 


putting the value of y in equation (2) y we get, = 600 


107z + z? 
2 

or, z? + 10% — 1200 = 0 or, (x + 40)(z — 30) = 0 

Therefore, z + 40 = 0 or, z — 30 = 0 


ie. r = —40 or, z = 30 


or, = 600 or, z? + 10x = 1200 


But length cannot be negative, ... z = 30 

.. Hence, the length of the rectangle = 30 meter. 

Example 26. If à number of two digits be divided by the product of its digits, 
the quotient is 3. When 18 is added to the number, the digits of the number 
change their places. Find the number. 

Solution: Suppose, tens’ place digit is x and ones’ place digit is y 


-. The number = 10x + y 
10z+y 


From the 1st condition, = 3 or, 10z + y = 3xy --- (1) 


From the 2nd condition, 10x + y + 18 = 10y + z or, 9 — 9y +18 = 0 
or, x -yt+2=Oor, y=2+2---(2) 
Putting y = z + 2 in (1) we get, 10x +z +2 = 3- x(x 4- 2) 
or, 11g + 2 = 32? + 6x 
or, 3z? — 5z —2 = 0 
or, 3z? — 6r +2—2=0 
or, 3z(z — 2) + 1( — 2) 2 0 
or, (x — 2)(8z +1) 20 
“.2—2=0O0or32+1=0 
1 


ie. g=2o0r,2=-- 


3 
But the degit or a number cannot be negative or fraction. 


“e©=2andy=2£+2=242=4 
.. The requires number is 24 
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Exercise 5.5 


1. The sum of the areas of two square regions is 481 square metres; if the area 
of the rectangle formed by the two sides of the two squares is 240 square 
metres, what are the lengths of a side of each of the squares? 


2. The sum of the squares of two positive numbers is 250; the product of the 
numbers is 117; find the two numbers. 


3. The length of a diagonal of a rectangle is 10 metres. The area of a rectangle 
whose sides are the sum and difference of the sides of the former one is 28 
square metres. Find the length and breadth of the former rectangle. 


4. The sum of squares of two numbers is 181 and the product of the numbers 
is 90. Find the difference of the squares of the two numbers. 


5. The area enclosed by a rectangle is 24 square metres. The length and breadth 
of another rectangle are respectively 4 metres and 1 metre more than the 
length and breadth of the first rectangle and the area enclosed by the later 
rectangle is 50 square metres. Find the length and breadth of the first 
rectangle. 


6. Twice the breadth of a rectangle is 23 metres more than its length. If the 
area enclosed by the rectangle is 600 square metres, find the length and 
breadth of the rectangle. 


7. The perimeter of a rectangle is 8 metres more than the sum of its diagonals. 
If the area enclosed by the rectangle is 48 square metres; find its length and 
breadth. 


8. Ifa number of two digits be divided by the product of its digits, the quotient 
is 2. When 27 is added to the number, the digits in the number change their 
places. Find the number. 


9. The perimeter of a rectangular garden is 56 metres and one diagonal is 20 
metres. What is the length of the side of the square which encloses an area 
equal to the area of that garden? 


10. The area of a rectangular field is 300 square metres and its semi-perimeter 
is 10 metres more than a diagonal.Find the length and breadth of the 
rectangular field. 


Forma-16, Higher Mathe, Class-9-10 
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System of indicial equations with two 
variables 


The method of solution of identical equations with one variable has been discussed 
in the previous chapter. Here we will discuss the solution methodology of the 
system of indicial equations with two variables. 


Example 27. Solve: a*!? . a#t1 = q!, a% . qu*1 = a? (a #1) 
Solution: a**? . q?v*! = a" ... (1) a” . a9! =a? ... (2) 

From (1), a?*?v*3 = a1? or, g +2y+3=10 or, z-2y 7 = 0 --- (3) 
From (2), a?**9*! =a? or, 2r +y+1=9 or, 27 -y 8-0 --- (4) 
From (3) and (4) by the method of cross-multiplication, 


£ _ y _ 1 
—16+7  —14+8 1—4 

zT NT S 
utum 3 

r y 

—-t-ul 
on 3 2 


or, 7=3, y=2 
., Required solution (x, y) = (3, 2) 


Example 28. Solve: 39v-1 = 9**v, 47+3y — 162273 


Solution: 39v 1 = 97** ... (1) 

or, 33-1 — (92?) 9 or, 33y-1 — 32zH2y 
or, 3y — 1 = 2g + 2y 

or, 2x —y +1 =0 (2) 

and 4**3& = 162713 ... (3) 
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or, 423v = (qayet or, 4¢+3y = 41246 
or, z + 3y = 4z + 6 or, 32 — 3y +6 = 0 
orz2—9y0-2-20..-(4) 


From (2) and (4) by the method of 
qo y _ 1 
-2+1 1-4 -241 

y 
— = — = —1 
-1 -—3 
or,z=1,y=3 


or, 


.. Required solution (z, y) = (1,3) 
Example 29. Solve: z” = y^, z = 2y 


123 


cross-multiplication, 


Solution: z” = y” ---(1) z = 2y---(2) here, r #0,y Z0 


Putting the value of x in (1) from (2) we get, (2y)¥ = y?! or, 24 - y” = y? 


y” 
or, — — 29 or, y! =V y=2 
yy 


From (2), z =4 
.. Required solution (x, y) = (4, 2) 


Example 30. Solve: z” = y?, y? = z^, where z £1 


Solution: z” = y? ---(1) y = a... (2) 

From (1) we get, (z!)" = (y?) or, s? = y% --- (3) 
From (3) and (2) we get, z^ = z* 

<. y =4or, y= +2 

Now, if y = 2, from (1) we get, z? = 2? = 4 or, x = +2 


Again, if y = —2, from (1) we get, x7? = (—2)? = 4 or, x” 


1 1 
a aa 


1 1 
.. Required solution (x,y) = (2,2), (—2, 2), ( 2) : ( 5 2) 


PE 


Example 31. Solve: 8-274 = 49, 9? . 374 = x 


Solution: 8- 2% = 4* ...(1) gt. 3% = 5 --- (2) 
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From (1) we get, 23-27% = (22)" or, 23+7 = 2% or, 3+ zy = 2y ---(3) 
From (2) we get, (37)” - 37% = 3 or, 32***€ = 3-3 or, 2x + zy = —3 --- (4) 
Subtracting (4) from (3) we get, 3 — 2z = 2y+3 or, -z = y --- (5) 
Putting the value of y in (3) from (5) we get, 3 — x? = —2z 

or, x? — 2x — 3 = 0 or, (x + 1)(2 — 3) 20 

.c©=-lorrz=3 

If z = —1, from (5) we get, y — 1 

If z = 3, from (5) we get, y = —3 

.. Required solution (x, y) = (—1, 1), (3, —3) 

Example 32. Solve: 18y* — y% = 81, 3° = y? 


t 


Solution: 18y” — y” = 81 --- (1) g ly... 
(1) we get, y?" — 18y* + 81 = 0 or, (y^ — 9)? 2 0 
or, y? — 9 = 0 or, y? = 3? --- (3) 

From (2) we get, (37)* = (y?)* or, 3? = y? ... (4) 
From (3) we get, (y7)? = (32y? or, y?» = 34 ..- (5) 
From (4) and (5) we get, 3^ = 34 


SpA ed or, z = +2 


(2) 


If z = 2 from (2) we get, y? = 9 or, y = +3 


1 1 
If z = —2 from (3) we get, y? = 9 or, y? = g 99-7 Ez 


1 1 
.. Required solution (z, y) = (2,3), (2, —3), ( 2, ) ; ( 2, ) 


Exercise 5.6 


Solve: 
1. 27-37 = 31 2. 37 29V 
2 — 3! = —23 beter — 2579 
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3. 3*.99 = 81 4. 2*.3" — 18 
2r7— 9 — 8 222 . 3Y = 36 
5. a%-0 =al 6. y^ =r? 
a22 q32T5 z— a^? r "m yt (y £z 1) 
p. =i 8. 4% =v 
yl = 2F (27)74 = H 


Solving quadratic equation using graph 


We have already solved the quadratic equation ax? + bx + c = 0 algebraically. 
Method of solving it using graphs will be discussed now. 


Suppose y = az? + br +c. Then the values of z for which y = 0 (i.e. the graph 
of y intersects the X-axis) are the solutions of az? + br +c = 0. 


Example 33. Use graph to solve z? — 5z + 4 = Q. 


Solution: Given equation z? — 5z + 4 = 0 --- (1) Suppose, y = z? — 5z + 4 


(2) 


For some values of x, we find the corresponding values of y to get the associated 
points on the graph and put these in the table below. 


zjloli[2]|25 | 3 [4]5 
y-E4] 0: 9 29953" 3 | 4 


We draw the graph of equation (2) plotting the points given in the above 
table. 
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zi ) 6 N | ww | ; 

(2.5, —2. 

It is seen that the graph intersects the X-axis at (1,0) and (4,0). 

.. the solution of equation (1) is x = 1, z = 4. 

Example 34. Solve z? — 4x + 4 = 0 graphically. 

Solution: Given equation z? — 4r + 4 = 0 --- (1) Suppose, y = z? — 4z +4 
Y. (2) 


We find the values of y corresponding to some values of z which give the associated 


[e[O|1[15 [2] 25 |3|4] 
y|4|1|025/0|025|1]|4 


Now we draw the graph of equation (2) plotting the points given in the above 
table. 


points for the graph: 


(0,4) — (4,4) 


It is seen that the graph intersects the X-axis at (2,0). 


Since a quadratic equation has two roots, the solutions of the equation are z = 


eq 
3 
ad 
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2, © — 2. 
Example 35. Solve z? — 2x — 1 = 0 graphically. 
Solution: Given equation z? — 2x — 1 = 0 ---(1) Suppose, y = 22 — 2x — 1 


For some values of x, we find the corresponding values of y that give the associated 
points on the graph: 


x| —1|—0.5| 0 0.5 1 1.5 2 | 2.5 | 3 


y 2 | 0.25 | -1 | —1.75 | -2| 71.75 | —1 | 0.25 | 2 


We sketch the graph of equation (2) plotting the tabulated points in the graph 
paper. 


It is observed that the graph intersects the X-axis approximately at (—0.4,0) and 
(2.4, 0). Therefore, the solution of equation (1) is x = —0.4 (approx.) or x = 2.4 


(approx. ) 

Example 36. Find both the roots of —z? + 3r — 2 = 0 graphically. 

Solution: Given equation —z? + 3z — 2 = 0 ---(1) Suppose, y = —z? + 3x — 2 
" (2) 


For some values of z, we find the associated values of y to get the related points 
of the graph of the -a and i these in the table = below. 


PIEEAEGDIEEJERESSRESI 


Plotting the points obtained in the graph paper, we get the graph of the equation. 
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We see that the graph passes through the points (1, 0) and (2, 0) on the X-axis. 
Therefore, the solution of the equation is x = 1 or z = 2. 


Y (1.5, 0.25) 


Example 37. 2?+42=m 
1) If m = —4, find the value of z. 
2) If m = 5, find the discriminant of the equation and the nature of roots. 


3) If ym — 4 — J/m — 10 = 6, find the value of x. 


Solution: 
1) Given that, z? +42 =m 
Now, if m = —4 then z? + Ar = —4 
or, z? - Ar +4=0 


or, (x + 2)? =0 
or, r+2=0, r+2=0 
S$-—2,-2 


2) Given that, z? +42 =m 
Now, ifm = 5, x? -- Az — 5 
or, 2? - 4r — 5 — 0 


Discriminant of the equation = 4? — 4. 1. (—5) = 16 + 20 = 36, which is a 
perfect square. 


Since the discriminant is positive, perfect square number, the roots of the 
equation are real, unequal and rational. 
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3) Given that, Vm —4+/m—10=6 
or, Ym — 4 — 6 — /m — 10 
or, ( m —4). = (6 - Vm — 10). 
or, m —4 = 6? —2.6- /m — 10 -- m — 10 
or, 12//m — 10 = 26 + 4 
or, 12/m — 10 = 30 
or, 2v//m — 10 = 5 
or, (2/m — 10). = 25 
or, 4(m — 10) = 25 
or, 4m — 40 — 25 = 0 
or, 4(z? + 4x) - 65 = 0 
or, 4z? + 162 — 65 = 0 
or, 4z? + 26z — 102 — 65 = 0 
or, 2z(2x + 13) — 5(2z + 13) = 0 
or, (2z + 13)(27 — 5) 20 
^.2z4-13200r,22—5-20 


or, 2x = —13 or, 27 = 5 


13 5 
Udo oig rae 
13 5 : : 
gum r=; both values of z satisfy the equation. 
|... 13 5 
7*3 


Exercises 5.7 


1. What is the value of b in equation az? + bx + c = 0 while comparing with 
the equation z? — z — 12 — 0? 
1) 0 2) 1 3) -1 4) 3 


2. Which one is the solution of the equation 16? = 4**1? 


Forma -17, Higher Mathe, Class-9-10 
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1) 2 2) 1 3) 4 4) 3 
A root of the equation z? — z — 13 = 0 is: 
—1 + V51 -1- v51 
E ai VPE ie 
14 V-51 1+ v53 
3) PIER 4) 5 


A root of the system of equations y* = 9, y? 
1) (-3, —3) 2) e 


1 
According to the information given below answer questions 5 and 6. 


The difference of the squares of two positive whole numbers is 11 and the 
product of the numbers is 30. 


What are the numbers? 
1) 1 and 30 2) 2and 15 3) 5and 6 4) 5 and -6 


What is the sum of the squares of the numbers? 

1) 1 2) 5 3) 61 4) V4l 
The sum of a number and its multiplicative inverse is 6. The formation of 
equation is 

1 
: i16 

() += 

(ii) z? +1 = 6z 
(iii) z? — 6z -1=0 
Which one is true? 

1) ¿and ii 2) ¿and iii 3) ii and iii 4) i, ii and iii 
Which one is the solution of 2?*-! = 2202-2? 


p p 1 

p 2 x 1 

1) 5 ) p 3) s ga 

Solve the following equations graphically: 

1) z2—-4z 4320 2) 2242 —3-0 3) z?4- 72-0 

4) 2722 - 17-3 — 0 5) 222 — 5 -2—0 6) 27+8r+16=0 
7) 2 +2-3=0 8) 22-8 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


Twice the square of a number is less by 3 than 5 times of the number. But 
5 times of the square of that number is greater by 3 than 2 times of the 
number. 
1) Form the equation using the information given by the above stimulus. 
2) Solve the first equation using formula. 


3) Solve the second equation using graph. 


The area of a land of Mr. Ashfaque Ali is 0.12 hector. One-half of its 
perimeter is greater by 20 metres than one of its diagonal. He sells one- 
third of his land to Mr. Shyam. The length of Shyam's land is greater by 5 
metres than its breadth.[1 hector = 10,000 square meter] 


1) Form two equations in the light of stimulus. 
2) Find the length and breadth of the land of Mr. Ashfaque Ali. 
3) Find the length of a diagonal and the perimeter of the land of Mr. 
Shyam. 
f(x) = x? — 6z + 15 and g(x) = x? — 6z + 13 
1) If f(x) — 7, find the value of z. 
2) If Jf (a) — Vga) = V10 — V8, solve the equation. 
) 


3) Draw the graph of g(x). 


If the summation of the digits of five consecutive integers is multiplied by 
the next five consecutive integers’ digits’ summation, is it possible that the 
product might be 120635? 


The difference between length and breadth of a rectangular region is 1 c.m. 
If the last digit of its area is 6, then can the length of any of its side be 
a perfect square? 


How many times in a day are the hands of a clock in a straight line but in 
the opposite direction? Find the times. 


How many times in a day are the hands of a clock perpendicular to each 
other? Find the times. 
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Interchanging the positions of hour hand and minute hand of a clock may 
not give a proper time. For example, interchanging their positions at 6 : 00 
clock sets the hour hand at exactly 12 and the minute hand at exactly 6— 
neither 11 : 30 nor 12 : 30. Find such times between 12 : 00 and 1 : 00, 
which gives mathematically correct times after interchanging the positions 


of the hands. How many total times are there which gives proper times after 
interchanging the hand positions? 
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Inequality 


We have acquired knowledge about equation and equality. But inequality also has 
an important and significant role in our practical life. 


At the end of this chapter, students will be able to- 


> explain the inequality of one and two variables; 

> form and solve simple inequalities of two variables; 

> use inequalities to solve practical mathematical problems; 
> 


solve inequalities of one and two variables graphically. 


Concept of Inequality 


Suppose, there are 200 students in a class. Obviously it will be seen that, neither 
all the students are present in the class, nor all of them are absent always. If the 
number of present student is z in a particular day we can write 0 < x < 200. 
In a similar situation, we see that not all the invited persons are present 
in a ceremony. Clear conception of inequalities is needed in making dresses and 
other consumer goods. Essential materials for constructing buildings, printing 
books and for many other similar works cannot be estimated exactly. So, initially 
we have to buy or collect those essential materials on the basis of idea. 
Therefore, it is understood that the knowledge of inequalities is very essential in 
our everyday life. 


In case of real numbers, 

a > b if and only if (a — b) is positive therefore (a — b) > 0 
a « b if and only if (a — b) negative therefore (a — b) « 0 
Some Laws Regarding Inequality: 


1 a«beb-a 
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2) Ifa >b, for any c 
at+e>b+canda—c>b-c 


3) If a >b, for any c 


ac > be and Ê > Ê when e» 0 


ac < be and Ê < ^ when c< 0 
Example 1. Ifa < 2, 

1) 2+2< 4 [Adding 2 in both sides] 

2) x—2 < 0 [Subtracting 2 in both sides] 

3) 2x « 4 [Multiplying both sides by 2] 

4) —3z > —6 [Multiplying both sides by —3] 
Here it should be noted that, 
a>bmeansa>bora=b 
a<bmeansa<bora=b 
a < b < c means a < b and b < c therefore a < c 
Example 2. As 3> 1 is true,3>1 
2 < 4 is true since 2 < 4 


2 < 3 < 4 is true since 2 < 3 and 3 < 4 


Activity: 


1) Express the students in your class whose height is more than 5 feet and 
lower than 5 feet using inequality. 


2) Ifthe total number of any examination is 1000, express the marks of an 
examinee using inequality. 


Example 3. Solve and show the solution set on a number line: 4x + 4 > 16 


Solution: Given that, 4x + 4 > 16 
or, 42 + 4 — 4 > 16 — 4 [Subtracting 4 from both sides] 


or, 4x > 12 
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or, - > [Dividing both sides by 4] 

or, 2 >3 

.. The required solution x > 3 

Here the solution set, 5 = (x € R: x > 3} 


The solution set is shown on the number line below. 


Example 4. Solve and show the solution set on a number line: z — 9 > 3z +1 


Solution: Given that, x — 9 > 3z + 1 
orz—9-9»3zc-149 
or, x > 3x+10 


or, x — 3x > 3x + 10 — 3x 


or, —2z » 10 
—24¢ 10 PORER ; DR oe ; 
or, =F, < -3 [the direction of inequality is reversed due to dividing both sides 


by negative integer —2] 
or, £ < —5 
.. The required solution z < —5 


The solution set is shown on the number line below. 
—6 —5 -4 -3 -2 -1 0 1 


Nota Bene: Just like how the solution of an equation is expressed by an equation 
(equality), the solution of an inequality are usually expressed by an inequality. 
The solution set of an inequality is usually an infinite subset of the set of real 
numbers. 


Example 5. Solve: a(x + b) < c, |a Z 0] 


a(x + b) 


Solution: If a is positive, ris [Dividing both sides by aJ 
a 


c c 
or, z +b<- or, z<- -b 
a a 
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a(x + b) 


c 
If a is negative then by the same process we get, > » 
c c 
or,gz+b>-or,z>--—b 
a a 


<. The required solution: (i) z < : —b if a > 0, (ii) z > € _bifa<0. 
a 


Nota Bene: If a is zero and c is positive, then the inequality holds for any value 
of x. But if a is zero and c is negative, then the inequality has no solution. 


Exercises 6.1 


Solve the inequalities and show the solution set on a number line: 


l. y-3<5 2. 3(z 2) <6 3. Bei Soa 
dev 5. 822—2z 6. <i 4A 
n 59-2)«394-39 8$ 242425" á 

i S E QNSE dT 


Application of Inequalities 


You have learnt to solve problems using equations. Following the same procedure, 
you will be able to solve problems regarding inequality. 


Example 6. In an examination, Roma obtained 5x and 6r marks and Kumkum 
obtained 42 and 84 marks in Bangla 1st and 2nd paper respectively. None of them 
secured less than 40 marks in any paper. Kumkum secured the first position and 
Roma secured the second position in Bangla. Express the possible values of x 
using inequality. 


Solution: The total marks obtained by Roma and Kumkum in Bangla are 5x 4- 6x 
and 4z + 84 respectively. 

According to the question, 52 + 6z < 4a + 84 

or, oz + 6x — 4r < 84 or, Tx < 84 

or, < Sora < 12 

But, 4x > 40 [obtained minimum mark is 40] or, x > 10 or, 10 < x 

V10<2< 12 
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Example 7. A student has bought z pencils at Tk. 5 each and (2+4) notebooks 
at Tk. 8 each. If the total cost does not exceed Tk. 97, what is the maximum 
number of pencils he has bought? 


Solution: The price of x pencils is Tk. 5z and that of (a + 4) notebooks is Tk. 
8(x + 4). 

According to the question, 5x + 8(z + 4) < 97 

or, 5z + 8x + 32 < 97 

or, 13a < 65 


65 
T Porn 
or, £ 13 


or, 2 <5 


.. The maximum number of pencils the student has bought is 5. 


Activity: Mr. David purchases z kg apples by the rate of Tk 140. He gives the 
seller a note of 1000 Tk. The seller returns him x number of notes of Tk50. 


Express the problem in inequalities and find the probable value of z. 


Exercises 6.2 


Express the problems 1-5 in terms of inequalities and find the possible values of 
di 
1 
l. A boy walked 3 hours at the rate of z km/hour and ran — hour at the rate 
of (x + 2) km/hour, and the distance covered by him was less than 29 km. 


2. A boarding house requires 4z kg of rice and (x—3) kg of pulses every day 
and it does not require more than 40 kg of rice and pulses in total. 


3. Mr. Sohrab bought x kg mango at the rate of Tk. 70 per kg. He gave a note 
of Tk. 500 to the seller. The seller returned him rest of the money with x 
notes of Tk. 20. 


4. A car runs x km. in 4 hours and (x +120) km in 5 hours. The average speed 
of the car does not exceed 100 km/hour. 


5. The area of a piece of paper is 40 sq cm. A rectangular piece which has a 
length of z cm. and width of 5 cm is cut off from it. 


Forma-18, Higher Mathe, Class-9-10 
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6. The age of the son is one-third of that of the mother. The father is 6 years 
older than the mother. The sum of the ages of these three persons is not 
more than 90 years. Express the age of the father in terms of an inequality. 


T. Jeny appeared at the junior scholarship examination at the age of 14 years. 
She will appear at the S.S.C. examination at the age of 17 years. Express 
her present age in terms of inequality. 


8. The maximum speed of a jet-plane is 300 meters/sec. Express the time 
required by the plane to cover 15 km in the form of inequality. 


9. The air distance of Singapore from Dhaka is 2900 km. The maximum speed 
of a jet plane is 900 km/hour. But on way from Dhaka to Singapore, it 
faces air flowing at 100 km/hour from the opposite direction. Express the 
time required for the nonstop flight from Dhaka to Singapore in terms of an 
inequality. 


10. On the basis of the question above, express the time required for the non- 
stop flight from Singapore to Dhaka in the form of an inequality. 


11. 5 times a positive integer is less than the sum of twice the number and 15. 
Express the possible value of the number in the form of inequality. 


Linear Inequality with Two Variables 


We have learned to draw the graph of the linear equations with two variables of 
the form y = mz +c (whose general form is az + by 4- c = 0) (in class 8 and class 
9-10). We have seen that the graph of each equation of this type is a straight line. 
In XY plane, co-ordinates of any point on the graph of equation ax + by +c — 0 
satisfies the equation. That means the left hand side of the equation will be zero 
if we replace the z and y with the abscissa and ordinate respectively of that point. 
On the other hand, the co-ordinates of any point outside the graph does not satisfy 
the equation, in other words for abscissa and ordinate of that point the value of 
ax + by +c is greater or less than zero. When x and y of the expression az 4- by +c 
are replaced respectively by the abscissa and ordinate of any point P on the plane, 
the value of the expression is called the value of expression at the point P and 
that value is generally denoted by f(P). If P is on the graph, f(P) — 0, if the 
point lies outside the graph then f(P) » 0 or f(P) « 0. 
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As a matter of fact, in reality all points outside the graph is divided into two 
half-planes by the graph. For each point P of one half plane, f(P) > 0; for each 
point P of other half plane, f(P) « 0. In fact, for each point P on the graph, 


JC) - 0. 
Example 8. Considering the equation z+ y — 3 = 0. 


From the equation we get: y 2-3— x 


z|[0.3/|1 
y|3|0/,2 


On the (z, y) plane, taking the length of the side of a small square of the graph 
paper as unit, the graph of the above equation is shown below: 


This graph-line divides the plane into three parts. These are: 
1. Points on the side marked (a) of the line 
2. Points on the side marked (b) of the line and 
3. Points which lie on the line 


Here the side marked (a) may be called the upper part of the graph-line and the 
side marked (b) may be called the lower part of the graph-line. 


1. Three points (3,3), (4, 1), (6, —1) are taken on the side marked [(a)]. The 
values of x+y—3 in these points are 3, 2, 2 respectively, which are all positive. 


2. Three points (0,0), (1, 1), (C1, —1) are taken on the side marked [(b)]. The 
values of z + y — 3 in these points are —3, —1, —5 respectively, which are all 
negative. 


Nota Bene: We can determine which side is positive and which side is negative 
of az + by + c = 0, by taking a point on the one side of the graph of the line and 
then determining the value of ax + by + c at that point. 
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Graph of Inequalities with Two Variables 


Example 9. Draw the graph of the inequality x +y 32 0orz-c-y-—-3«0. 


Solution: To draw the graph of the above inequalities, we first draw the graph 
of the equation z + y — 3 — 0. 


From the equation z + y — 3 = 0 we get, 


[2 [0 3[1| 
Lv[3,0[2] 


es 


sh 2) 
X'O| |(3]0) Sk 


Y'* 


To draw the graph of the inequality z + y — 3 > 0, if we put the origin (0,0) in 
that equality, we get —3 > 0 which is not true. So the graph of the inequality will 
be on the side of the equation z + y — 3 = 0 which is opposite to the side where 
the origin lies. 


6455 SLLYLSSTSLSTILL LS 


To draw the graph of the inequality « + y — 3 < 0, if we put the value of origin 
(0,0) in that inequality, we get —3 < 0 which satisfies the inequality or true. So 
the graph of the inequality will be on the same side of the equation z + y — 3 = 0 
where the origin lies. 
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Example 10. Describe the solution set and draw the graph of the inequality 
2r — 3y +6 > 0. 
Solution: First we draw the graph of the equation 2z — 3y + 6 = 0. 
From the above equation we have: 
2 

2r- By +6 =Oor, y= T +2 
Co-ordinates of some points on this graph-line are: 

|| 0 | -3 [3 | 

|[9|2| 0 |4. 


Now on the squared paper we take length of the side of a small square as unit and 
then plot the points (0, 2), (—3,0), (3,4). Next we draw the graph of the equation 
by joining these points. 


IRSN M 
NNNNNNNAN M 


Now at the origin (0,0), the value of the expression 2z — 3y + 6 is 6, which is 
positive. Thus we have 2z — 3y + 6 > 0 for all points on the origin side of the 
graph-line. 


So, the solution set of the inequality 2x — 3y + 6 > 0 consists of the co-ordinates 
of all points on the graph line of the equation 2z — 3y +6 = 0 and the co-ordinates 
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of all points on the origin side of the graph line. 


The graph of this solution set is the shaded area in the above figure in which 
the graph-line is also included. 


Example 11. In the plane XY, draw the graph of the inequality —2z < 5. 
Solution: The inequality —2z < 5 can be written as. 
2z +5 > 0 or, 2z > —5 or, x > -2 


5 
Now in XY plane we draw the graph of the equation z = ——. In squared paper, 
taking the length of two smallest squares as unit we draw the graphline passing 


through the point (-$ 0 | and parallel to the Y axis. 


NNNM 


7 
LL 


RSSSSSN 
AANAAN 
ANNANARNAANS 


The origin lies at the right side of the graph-line and at origin xz = 0 which 
: 5 

>=. 
is 5 
Therefore, the co-ordinates of all points on the right side of the graph-line are 
the solutions of the given inequality (points on the graph-line is not considered). 


The graph of the inequality is the shaded area in the above figure (this does not 
consist of the graph-line). 


Example 12. Draw the graph of the inequality y < 2x. 


Solution: We can write the inequality y < 2x in the form of y — 22 < 0. 


Now we draw the graph of the equation y — 2x = 0 or y = 2x. From the equation 


we get, 

|[z[0[2|-2. 

|v [0|4|—4. 
In the graph paper, taking the length of the side of a small square as unit, we plot 
the points (0,0), (2, 4), (—2, —4) and by joining them we draw the line. 
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Here, the point (1, 0) lies on the right side of the graph-line. In this point, y—2z = 
0—2x12-2«0 


Thus the graph of the given inequality consists of the part of the plane which is 
formed by the graph-line and the part which lies in the right side of it (that is, the 
part where the point (1,0) lies. 


Exercises 6.3 


1. Which one is the solution set of the inequality 5x + 5 > 25? 


1) $—izeHis 4) 2) S—(reR:d«4] 
3) S—-íxeR:z&4) 4 S—(íze R:x 24) 
2. For which value of z, it will be y = 0 for the equation z + y = —2? 
1) 2 2) 0 3) 4 4) —2 
3. Which are the correct co-oridnates of the equation 2xy + y = 3? 
1) (1, —1), (2, —1) 2) (1,1), (—1, —3) 
3) (1, 1), (-2, 1) 4) (<1, 1), (2, e) 
Answer the question 4 and 5 from the inequality given below: 
z 
« — 
r< 1 +3 
4. Which one is the solution set of the inequality? 
1) SHAVeR res 4} 2 S={xeR:z< 4} 


3 S={xeR:a< 4} 4 S={xeR:a2> 4) 
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5. Which one is the number line of the solution set of the above inequality? 

1) rH +t —r —T + + 
—2 -l1 0 1 2 3 4 5 6 

2) O 
—2 -1 0 1 2 3 4 5 6 

3) 
-2 -1 0 1 2 3 4 5 6 

4 H | H H H —_— 
-2 -1 0 1 2 3 4 5 6 

6. For the inequality 3z + 6 > 9 


4) 


(i) Dividing both sides by 3, we get z +2 > 3 
(ii) Solution set = ( € R:z»1) 
(iii) Solution set in the number line: 
< H | t t e 
ep -4 -3 -2 -1 0 
Which of the followings is correct? 
1) iand ii 2) i and iti 3) ii and iii 4) i, ii and iii 


T. The ages of Rita, Mita and Bithi are x, 2x and 3x years respectively. If the 
sum of their age is not more than 60 years 


(i) the mathematical expression of the problem is z + 2r + 3x < 60 
(ii) age of Rita is < 10 years 
(iii) age of Mita is > 20 years 
Which of the followings is correct? 
1) i, di 2) i, iti 3) ii, iii 4) i, ii and iii 
8. a, b and c are three real numbers. If a > band c #0 
(i) ac > bc when c > 0 
(ii) ac < be when c < 0 
(iii) : > ° when c > 0 


Which of the following is correct? 
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9. 


10. 


11. 


12. 


1) 4, ii 2) i, iii 3) ii, iii A) i, ii and iii 


Draw the graph of the following inequalities: 


1) z—-gy»-10 2) 27-9 «6 
3) 37-9 20 4) 3x — 2y € 12 
5) y < -2 6) 24 

T) y» r-2 8 y<r+2 
9) y 22x 10 z+3y <0 


The air distance of the Singapore airport from the Hazrat Shahjalal airport 
is 2900 km. The maximum speed of the Bangladesh Biman is 500 km/hour. 
But on the way from the Hazrat Shahjalal airport, it faces air flowing at 60 
km/hour from the opposite direction. 


1) Express the problem of stimulus in terms of an inequality taking the 
required time as t hours. 


2) Find the required time of non-stop flying from the Hazrat Shahjalal 
airport to the Singapore airport using the inequality in 10(1) and show 
it on a number line. 


3) Take z as time of returning from the Singapore airport to the Hazrat 
Shahjalal airport and then express the problem in the form of an 
inequality and solve it graphically. 


Between two numbers, the result of subtraction of 5 times of the second 
number from 3 times of the first one is greater than 5. Again, when 3 times 
of the second number is subtracted from the first one, the result is not more 
than 9. 


1) Express the conditions stated by stimulus in the form of inequalities. 


2) If5 times of the first number is less than the sum of twice the first 
number and 15, express the possible values of the number in the form 
of an inequality. 


3) Draw the graph of each pair of inequalities obtained in 1). 


The sum of price of a pen, an eraser and a notebook is Tk. 100. Price of 
a notebook is more than the price of two pens. Price of three pens is more 
than the price of four erasers and price of three erasers is more than that of 
a notebook. If the price of all the commodities are in integers, what are the 
prices of each commodity? 


Forma-19, Higher Mathe, Class-9-10 
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13. 


14. 


15. 


16. 


17. 


Higher Mathematics Classes IX-X 


The product of three integers is 720. What can be the maximum value of 
the smallest number? 


If an isosceles triangle is divided into two isosceles triangles using the bisector 
of an angle of that triangle, what can be the maximum value of an angle of 
the first isosceles triangle? What can be the minimum value of an angle of 
the first isosceles triangle? 


7 tables, all of which have an area of one square meter can be placed in a 
rectangular room. If the perimeter of the room is 16 meters, what can be 
the length and the width of the room? 


Is there any triangle whose height from the vertex can not be more than 1 
cm but the area is 100 square? 


Satej and Sajib are twin brothers. Their velocity in both running and 
walking are same. One day on the way to school, Satej passed half of the 
road by walking, while passed the rest by running. But Sajib passed half of 
the time by walking, while passed the rest by running. Will it take the 
same time for them to go to school? 
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Infinite Series 


Sequence and finite series are discussed in detail in the General Mathematics Book 
of Class IX-X. There is a direct relationship between sequence and infinite series. 
Infinite series can be obtained after assigning plus signs before the terms of à 
sequence. Infinite series will be discussed in this chapter. 


After completing the chapter, the students will be able to — 


> explain the idea of a sequence; 

» identify the infinite series; 

» explain the condition of existing the sum of an infinite geometric series; 
> sum of an infinite geometric series; 
» 


transform a recurring decimal number into an infinite geometric series and 
express in fraction. 


Sequences 


In the relationships illustrated below, every natural number m is related to its 
square n?; that is, the set of square numbers (1, 4, 9, 16, . . .} is obtained for the set 
of natural numbers N = {1,2,3,4,...} under a certain rule. This set of arranged 
sequence numbers is a sequence. When some numbers are arranged successively 
under a definite rule such that the relationship between any two successive terms 
is known, then the set of numbers arranged in this way is called à sequence. 


1 2 3 4 EE n 
4 1 4 4} | 
1 4 9 16 wee n? 


The relationship shown above is called a function and is written as f(n) = n?. 


The general term of this sequences is n?. The number of terms of any sequence is 
infinite. The way to write the sequence in terms of the general term is (n?) ,n = 
1,2,3,4,... or, [n2) 195 or just, {n?}. The first number of a sequences is called 
the first term, the second number of a sequences is called the second term and so 
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on. In the above sequence 1, 4,9, 16,..., first term = 1, second term = 4, and so 
on. Four more examples of sequences are given below: 
11 1 1 1 
1) BD) 922937 54?" 0s? ^ 
2’ 22’ 23’ 24 2n 
2) 3,1,—1,—3,...,(5 — 2n),... 
3) 


1) Find the general term of the following sequences: 
57 
gris 2 ores 
DU mds 4) 1,v2 2s 
(3) PH 9° 93° 94° ( ) , V2, 3, b) 


2) Write down the sequences from the given general terms: n 
(1) 1+(-1)" (2 1-—(-1)” (3) 1+ (-5) 


2 
(5) (6) cos m) 


3) Write the general term of a sequence and then write the sequence. 


Bm 


Series 


If the terms of a sequences are connected successively by a ‘+’ sign, there a 


series is formed. As an example, 1 +4+9+ 16+... is a series. Then again, 


1 ; . f . 
—+—-—+-—+— +... is another series. The ratio between two successive terms 


of this series is the same. This type of series is called Geometric Series. The 
characteristics of a series depends on the relationship between two consecutive 
terms of it. For example, in case of Arithmetic Series, the difference between 
two consecutive terms is constant. 


Depending on the number of terms, series can be divided into two classes: 1) 
Finite series 2) Infinite series . Finite series are discussed in the General 
Mathematics Book of Class IX-X. Infinite series will be discussed here. 
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Infinite Series 


If u1, U2, u3, ..., U5,... is a sequence of real numbers, then uy+tet+ugt...tu,t... 
is called an infinite series of real numbers. un is called the n-th term of this 
series. 
Partial Sum of Infinite Series 
Let ui + u2 + u3 +... + Un +... be an infinite series. Then its: 

1st partial sum is $4 = u1 

2nd partial sum is Sp = u1 + us 

3rd partial sum is $3 = u1 + ue + ua 

<. The n-th partial sum is $4, = ui + us + U3 +... + Un 
That is, the n-th partial sum of an infinite series is the sum of the first n number 


of terms of the series, where n € N. 


Example 1. Find the partial sum of the following two series: 


1) 142-344: 2) delqdl e 
Solution: 
1) First term of the a = 1 and common difference is d = 1. Therefore, the 


given series is an arithmetic progression. 
Sum of the first n terms of the arithmetic series is 
Sn = 5 {2a + (n — Id} = 5 {2:1 + (n — 1) -1} 
n(n + 1) 
2 
In the above equation, putting different values of n we get, 
10x 11 1000 x 1001 
5 = 55 BE —À— — 500500 
100000 x 100001 
S100000 = . — 5000050000 


Here as n increases, the value of S, becomes larger. 


So =F {2+n- 1} = 


Sio = 


Therefore, the given infinite series has no sum. 
2) 1—1+1-—1+...is the given infinite series. Its 
Ist partial sum $, = 1 3rd partial sum $3 =1—-—1+1=1 
2nd partial sum $9 —1—1—0 4th partial sum $4 = 1—14-1-1 = 0 
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In the above example it can be seen that, for odd n, the n-th partial sum 
Sn = 1 and for even n, the nth partial sum S, = 0. 
Therefore, it is observed that there is no specific number which is the sum 
of this series. 

Sum of Infinite Geometric Series 


a+ar +ar?+ar? +... is a geometric series. Its first term is a and common ratio 
is r. 
Therefore, the n-th term of the series = ar^ 1, where n € N 
Now, if r Z 1 then the partial sum of this series upto n-th term is 
Sn =atartar?+ar+...tar™! 
re =] l-r 


when r > 1 and S, =a- 


n 


whenr«1 


Sy =a: 
We observe: 


1) In the case of |r| < 1, that is —1 < r < 1, if the value of n increases (that is, 
when n — oc) then the value of |r^| decreases. Thus making n sufficiently 
large, the value can be decreased indefinitely, that is, |r"| approaches 0. So, 
the limiting value of |r"| becomes 0. 

a(1 — r”) a ar” 


Consequently, the limiting value of Sn, Sn = ————- = = = 
l-r 1-r 1-r 


a 


l-r 


a 
Therefore, the sum of the infinite series Ss = 1 
-r 


2) In the case of |r| > 1, that is r > 1 or r < —1, if the value of n increases 
then the value of |r”| increases and making n sufficiently large the value of 
|r™| can be increased indefinitely. From this it is clear that there does not 
exist a finite numbers 5 which can be considered as the limiting value of Sn. 


So, in this case, sum of the infinite series does not exist. 


3) If r = —1, then the limiting value of S, cannot be found. Because, if n is 
even then (—1)" = 1 and if n is odd, then (—1)” = —1. In this case the 
series will be, a—a+a—a+ta-—a+.... 


So, sum of this infinite series does not exist. 
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4) In case of r = 1, limiting value of S, cannot be found as well. Because, in 
that case the series will bea+a+a+a+...(n numbered). That means, 
Sn = na which can be increased with the increasing of n. 


So, sum of this infinite series does not exist. 


If |r| < 1, that is —1 < r < 1, then the sum of the infinite series a + ar + 


ar? +...,9 = qum For other values of r, the sum of the series does not 


exist. 


Remark: The sum of the infinite geometric series (if exists) is sometimes denoted 
by S% and it is called the sum of the series up to infinity. That is, a+ ar + ar? + 


a 
ar? +... up to infinity, Sæ = dem when |r| « 1. 


Activity: 


1) Ineach case below, the first term a and the common ratio r of an infinite 
series are given. Write down the series and find the sum if it exists: 


EE NE (3) a=5,r=3 


(5) a=lr=-7 (6) a=8l,r = -3 


1 
(4) Bre 


2) Every one of you, write an infinite series. 


Example 2. Find the sum (if it exists) of each of the following infinite geometric 
series: 


2) 1-4 0.1 4- 0.01 + 0.001 


1 
dp mde dus 


1 1 1 
3 14+— 
EU ae 
Solution: 
: 1 ; 1 3 
1) Here, the first term of the series, a — 3 and common ratio, r — 32 x i= 
1 
=<1 
3 
1 
E 1 1 
.'. The sum to infinity of the series is, Ss = 1 z a zu ria x ; E 
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0.1 
2) The first term of the series, a = 1 and common ratio, r = Sr 36 «1 
1 10 1 
.. The sum to infinity of the series is, S% = a r= =l- 
l-r rd 39 
Z 1 
3) Here, the first term of the series, a — 1 and common ratio, r — x = Vi <1 
1 2 
.. The sum to infinity of the series is, S% = E D v2 = 


l-r 1-2 v2-1 
3.414 (approx.) 


Transformation of Repeating (or Recurring) Decimals in Rational 
Fractions 


Example 3. Express in rational fractions of the following repeating decimals: 


1) 0.5 2) 0.12 3) 1.231 


Solution: 
1) 0.5=0.555...=0.54+0.05+0.005+... 


This infinite geometric series goes with the first term, a = 0.5 and common 


0. 
ti = —_ =0.1 
ratio, r 05 0 
sja a 05 05 5 


| l-r 1-(01) 09 9 
2) 0.12 = 0.12121212... = 0.12 + 0.0012 + 0.000012 + ... 


The first term of this infinite geometric series, a = 0.12 and common ratio, 


m a 0.12 012 4 
S0122 — = —_ = ~~ = — 
1-r 1-(0.00 (0.99 33 

3) 1.231 = 1.231231231... = 1 + (0.231 + 0.000231 + 0.000000231 + ...) 


Here, the series in the parentheses is an infinite geometric series. 


.000231 
Its first term, a = 0.231 and common ratio, r = sa = 0.001 


c 7 0.231 231 410 
"ipo T= (0001) 999 333 
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1 1 1 
l1 Ori Ort 


Example 4. ... is an infinite geometric series. 


1) If x = 1, then determine the common ratio of the series. 


2) Ife= » then determine the 5th term and sum upto the 10th term of the 


series. 


3) If the series has sum to infinity, then what condition should be imposed 
upon x? Determine that sum. 


Solution: 
1) Given that : + : + : is an infinite geometric 
'2z41 (r1)? Qrt : 
series. 
If z = 1, the series = + : T : + 
a 2-141 (2-141)? (2.14415 `” 
En c ue 
3.95 287 
1 
: 3 1 
Its common ratio, r — ine 
4 3 
3 
1 1 1 
2) Given that, ——— + ————. + ——— +... 
| GNM Sead Orie Genie © 
3 1 1 
If z = =, the series = + + +.. 
2 2-341 (2-241) (2-241)8 
Sete gaa 
oe oU 
1 
, 1 ; a2 1 
The first term of the series, a = — common ratio, r = qe E 1 
4 
p /1\57 sepe O1 
z. 5th term of the series= ar?! = 4 (1) = (1) EU 
-el -r”) 
Sum of first 10 terms of the series = ETT [n — 10] 
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; 410 410 
A 4 
AC 
1 2 1)? 1 
3) First term of the series, a = dea’ Common ratio, r = oa TEN 
2z-F1 
H i 2:0. : >0 <0---(1) 
ere, —— — 0, 2——— or ——— — ee 
' 2z 1 C^ 22 +1 2r 41 
1 

Now, the series will have sum to infinity if, |r| « 1 that is m | <1 


- (2) 
When condition of (1) 


1 
> 0 is true, that is 2c + 1 > 0 [multiplicative 
2z +1 


reciprocal has the same sign] then putting it in (2), we get 


1 
«1 
2x 1 
Now, multiplying both sides with positive number 2x + 1 will keep the 
inequality sign same 


thatisl«2z-c-1, ornl1—1«2z, or,0<2z,0r,22>0 or,z>0 


1 
When condition of < 0 is true, that is 27 4- 1 « 0 [ ] 
2x41 i 
th tting it in (2 t———— «1 
en putting it in (2), we ge ERE 


Now if we multiply both sides with negative number 2x 4- 1, then the 
inequality sign will reverse 


that is —1 > 2r +1, or -1—1» 2z, o0r,-2»2z, or, -1> 4g, 
or, z7<—l 


.. the condition is x < —10r,z > 0 


1 
So the sum to infinity of the series, S4, = 1 Lem eth 
-r 
es 
2x +1 
1 
Multiplying the nominator and denominator by (27+1), S4, = SEDET 
dU — 


1 
2x 
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Exercise 7 


1. What is the 12th term of the series 1,3,5,7,...? 


1) 12 2) 13 3) 23 4) 25 
2. What is the 3rd term of a sequence whose nth term = —————? 
aga 221 "A n(n x 1) 
5 ) ^g EE 
3. What is the 20th term of a sequence whose nth term — fee, 
1) 0 2) 1 3) —1 4) 2 
1 
4. The nth term of a sequence is un = z and un < 1074. The value of n is 
(i) n < 10? (ii) n < 104 (iii) n > 104 
Which one is true? 
1) dii 2) 4, iii 3) ti, iii 4) i, ii, tii 


9. Ifthe nth term of a sequence is un = 1 — (—1)”, then its 
(i) 10th term is 0 
(ii) 15th term is 2 
(iii) sum of first 12 terms is 12 
Which one of the followings is true? 
1) à4à 2) 4, tii 3) ii, iii 4) i, ii, iti 


Observe the following series and answer the question (6-8) 


PEN 
gig ttt 
6. What is the 10th term of the series? 
4 4 4 4 
1) a 2) x 3) au 4) xz 
7. What is the sum of first 5 terms of the series? 
160 484 12 20 
1 — 2) — 3) — 4) — 
) 27 ) 81 ) 9 ) 9 
8. What is the sum of the series upto infinity? 
1) 0 2) 5 3) 6 4) 7 


9. Find the 10th term, 15th term and rth term of the given sequences: 
1) 2,4,6,8, 10, 12,... 
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1.3.5 
2) phat ge: 
1 

3) The nth term of the sequence = ———_,n€ N 
n(n + 1) 

4) 0,1,0,1,0,1,... 

55 5 5 

5) Sagara: 
i (-1)9» 

6) The nth term of the sequence — SUNT 


10. The nth term of a sequence is un = m 
1) If u, < 1075, what will be the value of n? 
2) If u, > 107°, what will be the value of n? 


3) What can be said about the limiting value of u, (when n is sufficiently 
large)? 


11. Find the sum of the given series (up to infinity) if exists: 
id p pa 
2 =-5 +>- +... 


1 1 
3) Iree aT S 
4) 1424+4+8+416+... 
Bed x 
2 4 8 16 i 
12. Find the sum of first n terms of the series given below: 


1) 74+77+777+... 
2) 5+55+555+... 


1 1 
13. Impose a condition on x under which the infinite series —— + ———~ + 
x+1 (#+1)? 
1 
EFIR +... will have a sum (to infinity) and find that sum. 
14. Express each of the given repeating decimals as a rational fraction: 
1) 0.27 2) 2.305 3) 0.0123 4) 3.0403 


15. a+ab+ab?+... is a geometric series. 
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1) What is the 7th term of the series? 


1 
2) Ifa= 1 and b= PL determine the sum to infinity of the series if exists. 


3) Determine the sum of first n terms of the series which is found by 
placing 3 in stead of a, 33 in stead of ab and 333 in stead of ab?. 


4 
16. The sum of three consequent terms of a geometric series is 24r and 
multiplication is 64. 


1) Construct two equations based on the given information. 


2) Determine the first term and the common ratio. 


1 
3) If the common ratio is 5? then determine the sum to infinity of the 
series. 


17. ‘There are four dogs standing in the four corners of a square area, each side 
of which is 1 km. Now, every dog runs blindly towards the dog on its right 
in the same velocity, covering half the distance. After opening the eyes, they 
run similarly to the dog on its right again, covering half the distance. 


1) If they continue to run like this, what will be the terminal position of 
the dogs? How much distance each will eross? 


2) Answer the previous question if after covering half the distance, without 
changing direction each dog covers additional 1/k times of the distance 
and then changes direction. 


3) Answer both the questions stated above if the area was not a square, 
rather an equilateral triangle. 


Chapter 8 


Trigonometry 


The word Trigonometry has been derived from the words ‘Trigon’ and ‘Metry’. 
‘Trigon’ is a Greek word which means three angles and ‘Metry’ means measure. 
In general Trigonometry means the measurement of three angles of a triangle. 
For practical purposes, trigonometry was introduced from for the measurement 
of three angle and three sides of a triangle and from their related ideas. For 
example, the use of trigonometry in measuring the height of the tree with the 
help of its shadow, determining the width of a river by standing on its bank, 
determining the area of a triangular land etc. is very ancient and popular. 
Besides, trigonometry is extensively used in every branches of mathematics and 
science. That is why trigonometry is well established as a very important topic 
in mathematics. Trigonometry has two branches; one is Plane Trigonometry, 
the other is Spherical Trigonometry. We are concerned with plane 
trigonometry only. 


After completing the chapter, the students will be able to — 


bm explain the concept of radian measurement; 


» determine the relation between radian measurement and degree 
measurement; 


indicate trigonometrical ratios and their signs in the quadrant; 


v 


»> find the trigonometrical ratios of standard angles and associated angles 
upto 27; 


p> find the trigonometrical ratios of angle —6; 


v 


find the trigonometrical ratios of angle > +0 and apply for integer n <4; 


solve simple trigonometrical equation. 


v 
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Angles in Geometry and in Trigonometry 


For the convenience of discussion of angles in geometry and trigonometry, let us 
draw a pair of mutually perpendicular straight lines XOX’ and Y OY' at the plane 
XY In the following figure as the lines bisects at the point O, each of the regions 
included between the four right-angles is called a Quadrant. By moving anti- 
clockwise from the line OX, the first region enclosed by (ZXOY 1 right angle ) 
is called First quadrant and by moving accordingly region enclosed by second 
(ZY OX"), third (ZX'OY") and fourth (ZXOY")right angles are called second, 
third and fourth quadrant(Following figure). 


In geometry angle is formed by two rays meeting at a point. In trigonometry an 
angle is produced by a revolving ray about a fixed ray. Let, OA is a revolving 
ray and at the beginning it revolve anticlockwise from the fixed ray OX. The ray 
OA at first form acute angle 7X OA, at the position OA, and remain in the first 
quadrant and then when it come to the position perpendicular to OY with OX, 
the measurement of ZXOY become 90? or 1 right angle. By more revolving at 
the same direction when the ray OA comes to the position OA», then it forms 
an obtuse angle /XO A3. By more revolving at same direction when the ray 
OA comes to the opposite of the ray OX at the position of OX', then the angle 
ZX OX’ is formed is a straight angle or 2 right angle. By complete revolving when 
the ray OA comes to previous position that is merge with OX, then the angle 
formed is 2 straight angle or 4 right angle. 


In geometry angles are limited to 180°, and there is no difference between 
geometric and trigonometric angles in this case. If we consider that the ray OA 
revolves further to reach OA, after completing a round then the angle formed 
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XOA, becomes greater than 4 right angles. The angle ZXOX created by the 
original position of the ray OA is not considered as a geometric angle, but it is 
considered an angle in trigonometry. 


Positive and negative angle 


In the above discussion, the ray OA (above figure) has been revolved 
anticlockwise and the angles formed by OA at different quadrant was considered 
as positive angles. Therefore, an angle produced by anti-clockwise revolving is 
considered positive and an angle produced by clockwise revolving is considered 
negative. 


So, from the above discussion it can be said that, when the positive angle is 
less than 90° then it remains in first quadrant. Again, the angle will also be in 
first quadrant if the value is between 360° and 450°. Similarly, if the value of a 
positive angle is between 180° and 270° then it will remain in the trird quadrant, 
if from 90° to 180° then in the second quadrant and between 270° and 360° then 
it will be in fourth quadrant. Likewise, if the value of a negative angle is from 
—90° to 0? then it will remain in the fourth quadrant, from —180 to —90° in the third 
quadrant, from —270° to —180° inthe second quadrant and from —360° to —270° in 
the first quadrant. 180° and 360° or any integer multiplicand of them coincides with 
the straight line XOX’ and 90? and 270? or any integer multiplicand of them 
coincides with the straight line YOY’ (see the adjacent figure). Z/AOAiin first 
quadrant, /Z AO As in second quadrant, LAOA; in third quadrant and ZAOA, in 
the fourth quadrant. 


Example 1. In which quadrants do the angles 1) 430? and 2) 545? lie? 


1) 430? = 360? + 70° = 4 x 90? + 70° 430? is a positive angle and 4 is greater 
than the right angle but 5 is less than right angle. Therefore, to produce the 
angle 430? any ray have to rotate 4 right angle or have to revolve one full 
rotation and 70? more (Follwing figure at left). So, the angle 430? lies in the 
first quadrant. 
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2) 


^Y AY 


430? 5450 


<< 


v 


Y 
545° = 540° + 5° = 6 x 90? + 5° 545? is a positive angle and 6 is greater 
than right angle but 7 is less than right angle. To produce the angle 545? 
any ray have to rotate 6 right angle and 5? in the anticlockwise direction or 
two right angle and 5? after the full rotation(Above figure in left). So, the 
angle 545? lies in the third quadrant. 


Example 2. In which quadrants do the angles 1) —520? and 2) —750? lie? 


y Nan o = 
520 750° 


—520° = —450° — 70° = —5 x 90° — 70° —520? is a eUe angle and to 
produce the angle —520° any ray have to rotate one right angle or 90° and 
70° more in the same direction after the full rotation in clockwise direction 
to some to the third quadrant (Above figure in left). Therefore, the angle 
—540° lies in the third quadrant. 


—750° = —720° — 30° = —8 x 90° — 30° —750° is a negative angle and have 
to rotate 30° more after the full rotation twice (8 right angle) (Above figure 
in right). Therefore, the angle —750° lies in the fourth quadrant. 
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Work: Determine in which quadrant each of the angles below lie: —100°, 


—365°, —720° and 1320° Draw pictures. 


Measurement of Angles 


To measure any angle we use two unit systems : 
1) Sexagesimal System and 
2) Circular System 


Sexagesional System: In this system right angle is considered as unit of 
measurement of angle. In this system one degree is one — ninetieth 90 part of a 
right angle one metre (1° = one degree). 


One-minute is one sixtieth 60 part of one degree i.e., (1/ = one minute) and that 
of one-second is one sixtieth 60 part of one minute i.e., (1"— one second). 


That is, 60” (second) = 1’ (minute) 

60’ (minute) = 1° (degree) 

90° (degree)= 1 right angle 

Radian system is necessary to know before circular system. 


Radian: In any circle the angle which an arc of the circle whose length is equal 
to the radius of the circle subtends at the centre, is called one radian. 


Q 
, a 


In the figure, the centre of circle PQR is O, radius OP = r and PQ is an arc equal 
to the radius. Arc PQ produce angle ZPOQ at the centre O. This measurement of that 
angle is called radian i.e. ZPOQ is a randian. 


Circular System: In circular system one radian angle is considered as 
measurement unit of angle. To determine the relation between radian 
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measurement and degree measurement the following proposition need to be 
known. 


Proposition 1. In any two circles the ratios of the circumferences and the 
respective diameters and equal. 


Proof: We can assume that the circles have the same centre O and they are 
concentric. Let p and r denote the circumference and radius of the inner (smaller) 
circle and P and R denote the circumference and radius of the outer (greater) 
circle(following figure). We divide the circumference of the outer circle into n 
equal arcs where (n > 1). Joining the dividing points with centre the inner circle 
also divided into n equal parts. Let us join the dividing points of both the circles. 
We get consequently (outer circle ABCD... and inner circle abcd...) two n sided 
regular polygons inscribed in the outer and inner circle, respectively. 


Now, AOAB and AOQab are similar, because, 
ZAOB and ZaOb [common angle] and being 
isosceles triangles, their other two angles are equal. 


_AB_OA_OB_R 
‘ab Oa Ob r 


Similarly, 

BC R CD R 

ber ed 

AB. BC CD R 

“ab bo ed r 

Par bA OD Si ee eri 
ab+bc+cd+... PETHAT Fass n r x 


If n is sufficiently large that is letting (n — oo), then AB, BC,CD,... will be 
very small and seems to be minute arcs of the circle. 


Therefore, in this case, AB + BC + CD +- - =œ circumference of the outer circle 
P and 


ab + bc + cd +--+ £2 circumference of the inner circle p 


.. from equation (1) we get, 
P 2R 


p 2r 
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EN d 
“OR 2r 
circumference of the outer circle circumference of the inner circle 


i.e 


diameter of the outer circle = diameter of the inner circle 
.. In any circle the circumference bears a constant ratio to its diameter. 


By Corollary 1: 


Remark: In any circle the circumference bears a constant ratio to its diameter. 
This constant ratio is denoted by the Greek letter m (pi). 7 is an irrational 
number and expressing in decimal places it will be non-terminating where, (a = 
3.1415926535897932 . . .). 


Remark: Generally approximate value of 7 upto four decimal places is used 
where 7 — 3.1416. Using computer the value of has been determined upto millions 
and millions of digit in decimal place. As we use approximate value of 7, 
answer must be approximated. That is why it is required to write 'approx' beside 
the answer. Approximate value of 7— 3.1416 will be used as no direction is 
mentioned. 


Corollary 2. The circumference of any circle of radius r is equal to 27r. 


Proof: By Corollary 1 we know, 
Circumference _ 
Diameter 
or, Circumference = 7x Diameter 
= 7 x 2r [Diameter = 2r] 
= 2ar 
.. Circumference of any circle of radius r is 2ar. 


Proposition 3. The centred angle produced by any arc of a circle is 
proportional to its arc. 


Let O be the centre and OB is radius of the circle P 


ABC. P is another point on the circle. So BP is an A 
arc and ZPOB is the centred angle of the circle. So 

centred angle ZPOB is proportional to arc BP. B 
ie. centred angle /POB « arc BP. 


Proposition 4. Radian is a constant angle. 
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Particular Enunciation : Suppose in the circle ABC with the centre O, ZP, B 
is a radian angle. Prove that ZPOB is a constant angle. 


Construction : Draw perpendicular OA upon the segment OB (radius). 


Proof: 

OA intersect the circumference at A. i A 

Arc AB = one-fourth of the circumference = 1 x P 
2nr = ae 

And arc PB =radius r [ZPOB = 1 radian] j 
From corollary 3, c 


ZPOB = ArcPB 
ZAOB ArcAB 
ArcPB 


i LPOB = ArcAB 


x ZAOB = E x 1 right angle | Radius OA is perpendicular 
E 
to OB] 
2.5 
— — right angle. 
T 


As the right angle and 7 are constant, ZPOB is a constant angle. 


Circular measurement of angle 


Definition 1. By circular system i.e., The measure of an angle in the radian 
unit is called its radian measure or circular measure. 


Suppose ZMON is a given angle. With centre O we draw a circle of suitable 
radius OA = r. Suppose the circle intersects the sides OM and ON of the angle 
at A and B, respectively. So constructed angle ZAOB is a centred angle produced 
by arc AB. Taking an arc AP equal to radius r (arc and radius should have same 
unit). 


Then ZAOP = 1 radian 
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Suppose arc AB = s. 


From proposition 3, 
ZMON _ ArcAB 2 ArcAB (8 
ZAOP . ArcAP  RadiusOA r 


-. ZMON == x ZAOP 
r 
= Ê x 1 radian = “radian 
r r 
<. Circular measure of ZMON is Eg where the angle cut are arc s centring its 


vertex and taking r as radius of the circle. 


Proposition 5. Any arc of length s produces an angle @ in the centre of the 


circle of radius r then s = rô. 
a 
B 


Particular enunciation : Let O is the centre and OB = r unit is the radius of 
the circle ABC, arc AB = s unit and centred angle 7AOB = 0* produced by the 
arc AB. It is to prove that, s = r6. 


Construction : Draw the arc BP equal to radius OB at the point B so that it 
intersects the circle ABC at P. Join O, P. 


Proof: By construction ZPOB = 1° 
We know, centred angle produced by any arc is proportional to arc. 
Arc AB. ZAOB 


Arc PB ZPOB 
s unit  6* 
" E 


'r unii 1° 
E 
or, - —0 
r 


<. s = r0 (Proved) 
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Relation between the degree and radian (circular) measure 


We know from proposition 4, 


2 
1 radian = — right angle 
T 


2 
i.e., 1° = x right angle. [1 radian = 1°] 


.. 1 right angle = (2) 


or, 90° = (2) 


" T NE , (180 à 
~ iS (=) and 1 = ( = ) 
EH EN Ud n . f180 2 
Proposition 6. 1° = (1x5) and 1° = ( ) 


Observation : 


(i) 90° = 1 right angle = radian = (2) 


i.e., 180° = 2 right angle = 7 radian = 7°. 


($i) If D° and R° be the measurement of an angle in sexagesimal and circular 
System then 


180 
T 

Dx— = 
L.e., X 180 
: D R 
r, z = —. 
' 180 ~r 


From the above discussion the widely use of the relation between degree and 
radian measures are given below: 


or (a) 
(ii) 30° = (30 x x) = (2) 
(iii) 45° = (45 x ux) 2 (5) 


(iv) 60° = (60x 7)" = (2) 
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ow- (x c) -GY 


(vi) 180° = (180 x =) =r" 


180 
T c 
11 8 — — — 2. c 
(vii) 360 (360 x i” (27) 
In all practical purposes the radian symbol (c) is silent. 
T T T T T 
1° = —, 30° = —, 45° = —, 60° = —, 90° = —, 180° = a, 360° = 2r etc. 
180’ 6’ 4 F 2 i ib 
Note: 1° = (zac) = 0.01745° ( ly) 
ote: I° = | i39) = 2. nearly 


F= (=) = 57.29578° (nearly) = 57?17'44.81". 
Here the approximate value of z is 3.1416 


Note: We shall use this approximate value of 7 (7 = 3.1416) in all examples and 
exercises. When ever an approximate value of 7 is used the word ‘nearly’ must 
be affixed to the result. 


3 
Example 3. 1) Express 30?12'36" in radians. 2) Express = in degree, minute 
and seconds. 


Solution: 
36\' 3y 63 
1) 30?12'36" = 30° (22) = 30° (122) = 30° (2) 
63 W^ 21^ 3021 X^ 
= (95205) = (06) = Gar) 
= Sn x = radian f. 1° = T] 
= ra = .5273 radian(nearly) 


~. 80*12/36" = .5273* (nearly) 


3r 3r 180 o (180\° 
2) or = pr degre fv 1° = (=) | 


A 
= degree = 41?32/18 - 46". 


5 s radian = 41° 37 18 - 46” 
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Example 4. The measures of the three angles of a triangle are in the ratio 
3: 4:5, Find the circular measures of the angles. 
Solution: Suppose the angles are 3x^, 42° and 52°, respectively. 


In the circular measure, 32° + 42° + 52° = n° [The sum of the three angles of any 
triangle 2 right angles = 7°] 
or, 122° = r° 

T 
or, £ = i5 
.. the three angles are : 


G -Q-i 
e-(8)-G-i 
Babes (=) - zu 

12 12 


5 
So, the circular value of the three angles are: zs S and 24 


12 
Example 5. A giant wheel makes 40 revolutions to cover a distance of 1.75 
kilometer. What is the radius of the wheel ? 


Solution: Suppose the radius of the wheel is r metre. 


.'. the circumference of the wheel = 2ar metre [1 = 3.1416] 


We know in one revolution the wheel covers a distance equal to its 
circumference. 


.'. In 40 revolutions the wheel covers = 40 x 2zr m. = 80ar metre 
As per the question, 80zr = 1750 [1 kilometre = 1000 metre] 
1750 -— 1750 


80r 80x 3.1416 
= 6.963 metre (nearly). 


or, r = metre. 


.. the radius of the wheel is 6.963 metre (nearly). 


Example 6. Radius of the earth is 6440 kilometre. If the arc on the surface of 
the earth joining Dhaka with Jamalpur subtends an angle of 2? at the centre of 
the earth, find the distance between Dhaka and Jamalpur. 
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Solution: Radius = r = 6440 k.m. 


c 


The angle made in the centre of the earth 0 = 2° = 2x I = radian. 
180 90 
-.$ =length of the arc= distance between Dhaka and Jamalpur = r0 = 6440 x S 
k.m. 
644r 
= — k. 
9 


= 224.8 k.m. (nearly) 
Determinable distance: 224.8 k.m. (nearly). 
Example 7. Find the circular measure of the angle subtended by an arc of 


length 11 c.m. at the centre of a circle radius 7 c.m. 


Solution: Suppose the radius OB = 7 c.m.and arc AB = 11 c.m. of the circle 
ABC. It is to determine the value of the angle 0 that makes the circular angle 
with the arc AB. 


We know, s = r6 A 
11c.m. 
"m $c 11 c.m. 
r 7 c.m. 
= 1.57 radian (nearly) C LY B 


The value of the determinable angle: 1.57 radian 
(nearly). 


Example 8. Ehsan traverses the arc in 10 seconds by riding a cycle. If an are 
of the circular path subtends an angle of 28° at the centre and the diameter of the 
circular path is 180 metre, then find the speed of Ehsan. 


Solution: Let us assume that starting at B of circle ABC Ehsan reaches the 
point A of the circle in 10 minutes. 


So angle of centre produced by the arc AB is 
ZAOB = 28° 


de vm 
À B 


OB = radius = 2 metre = 90 metre C 


Suppose arc AB = s metre 


2023 


e 
c 
AQ 


Chapter 8. Trigonometry 171 


T 
— 90 x 28 x 180 metre 
= 147 metre 
= 14 x 3.1416 metre (nearly) 
= 43.98 metre (nearly) 
43.98 
z. Ehsan's speed = EU metre/second= 4.398 metre/second = 4.4 metre/second 
(nearly). 


Determinable speed: 4.4 metre/second (nearly). 


Example 9. A hill subtends an angle of 7' at a point 540 kilometre from the 
foot of the hill. Find the height of the hill. 


Solution: Let foot A of the hill AB makes angle 7' with the point O 540 km. 
away from A. So, AO = r = radiu = 540 k.m. 


TT TT 
] Nc E dS E . 
Circular angle ZAOB = 7 ( 6 ;) 60 x 180 radian. 
Height of the hill zz arc AB = s k.m. 
B 
an 
A 
O r = 540 k.m. 
We know, 
TT 
s = r0 = 540 x zyx 180 EO 
= — k.m. (nearly) 


— 1.1 k.m. (nearly) 


<. Height of the hill is 1.1 k.m. (nearly) or 1100 k.m. (nearly). 
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Exercise 8.1 


Use calculator to solve the following problems. Use (m = 3.1416) as the 
approximate value of 7 in every case where necessary. 


1. 


10. 


1) Express in radians : 


(i) 75°30" (ii) 55°54'53” (iii) 33°22/11” 
2) Express in degrees : 
(i) 8r radian (ii) 1.3177 radian (iii) 0.9759 radian 
13 
If we express an angle by D? and R° in radian and circular system then 
that, — = —. 
prove that, 755 = 7 


The radius of a wheel is 2 metre 3 c.m. Find approximate value of its 
circumference to four places of decimals. 


The diameter of the wheel of a car is 0.84 metre and the wheel makes 6 
revolutions per second. Find the speed of the car. 


The angle of a triangle are in the ratio 2 : 5 : 3; what are the circular 
measures of the smallest and the largest angles ? 


The angles of a triangle are in arithmetical progression and the largest angle 
is twice the smallest angle. What are the radian measures of the angles ? 


The arc joining Dhaka with Chittagong subtends an angle of 5° at the centre 
of the earth. Taking the earth to be a sphere of radius of 6440 k.m. find the 
distance of Chittagong from Dhaka. 


The arc joining Teknaf with Tetulia subtends an angle of 10°6’3” at the 
centre of the earth. Taking the earth to be a sphere of radius 6440 k.m., 
find the distance of Tetulia and Teknaf. 


Riding a bicycle Shahed traverses a segment of a circular path in 11 seconds. 
The diameter of the circular path is 201 metre and the angle subtended by 
the segment at the centre is 30°; find Shahed’s speed. 


Given that the radius of the earth is 6440 k.m, what is the distance between 
the two places on the surface of the earth which subtend an angle of 32” 
at the centre of the earth? 
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11. Express in radian the angle between the minute hand and hour hand of 
a clock when it is 9 : 30 a.m. [Hint. One spacing on the dial subtends 


m — 6? degree angle at the centre. At 9 : 30 A.M.(or P.M.) the hour and 
1 1 
minute hands of the clock are (i + 23 or 173 spacing a part] 


12. A person jogging on a circular track at 6 k.m. per hour, traverses a segment 
of the path in 36 seconds which subtends angle of 60? at the centre. Find 
the diameter of the circular track. 


13. A hill subtends an angle of 8' at a point at a distance of 750 kilometre from 
the foot of the hill. Find the height of the hill. 


Trigonometric Ratios (Trigonometric Ratios) 


We discuss about trigonometrical ratios (sine, cosine, tangent, secant, cosecant, 
cotangent) of acute angle in this section. By the ratios of acute angle, we can 
determine the technique of any trigonomctrical angle. Relation among the ratios 
and its sign in different quadrant can be explained. Some identity about 
trigonometric ratios are to be conceptualized. Trigonometrical ratios and the 


maximum or minimum values of trigonometric ratios of standard angle 
( TETT 


64 3 2 
(a)Trigonometrical Ratios of Acute Angle(Trigonometric Ratios of 
Acute Angles): 


We consider a right angle triangle AOPQ to discuss 


) are also included here. 


the trigonometrical ratios of acute angle. In AOPQ, T 
ZOQP is the right angle, OP is the hypotenuse of the 5 
triangle, OQ is the adjacent side, PQ is the opposite Hypotenuse 3 
side and ZPOQ = 0 is an acute angle subjected to 3 
A 
ZPOQ.In OPQ the trigonometrical ratios of acute angle 9 4 = 
(sine, cosine, tangent, secant, cosecant, cotangent) O fase Q 
are defined below: 
: PQ Perpendicular OP Hypotenuse 

sin? = —— ————————— cosec) = — = ——————— 

OP Hypotenuse PQ Perpendicular 
cosð = OQ = Base — OP _ Hypotenuse 

OP Hypotenuse OQ Base 
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eae PQ _ Perpendicular "T OQ _ Base 
CQ Base -~ PQ Perpendicular 
Example 10. Ina right angle triangle tanf = 3 then find the other 


trigonometrical ratios of Theta 


Solution: Let ABC is a right angle triangle where, hypotenuse = AC, base 
= AB, perpendicular = BC and ZBAC = 0 


Here tanb = 3 
C 
Perpendicular 3 
or, tan? = ———————— = — 
Base 1 
.. Perpendicular BC = 3 unit and Base AB = 1 unit. A10 3 
By Pythagoras AN " 


Hypotenuse AC = y AB? + BC? = V1? +32 = 10 A 1 B 
unit 
., other trigonometrical ratios are 


. Perpendicular 3 Hypotenuse 4/10 
sind = ———————— = — cosecO = ———— — — = — 
Hypotenuse v10 Perpendicular 3 
Base 1 Hypotenuse v10 
pe Se poe c 0 
T Hypotenuse 4/10 "E Base 1 
B 1 
and cot? = — ——— = = 


Perpendicular 3 
Observation : The trigonometrical ratios sine, cosine, tangent, secant, cosecant 
and cotangent have no unit as ratios are unit base. 


2 
Activity: ABC is a right angle triangle and sin? = Um Find the other 


trigonometrical ratios of theta. 


Note: Triginometric ratios are written in brief. e.g. 
sine? = sinÜ, cosine? = cos0, tangent? = tan6, 
secantÜ = secÓ, cosecant@ = cosec#, cotangent# = cotd 


(b)Trigonometric ratio of any angle: Here we find the trigonometric ratios 
of any angle. For this we need to know the standard position of the angle. In 
Cartesian plane right side from origin that is considering the positive direction of 
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a-axis as initial ray be obtained the position of the angle. Here we consider 0 as 
trigonometric angle and the limit of 0 is boundless. 


In Cartesian plane suppose X'OX as z-axis, Y'OY as y-axis and O as origin. 
Angle @ is the product by revolving a ray OA in the anticlock-wise direction from 
x-axis i.e. OX is the initial side and OA is the terminal side. (Following figure) 


e A 
P(z,y) 
y 
x 7 Su Q X 
by 


OX is called the initial side of the angle 0 and OA is called the terminal side. 
Take a point P(z, y) different form O on the terminal side OA. So perpendicular 
distance of the point from OX is y, from OY is z and ZOQP is a right angle (see 
the above figure). 


Therefore, by Pythagoras, hypotenuse |OP| = r = y z? + y?. So for any angle 0 the 
trigonometric ratios will be : 


Perpendicular y 


T MN LN; 
ix Hypotenuse T 
Base x 
cos? = = 
Hypotenuse r 
Perpendicular y 
tang = ——————_ = = 
ic Base x pn 
Hypot 
scg = Hypotemse r Log 
Base 
Hypotenuse T 
0 = ——— = — 
sid Perpendicular y ty 7 6| 
Base x 
£g = —————— = — 0 
Perpendicular y ly #0] 
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Observation 1.As the point P and O are different so r = |OP| > 0 and sinf and 
cosÓ significant. The terminal side OA lie in x-axis then y = 0 and in that case 
cosec@ and cot is not defined. 


Similarly terminal side OA lie in y-axis then x = 0 and in that case secf and tant 
is not defined. 


Observation 2. Take another point P,(z1, y1) different from P(x, y) (Following 
left and right figure) on the terminal side OA. Draw perpendicular PM and P,M, 
from P(x, y) and Pi(z1,y1) on z-axis. So, AOPM and AOP, M, are similar. 


X O MM, X 
vy! 
S, del bi JOP| _ r 
"|| al OPR] 7 
Here OP = r, OP, = i, x and x; and y and yı are of the same sign. 


T r T T 
oe a Thiais t = gnd ee" 
Zi yı Ti T Ti T Ti 


Therefore, sin? = y_n 
r T1 
r £ 
eS i tandi. = ” ete. 
r ri T Tı 


Decision : Value of trigonometric ratios are not dependent upon the point P on 
OA. 


>x 


Observation 3. If 0 is an acute angle, the standard 
position of OA lies in the first quadrant and 9 = 
ZXOA (Figure beside). Take any point P(x,y) on 
OA and draw perpendicular PM on OX so that we 
can find the value of ratios 0 from the discussion by 
(a) and (b) OM = z, PM = y and OP =r. o 


(c) Relations of the trigonometric ratios: From the definations of 
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trigonometric ratios we see that, 


: Perpendicular Hypotenuse 1 1 
sin? = ——————————, cosec#? = ————— — = —=—______ = —. 
Hypotenuse Perpendicular Perpendicular sinô 
Hypotenuse 
l 1 
sind = and cosecü = —— 
cosec@ sing 
Y A 
4 > 
O M X 
B Hypot 1 1 
Similarly, cos? = ————, seco = POE uL _ __ 
Hypotenuse Base Base cos 
Hypotenuse 
1 1 
i.e. cos? = — and sech = —— 
ech cosd 


1 
oté tand 
Some easy identities concerning about  trigonometrical 
(Identities): 


(i) sin?0 + cos? = 1 


ji 
Similarly, tan@ = sot) and cot@ = 


Proof: From the figure we see that, 


Base T A 
cos? = = 
Hypotenuse r 
p Perpendicular y 
sind = ———————— = = ? 
Hypotenuse r y 
and r? = z? +y? 
2 2 2 |. 2 
x z r "A 
sin? + cos’@ = Z 4+ 9. = ae = =l D x 
r r r 


. sin?@ + cos?0 = 1 (Proved). 
From (i) we have, sin?0 = 1 — cos?0 or, cos?0 = 1 — sin?0 
Similarly it can be proved that, 
(ii) 1+ tan?6 = sec?0 or, sec?@ — 1 = tan?0 
Forma-23, Higher Mathe, Class-9-10 
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(iii) 1+ cot?6 = cosec?8 or, cosec?0 — 1 = cot?6 


Activity: Prove that (with the help of figure): 


1) sec?0 — tan?8 = 1 2) cosec?6 — cot?0 = 1 


Sign of trigonometric ratios in different quadrants 
In the following figure the Cartesian plane are 
divided into four quadrant by the axis X'OX 
and Y'OY. Namely XOY (1st quadrant), 
YOX' (2nd quadrant), X'OY' (3rd quadrant) 
and Y'OX (4th quadrant) respectively. 

The ray OA rotating in the anticlock-wise 
direction produces different angles depending on 
the terminal position of OA from the initial position 
OX. Take any point P(z,y) on the rotating 
ray OA. So |OP| = r. Sign of z and y will 
be changed depending upon the position of P 
and the terminal ray OA but r always remains 
positive. 

When OA lie in the first quadrant then both x and y are positive. So, all trigonometric 
ratios in the first quadrant is positive. When OA lie in the second quadrant abscissa z is 


negative ordinate and y is positive. So in the 2nd quadrant sin (sind = 2) and 


$ 
cosec (cosecd = z) are positive and the other ratios are negative. Similarly in the 


3rd quadrant abscissa z and y both are negative and tan (tane ctu 3 and 
-T HA 


cot co aaa z) are positive and the ratios are negative. When OA lies in the 
-y y 
T 
4th quadrant abscissa x is positive, ordinate y is negative, and so cos (cos = 3 


T 
and sec (secs = A are positive and the other ratios are negative. 
z 


Again, in z-axis the value of y is zero, so cosec (coses = z) and cot c = 3 
are not defined. 


T 
Similarly in y-axis the value of x is zero, so on y-axis sec (secs = -) and 


tan c = 3 is not defined. In any position of the point P the ratios 
x 
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sin (sine = 3 and cos (cose = 3 are defined and has real value. 
T T 


The precise of the above discussion can be shown below with the help of the 
figure. With the help of the figure determining all signs of trigonometric ratios of 
the angle, depending on the terminal ray of the angle, will be easier. 


4Y 
2nd quadrant 1st quadrant 


sin and cosec are positiveall ratios are positive 


AX! sy X 

O 

tan and cot are positivecos and sec are positive 
3rd quadrant 4th quadrant 

Y' Y 


Trigonometric ratios 


In class 9 and 10 the trigonometric ratio of acute angle was discussed. Now 
we shall describe the trigonometric ratio of any angle. 


Standard Position of angle: In the main point O of Cartesian plane if an 
angle is drawn considering x-axis as original ray, standard position of angle can 
be obtained. 


Definition of ratios 


Take a point P(z,y) on a rotating ray OZ of standard position of any angle 0 
where OP = r(> 0). then in angle 0 
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sine ratio, sin? = Y 
Je Y 
cosine ratio, cos? = — 4 ^ 
T 
tangent ratio, tan? = 2 [When z z 0] uo 
x 
cotangent ratio, cot@ = — [When y z 0] T 
y 
" 
secant ratio, sec? = — as x z 0] O x 
T 
cosecant ratio, cosecü = — [When y # 0] 


It is to be observed d P(x,y), P'(z', y) are 
two point on the ray OZ where OP = r(> 0), 
OP' = r'(» 0); z, z' and y, y' have same signs. 
So from AOPM and AOP'M', 


T Oor y y 
TUS ET m 3s 


So, ilis volue « of the ratios of the angle 0 do not 
depend on the position of the point P on the ray 
OZ. 

If 0 is an acute angle, then in the right angled 


Y 
triangle AOPM hypotenuse OP = r, adjoining 
side OM — z, opposite side PM — y. Therefore, <3) 
; y opposite side Las 

Sing = = = ——___ 

T hypotenuse 

Joining sid 

eee x _ adjoining side 

T hypotenuse 
tanó = y opposite side 


rz adjoining side’ 

Therefore, in case of acute angle the definition of trigonometric ratio based on 
coordinate and in class 9 and 10 definition based on right angled triangle are 
same. 


Ratios of the angles 0° and 90°: The rotating ray lies on the segment OX in 
case of 0°. Therefore, P(z,0) and r 2 OP =z. So, 


sin0? = 
cos0? = — = 


The rotating ray lies on the segment OY in case of 90°. Therefore, P(0, y) and 
r — OP — y. 
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dinge 9 =” =1 
T y 

ens = sg 
T T 


From the definition it is seen that, for any angle 0 the following rules are applicable 
for trigonometric ratios. 


1. sin?@+ cos?0 = 1 


Proof: sinf = E cos? = E r =r +y 
r r 
2 2 2 
- sin26 + cos? = = a =z=1 
T T 
sind cosé 
2. tan@ = —— = — 
" 0o80’ “9 sinf 
0 l 0 
sec) = ——, cosecü = —— 
cosÜ sind 


where the ratios are defined. 


3. Considering the signs of different coordinates in the above figure, 


II I 
Sin, cosec All ratios 
positive positive 
III IV 
tan, cot COS, Sec 
positive positive 


4. |sinO| € 1, |cos0| € 1 
Proof: sin?0 + cos? = 1 
sin?@ < 1, cos?0 < 1 
i.e., |sin6| € 1, |cos6| € 1 


5. The values of sinf, cos@ and tan@ for different values of 9 are following: 
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T7 o E E o ol = o JU -— o 
n = 30 "dm 45 3 60 5 90 
1 1 3 
2 Va 4 I 
3 1 1 
2 | yi 3 5 
Per 1 3 undefined 
V3 va 


Example 11. Find the other trigonometric ratios of acute angle 0 (0 «0« =) 


and cos? = E 


Solution: With the help of trigonometric identities, 
We know, sin?0 + cos? = 1 


4N? 16 25-1 
or, sin = 1 — e08 = 1 — ($) =1 6 25—16 9 


5 
[9 3 
‘sind = +4/— = +- 
.. sin 35 5 


As ð is an acute angle, so 9 is in first quadrant and 
all its trigonometric ratios are positive. 


3 
z. sinf = = 
SIn 5 , : 
N = ——— = — 
ow, secÜ uu A 
5 
vr ERE T 
sind 3 3 
5 


Now from the right angled triangle APOQ we get, 


ages Prependicular — Prependicular/Hypotenuse — PQ/OP 


Base e Base/Hypotenuse ~ OQ/OP 
sind _ 3/5 3 
^ cosÜ 4/5 ^4 
eiiis Base Base/Hypotenuse |. OQJOP 


Prependicular  Prependicular/Hypotenuse PQ/OP 
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_ cosh 4/5 4 
sind 3/5 3 
N.B. : tan@ = LU) = coe 
cosÜ sind 
By trigonometric identities, sec?0 — tan?@ = 1 
5\? 25 9 
?20— sec)? -1 = | 2| -l1=—-1=— 
or, tan“? = sec*é B 16 16 
9 3 
«o tané@ = 16 = Pi 
Again, cosec?0 — cot?0 = 1 
5V 25 16 
2 m 2 1 — 1 = 1 = 
or, cot“ = cosec*é ( j 9 9 
16 4 
“cot? = 4/— = 5 
co A 
Base 4 


Alternative: We know, cosó = —————— = - 
Hypotenuse 5 Y 


[Given] 

In the figure beside, from the right angled triangle P 
POQ, we get, 

N E = /8 —3 s/ |, 


= /25 — 16 = /9 = 3 unit 


ias Perpendicular E PQ T 3 
Hypotenuse OP 5 
= Perpendicular 2 PQ = 3 
Base OQ 4 
— Hypotenuse E: OP 2 5 
Base OQ 4 
Hypotenuse OP 5 
a Perpendicular z PQ =3 
Base OQ 4 
cot@ = ————— = —— =>- 


Perpendicular PQ 3 


Activity: Find the trigonometric ratios of the obtuse angle 0 G «0x n) 


1 
where tan? = - 5 with the help of right angled triangle and trigonometric 
identities. 
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4 12 
Example 12. IfcosA= p sinB = 13 and A and B are both acute angles, the 
tanB — tanA 


find the values of lantum 


Solution: Given, cosA = : 


We know, sin? A + cos? A = 1 
16 9 
or, sin? A = 1 — cos?A = 1 — — = — 


25 25 


TO LAINE CT 
<. sinA = 5 [A is an acute angle] 


3 
sinA 5 3 
A = ee 
n cosA 4 4 
5 
Y 
12 
Again, sinB — 13 
P 
-. cosB = V] — sin? B = 4/1 — I = 25 
a V 169 V 169 13 i 
;.cosB = — 
sinB 12/13 12 
i B = = = X 
ee eee ^ DIE n o 5 Q9 
12 3 
tanB — tanA 5 A 
N ——_— = 
us 1+ tanB - tanA 1 12 3 
+ ee 
5 4 
48 — 15 33 
EN 20 33 
36 204-36 56 
1 * ag 20 


. tanB-tanA _ 33 
‘"1+tanB-tanA 56 


Example 13. Find the values: sin? + cos! + tan? + cot? 


a a 1 T 1 T T 
Solution: We know, sinc m. cos, = 5 tans = /3 and cots = 0 


ats sin? + cos? + tan! + cot? 
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1 


Activity: 


f oT T T T T T 
1) Find the value of sin?—cos?= + tan?—sec?— + cot?—cosec?—. 


4 3 6 3 3 4 
guis. + e Gos + er tae i edu idu + poe 
2) Simplify: eB PME 3 3 3 3 


T A 7T RU T 
sin— + cos— sin= — cos% 
3 3 3 3 


1 
Example 14. If 7sin?0 + 3cos?0 = 4, prove that, tan = +—~ 


V3 
Solution: Given, 7sin?0 + 3cos?0 = 4 
or, 7sin?0 + 3(1 — sin?@) = 4 [. sin?@ + cos? = 1] 


1 
or, 7sin?0 + 3 — 3sin?@ = 4 —5 4sin?ü = 1 —5 sin? = 4 


1 3 
Agai 29 = 1 — sin? = 1 — ——-—- 
gain, cos sin rima 
x 1 
sinü 4 1 
t 29 = = 5 = — 
Ps cos?0 3 3 
4 


2.tanü = i (Proved) 


Example 15. If 15cos?0 + 2sinf = 7 and -5 «0« > Find the value of coté. 


Solution: Given, 15cos?0 + 2sinü = 7 

or, 15(1 — sin?8) + 2sin0 = 7 [.' sin? + cos?8 = 1] 

or, 15 — 15sin?0 + 2sinf = 7 => 15sin?0 — 2sin0 — 8 = 0 

or, 15sin?0 — 12sin9 + 10sind — 8 = 0 => (3sinf + 2)(5sinó — 4) = 0 
2 4 

sind = E or, sinü — 5 


Both value of sin@ are acceptable as ES «0ü« 5 


Forma-24, Higher Mathe, Class-9-10 
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ge ee then cos = V1 — sin?0 = ar 


3 
If sin? = = then cos = V1 = sin?0 = 4 ae = 
5 25 5 
v5 J 
costó ^3 5 : 2 
cot? = ae er [When sinf = z. 
3 
3 
cost 5 3 4 
Or, cot? = sup 4 ay [when sinf = gl 
5 
Determinable value aw or, : 


Example 16. If A= 3 and B = e prove that, 


1) sin(A + B) = sinAcosB + cosAsinB 
tanA — tanB 


a) MENS BS 1+ tanAtanB 
Solution: 

1) L.H.S.= sin(A+ B) = sin(- + 5) = sinz =1 
R.H.S.= sinAcosB + cosAsinB = sing cos + cos- sin 
ME AS SEI nd des 
= 2 2 22 4 4- 
^. L.H.S.— R.H.S. (Proved). 

T T T 1 
) S. = tan( ) an(- p anc A 
tan” — ian 
R.HS.= tanA—tanB _ UE: ME 
1+tanAtanB 14 tan—tan— 
3 6 
1 
E Wee DCN M 
"ug L ivi 
l4 v3.—— 
V3 


.. L.H.S.= R.H.S.(Proved). 
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Activity: If A = 3 and B= S then prove the identification : 
sin(A — B) = sinAcosB — cosAsinB 


2) cos(A+ B) = cosAcosB — sinAsinB 


2tanB 


) 
) 
) cos(A — B) = cosAcosB + sinAsinB 
) — tan? B 


4) tan2B = 
an 1 


Exercise 8.2 


l. Find the value of the followings without using calculator : 


cos- 2) ta T p tan- -tanz 

— Ln-— n— . n— 

1) 4 4 6 3 
os t si ud 
BBC A 
porem 


2. Ifcos0— -$ andr << = then, find the value of tané and sinô. 


3. IfsinA = E and s < Å < T then, what is the value of cosA and tan A? 


V5 
1 
4. Given, cosA = — and cosA and sinA have the same sign, find the value of sinA 


and tanA. 


5 
5. Given, tanA = -7 and tanA and cosA have opposite signs, find the values of 
sinA and cosA. 
6. Prove the following identities : 
1) tanA+cotA = secAcosecA 


l-cos0 _ "—— a sec + 1 
1—cosO | ~ V sec — 1 


1—sinA 
3) A aem = secA — tanA 
4) sec*@ — sec?0 = tan*0 + tan?0 
5) (sec — cos@)(cosec@ — sin@)(tan@ + cot) = 1 


2) 
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tanð + secü — 1 
6) tang — secð 4 1 = tan + sec 
+b 
P / a2 = b2 


8. If cos — sind = V/2sin0, then prove that, cosÓ + sin? = /2cos0 


T. If cosecA = ; where a > b > 0, then prove that, tanA = 


9. Iftand ==, « # y, then find the value of ARA 
y xsin@ — ycosÜ 
à z-i 
10. Iftan0 + secO = z, then show that, sinf = - 
z+ 1 


11. Ifacos@ — bsin@ = c , then prove that, asin0 + bcos = +Va? + b? — c? 
12. Find the value of : 


T T T T 
1) sin?— + cos?— + tan?— + cot? 


6 4 3 6 
1 1 
2) Stan?" 5 sin? — 500" + Sse 
3) ten? = sin? tan?" tan? cos?" 
tan — tan- ie "P 
4 —3 _ 6 + cos—cos— + sin-sin- 
1+ tangtang 3 6 3 6 
13. Simplify : 
" 97 97 97 
p. o eatur pet 
T T wT -* 
1+ si^ cosec? 5 — cot?— 3 6 6 6 


2 


Trigonometric ratios of many angles 


We discussed the technique about determining the ratios of an acute angle 
T 
(0 <0< =) in the second part of trigonometry. Some easy identities are 
proved concerning relations of ratios. Sign of ratios in different quadrants, 
trigonometrical ratios of standard angles, idea of maximum and minimum values 
of ratios are conceptualized. Now we shall determine the ratios of negative angle 
; i ds ; R : T 
(—6)first.Based on them we will discuss the trigonometrical ratios of the angles rm 6, 
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T 3r 3r 
z tTO, T 8, + 8, 


where n is positive integer and 0 « 0 « =] 


0, 2x +0, 2r — 0 and 7 +0 and 7. 6 | 


Trigonometric ratios of (—0) where (0 «0« =) 


Suppose the revolving ray OA from its initial position OX produces ZXOA = 0 
in anticlockwise direction in the1st quadrant and in the same distance produces 
ZXOA' = —0 in clockwise direction (Figure below). Take a point P(z,y) on OA. 
Draw perpendicular PN on OX from P(z,y). By extending PN it intersects OA’ 
on Q. So QN is the perpendicular on OX. As P(z,y) is in the 1 st quadrant 
then z > 0, y > 0 and ON = z, PN =y. 


Now form the right angled triangle AOPN and AOQN, ZPON = ZQON, ZONP = 
ZONQ and ON is common. So the triangles are equal. 
<. PN = QN and OP = OQ. 
As the point Q is in the 4th quadrant, so the ordinate is negative.So the 
co-ordinates of Q is Q(z, —y). In the right angled triangle OQN, ON = base, 
QN = perpendicular and OQ = hypotenuse = r (suppose). 
So from the previous discussion we get, 

_ Perpendicular QN _ -y _ PN 


Socr eme "ug. Ur T WP uM 
- Hypotenuse OQ r OP 
Perpendicular QN —-y PN 
Ua due ON a ON 


Similarly, cosec(—0) = —cosec0, sec(—0) = sec0, cot(—@) = —cot6 
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Remark: Above mentioned relations are applicable for any angle 6. 


Example 17. 


s) = m) oo (F) =e (F), teu (=F) = -an (F), 
se e ha (ed a a 


Angle or complimentary angle of (5 — 6) where (o «ü«c z) : 


Suppose a revolving ray OA from its initial position OX produces ZXOA = 0 
in the 1st quadrant in anticlock-wise direction. Again another ray OA’ from its 
initial position OX produces 7XOY = — in the same direction and then produce 


ZY OA' = —0 in clock-wise direction from the position OY (Figure below). 


So, ZXOA' == +(-8)= 5-8 
Draw perpendiculars PM and QN 
from P and Q on OX triangle equal 
the distance OP and OQ. Now, 
from right angled triangle APOM 
and AQON, ZOMP = ZONQ, 
ZPOM = ZOQN and OP = OQ. 
.. The triangles are congruent. 

-. ON = PM and QN = OM 

If the co-ordinates of P is (x, y), then 
OM =z, PM =y 

<. ON =y, QN =z 

‘, The co-ordinates of Q is (y, x) 
Now, from the aoe ANOQ we get, 


sin (z — 0)-2 = cosÓ, cos u — o) =2 = sind 


T 
tan (2 - 0) = 7 = eU 
Similarly, cosec G — 0) = secÜ, sec G — 0) = cosecf 


T 
t (7-9) = tano 
co 5 an 
Remark: Above mentioned relations are applicable for any angle 0. 


T T T T 
E l l ` i ( 5) ^ ( 2 6 ) E 6 
xample 18. sin 3 sin 2 5 cos 6 
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tan (7) = tan (Z - Z) = cot sec (7) = see (Z - T) = cosec4 
6/ » wu 4j — 2 4 4 


Observation : 0 and G — 0) are complement Angle. Complement of sine, 
tangent and cotangent are cosine, secant and cotangent. 

Trigonometric ratios of e + 6) where (o «0c >) i 
Suppose revolving ray OA from its initial position OX produces ZXOA = 0 in 
the 1st quadrant in anticlock-wise direction and then produces ZAOA’ = S in 
the same direction (Figure below). 

So, ZXOA = ZYOA' = 0 and ZXOA' = 5 +0. 

Let any point P(x,y) on OA. Take a point 
Q on OA’ so that OP = OQ. Draw 
perpendicular PM and QN from P and Q 
on r-axis. 

“.ZPOM = ZNQO = ZYOQ- 0 

Now from right angled triangle APOM and 
AQON, 

ZPOM = ZNQO, ZPMO = ZQNO and 
OP=OQ=r 

<. APOM and AQON congruent. 

<. ON = PM, QN = OM 

Now, if the co-ordinates of P is (z, y), then ON = -PM = -y and QN = OM = 
x 


.. Co — ordinateof Q is Q(—-y, x) 


We get, 

sin (= +6) = cos, cos é +8) = ind 
2 T 2 T T 

tan ( +0) aS re 
2 e y 


Similarly, cosec (= + 0) = sec, sec (S + 0) = —cosecd 


cot (z + 0) = —tand 


Remark: Above mentioned relations are applicable for any angle 8. 
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Activity: Find the value of sec (1. cosec (=) and cot (=). 


Trigonometric ratios of (m + 0) where (0 <0< =) x 


Let the revolving ray OA from its initial position OX produces 7XOA = 0 in the 
1st quadrant in anticlock-wise direction and then produces ZAO A' = s revolving 
in the same direction (Figure below). So, ZXOA' = (m +8). 


Now take any point P on OA and Q on OA' 
so that, OP = OQ = r. Draw perpendicular 
PM and QN from P and Q on z-axis. 

Now from the right angled triangles A.POM and 
AQON, ZOMP = ZONQ, ZPOM = 
ZQON and OP = OQ = r. Therefore, 
triangles are similar. 


<. PM = QN and OM = ON 
Now if the co-ordinate of P is (z, y), then ON = —z, NQ = —y 


<. Co — ordinatesof Q is (—z, —y) 
m y 


i.e., sin(r + 6) = — = —= = —sing 
r r 
cos(z + 0) = = pee —cos6, tan(z + 0) = cy = 7 = tanb 
r r -z T 
Similarly, cosec(a + 0) = —cosecó 


sec(7 + 0) = —secÓ, cot(z 4- 0) = cot 


Remark: Above mentioned relations are applicable for any angle 6. 
T v3 


4 
Example 20. sin (5) = sin (v + =) = —sin (2) mU hos 
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cos £3 = cos (7 + ) = —cos (=) = E 
tan (=) = ten (x + =) = tan (5) = ^ 


Activity: Find the value of sec ($). cosec (1. cot (=) 


4 6 


Trigonometric ratios of (7 — 0) where (0 «0« =): 


Let the revolving ray OA from the initial line OX produces ZXOA = 0 in the 1st 
quadrant in anticlock-wise direction and then after producing 7X OX’ = s in the 
same direction, O.X’ revolves in the clockwise direction to produce ZX'OA' = —0 
(Figure below). So, ZXOA' = r + (-0) 2 s — 6. 

Now take a point P on OA and Q on OA’ so 
that, OP = OQ =r. 

Now in the right angled triangle ^OMP and 
AONQ, ZOMP = ZONQ, ZPOM = 
ZQON and OP = OQ = r. Therefore 
the triangles are congruent and ON = OM, 
QN = PM. 

If the co-ordinate of P is (x,y), then OM = 
z,PM=y 

-.ON =-2,NQ=y 

.'. Co-ordinate of Q is Q(—z, y) 


So, sin(a — 0) = : = sinf, cos(1 — 0) = ERU : = —cosÜ 


tan(7 — 0) = + 


Similarly, cosec(7 — 0) = cosecÜ 


— 
z 


sec(r — 0) = —secO, cot(x — 0) = —coté 

Remark: Above mentioned relations are applicable for any angle 0. 
_ (20 T Som V3 

Example 21. sin (5) = gin (n — Z) = sin (2) 


Forma -25, Higher Mathe, Class-9-10 
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Activity: Find the value of cosec £3! sec (=), cot (F) 


Observation: 0 and (r — 0) are supplementary angles. Sine and cosecant is 
supplementary angles are equal and of same in sign. But cosine, secant, tangent 
and cotangent are equal and of opposite sign. 


Trigonometric ratios of = = e where (o «0« =) : 


From preceding discussion we get, 


sin ($F - 9) =sin{x + (5 - 4) } = -sin (3 - 6) = —cose 
(2-9) -af (G-9)- 
tan (5-6) =tan {x +(F- e)-t an (Z — 6) = coté 


Similarly, cosec (F — e = —gecü 


sec (= — ) = —cosecÜ, cot = — ) = tan. 


Remark: Above mentioned relations are applicable for any angle 8. 
Trigonometric ratios of (27 — 0) where (o «0ü« z) 


Standard position of (2x — 0) is in 4th quadrant and similar to (—0). So 
trigonometric ratios of (—0) and (27 — 0) are equal. 


<. sin(2a — 0) = sin(—0) = —sin6, cos(2r — 6) = cos(—0) = cos 
tan(27 — 0) = tan(—0) = —tan@, cosec(2z — 0) = cosec(—0) = —cosecó 
sec(27 — 0) = sec(—0) = sec@ and cot(27 — 0) = cot(—0) = —cotó 
Remark: Above mentioned relations are applicable for any angle 0. 


Trigonometrical ratios of (27 + 0) where (o «0« z) : 
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Standard position of (27 + 0) is in the 1st quadrant and so the trigonometric ratios 
of 0 and (27 + 0) are same and equal. 


.. sin(27 + 8) = sinb, cos(27 + 8) = cos0 
tan(2a + 0) = tan£, cosec(2a + 0) = cosec 
sec(27 + 0) = sech, cot(2r + 0) = cot. 


Remark: Above mentioned relations are applicable for any angle 6. 


Trigonometric ratios of (= + ) where (o «0« =) : 


37 3r T 
For (F +9), eom - (5-9) 


.. sin e + ) = sin {2x — ( — 0)! = —sin G — 6) = —cos0 


30 T ; 
cos & + ) — cos e — 0) = sind 


37 T 
tan ($ + e — —tan ¢ — 2 = —coté 


Similarly, cosec ($ + e) = —sgecÜ 


sec (= + e) = cosec@, cot (2 + ) = —tanó 


Remark: Above mentioned relations are applicable for any angle 6. 


Method of determining the trigonometric ratios of (n x me 8) where 


(0«6« 2): 


Trigonometric ratios can be determined by the following steps. 


Step 1. We are to divide the given angle into two parts whose one part is n 
multiple of 3 or — and the other part is an acute angle. i.e., we are to 


express the given angle in the form (n x 2 + 0). 


Step 2. If n is even the ratio remains the same, that is,sine remains sine, cosine 
remains cosine etc. 


If n is odd the ratio will be changed, that is, sine, tangent and sec will be 
changed into cosine, cotangent and cosecant, cosine, cotangent. 
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Step 3. After knowing the position in the quadrant of (n x 5 + 0) we have to 
put the sign of ratio determined in step 2 


Nota Bene: To determine the ratios students are advised to follow the method 
discussed here. 


Example 22. sin (5 + ) here n = 9 odd number. So the ratio of sin will be 


9 
changed into cos. Again, (F + ) lie in the 10th or 2nd quadrant. So the sign 


of sin is positive. 


<. sin (F + ) = cosÜ 


sin ($ = ) here n = 9 odd number and (s = ) lies in 9th or 1st quadrant, 


so sign ofsin is positive. 


.. sin (= — ) = cosÜ 


In the case of tan e + 2l n — 9 is odd, tan will be cot and (= + ^ lies in the 


10th or 2nd quadrant, sothe sign of tan is negative. 


..tan (F + a) = —coté 


Similarly, tan (7 — ) = cotÜ 


11 
Activity: Express the angle 0 of the ratios sin Cy +6), cos (11r +6), 


tan (= + o), cot (187 + 0), sec (S + ) and cosec (87 + 0) 


Example 23. Find the values of 


1) sin(107 +8) Bios (=) 
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Solution: 
1) sin(107 4-0) — sin(20 x s +6) 


Here, n = 20 and sin(20 x S + 0) is in the 21th quadrant or in the first 
quadrant. 


<. sin(10a + 0) = sin 


2) cos ($) = COS (6r + 5) = cos (12 x 5 + 5) 


1 
Here, n = 12 and = is in the first quadrant. 


1 
Here, n = 4 and = is in the fourth quadrant. 


'. tan Ed ME 
oe 6 M 6 v3 


4) cot (0 - $) = oot [- ($ - 0) } = con (ax F -0) 


9 
Here, n = 9 and > — 0 is in the first quadrant. 


.. cot (s — 2) = —(tan0) = —tand 


5) sec (-=) = sec (=) [.* sec(—0) = sec] 


= sec (17 x Z +0) 


17 
Here, n = 17 and - on y axis. 


1 
.. Sec (- x) = cosecÜ,undefined. 


Example 24. Find the value of: 


aus + bear + ia + ee + eae 
90^ 30^ 90 ^ 30^ ds 
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Solution: 
. l1 1 . 101 3l 5 
singg” + COB AT + sin 90 nT 4 rr dd } cosa 
. 22 6 . 1 300 
= aan + coer sa” + "Um + cos 1807 + COB Tan” 
= fes + cos— : 7 -- sin(z + ——7) + cos(a + ae + cos(2z — ae) 
180 180 im 180 180 


. 22 is 6 . 22 6 " 60 
= Sin——' + cos— n — sin—— T — cos——z + CO8—— T 
180 180 180 180 180 
= cos 


3 


ee Find the value of: 


cos? = + cos? im oe aa a 
15 30 15 30 


Example 25. If tan? = Š and cosÜ is negative then prove that, 
sind + cos(—8) 51 
sec(—0)+tanO 26 


Solution: tan? = “ and cosÓ is negative, so angle @ lie in the third 
quadrant. 
5 y 

i.e., tanü = — == 
ie., tan ra 
<.. xz =12, y =5 

r = 4/(12)? + (5)? = v 144 + 25 = v 169 = 13 

: —y 5 -xz  —12 1 13 
p jg em g EUREN CUT eg 


. sin? -- cos(—68) ^ sin + cos M " " 
'sec(—0)--tanÜ ^ secÓ--tanÜ zc Qd 


5 12 17 
17 12 5l 
E 13 13 £ Hi a ee [Proved] 
1*1 ^1 


Example 26. If tand = —4/3, ; « 0 < 27, find the value of 8. 
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Solution: tan is negative, so the angle 0 lies in the second and fourth quadrant 


2 

In the 2nd quadrant, tan? = —/3 = tan (s — Z) = tan 

2n 
O= 

3 
It is acceptable because « 0ü «2n 

Seo, T on 

Again, in the 4th quadrant, tand = —v3 = tan (27 — 5) = tam. 

on 
- g-2-— 
: 3 
It is also acceptable because 5 « 0 «2r 


., the value of 0 is zi and 


Example 27. Solve0 « 0 « s : sind + cosh = /2 


Solution: sin@ + cos? = /2 

or, sin = v2 — cos —» sin?0 = 2 — 2 /2cos0 + cos?0 
or, 1 — cos? = 2 — 2\/2cosé + cos? 

or, 2cos?0 — 2/2cos0 +1 = 0 => (V/2cos6 = 1)’ =0 
or, V2cos — 1 = 0 


1 T 
or, cos? = — = cos— 


uo 


The required solution is 0 = z 

Example 28. 0 < 0 < 2r then find the solution of the following equation: 
sin?@ — cos? = cos 

Solution: sin?0 — cos?0 = cos 

or, 1 — cos?0 — cos?0 = cosÓ 

or, 1 — 2c0s?0 — cos = 0 = > 2cos?0 + cosó - 1 = 0 

or, (2cos0 — 1)(cos0 + 1) = 0 
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.. 2cos — 1 = 0 or cos + 1 =0 


1 
i.e., cos? = za! cosü = —1 


. T 
i.e., cos? = cosg or cos? = cost 


Activity: 2 (sin@cos6 + V3) = /3cos6 + 4sin@ then find the solution of the 
equation, where 0 < 0 < 2x 


t0 0—1 
Example 29. A= see os and B = cotÓ + cosecé 
cot — cosecü + 1 


1) eS T show that, B = /3 


2) Prove that, A? — B? =0 


3) If B= and 0 < 0 < 27, find the approximate value of 0. 


1 
V3 
Solution: 


1) B = cotÓ + cosecó = cot + cosec t= z 


ee 2 3 _ 
AB BB 
PM cot + cosecü — 1 
cotÓ — cosec# + 1 
.. €ot6 + cosecó — (cosec”6 — cot^8) E doses] 
cot@ — cosec# + 1 ) 
cot@ + cosecÜ — (cosec + cot@)(cosecé — cot) 
cotÓ — cosec + 1 

(cot@ + cosecü) (1 — cosecÓ + cot) 
H cot@ — cosec@ + 1 
At = B? 


z. A? — B? =0 


V3 


= cot + cosecü = B 
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3) B= — 
ae 
cos@ 1 1 


1 
tO § = — De ji cet ee uut 
or, cot@ + cosec B => Sing Tng V3 
cosĝ +1 1 


ong 7 A = > V3(cosé + 1) = sind 


or, 3(cos?0 + 2cos0 + 1) = sin?@ [by square] 


or, 3cos?0 + 6cos0 + 3 = 1 — cos?0 

or, 4cos?0 + 6cos0 + 2 = 0 => 2cos?0 + 3cos0 + 1 =0 

or, 2cos?0 + 2cosÓ + cos + 1 = 0 

or, 2cos6(cos0 + 1) + 1(cos8 + 1) = 0 => (cos + 1)(2cos0 + 1) = 0 
.'. cosÜ + 1 = 0 or, 2cos? + 1 = 0 


1 
i.e., cosü = —1 or, cos? = n^ 
: T T 
i.e., cos? = cosm or, cos? = cos (= — 2) cos (n + 5) 
2m 4m 1 4r 
ie., 0 = § = —, —. But cot + cosech = — is not satisfied by 6 = 7, — 
ie., 0 — « or, 3'3 B y UE 
27 
som 
2 3 


2 
The required solution: 0 — E 


Exercise 8.3 


l. IfsinA— ah then find the value of sin 2A. 


a : 2) 1 3) 1 4) v2 
V2 2 
2. In which quadrant the angle —300° lies? 
1) First 2) Second 3) Third 4) Fourth 
3. If sin + cos0 = 1, then the value of 8 is 
(4) 0° (ii) 30° (iii) 90? 


Which one of the followings is correct? 


Forma-26, Higher Mathe, Class-9-10 
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1) i 2) a 3) i and ii 4) i and iti 
From the figure — A 

(i) tan? = : 

E 

(ii) sind = 3 F 
(iii) cos?@ = > 
Which one of the following is correct? BO A C 

3 
1) i and 4 2) i and iii 3) ii and iii A) i, ii and iii 


Answer no. 5 and 6 in accordance with the following figure: 


C 
b a 
A B 
sinB + cosC =? 
2b 2a a? +b? ab 
1 — 2) — 4 ——— 
Er > ar: ) g m 
What is the value of tan B? b 
1) a2 — b2 2) a2 — b2 
3) a 4) MES HN 
va? — b? a2 — b2 
Find the value of lin 
1) sin?7 2) cos—— 3) cotlla 
19 25 
4) tan (-3) 5) costo 6) sec e) 
2 
7) sao 8) cos (x 
Prove that, 
1) wee Loe + cos — + cos. = 0 
10 10 10 10 — 


2) (und nante m re 
1p q9: qa R 
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3) sin? T p sin? 297 sin? m ET £2 
7 14 7 14 
4) gin os i — d EE =1 
3 6 3 6 
5) gu a dem — sud (-X) Ex] 
3 6 6 3 
6) Iftanü = 2 and sind are negative, show that oO E 
4 sec? + tan 
9. Find the value of 
1) rd + a + une — dnt 
4 4 36 36 


2) cot (ise ue E 
99 0059 30 9" 2549 9] 9" ag 


3) sin? Z + sin? 198 i a S rap Em 
4 4 4 4 


4) cos? URN T e Lu + cos? 25 
8 8 8 8 


177r oT 3Tm 
2 a) | 2 2 
5) sin ig ti | tes. reos. 


10. If@= 3 then prove the following identities : 


2tand 


1) sin20 = 2sin@cos) = 1 2) sin30 = 3sinf — 4sin?0 


an?0 2tan 
3) cos30 — 4cos?0 — 3cos0 4) tan20 — zs 
1 — tan^8 
11. Find the value of a satisfying the given conditions : 
3 1 
1) cota = -V3, 77 < o < 2n 2) cosa = -5, 5, «a < 
3 3 
3) — <ac 4) cota = —1, T < a < 2a 


12. Solve: (where 0 < 0 < 5) 
1) 2cos?8 = 1 + 2sin?0 2) 2sin?0 — 3cos6 = 0 
3) 6sin?0 — llsinü + 4 = 0 4) tanÓ + cot? = 
5) 2sin?0 + 3cos0 = 3 

13. Solve: (where 0 < 0 < 27) 


1) 2sin?0 + 3cos0 = 0 2) 4(cos?0 + sin) = 5 
3) cot?0 + cosec?ó = 3 4) tan?0 + cot? = 2 


SI^ 


14 


5 
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5) sec?0 + tan?0 = 2 6) 5cosec?0 — 7cot@cosech — 2 = 0 
7) 2sinzcosz = sing (0 € x € 2r) 

14. Radius of the Earth is 6440 km. Dhaka and Panchagar make 3.5? angle at 
the centre of the Earth. A person wants to enjoy scenic natural beauty of 


Panchagar in the winter. He reached Panchagar with a vehicle having a wheel 
of diameter 0.84 m. 


1) 


2) 
3) 


15. 


What is the angle in radians Dhaka and Panchagar make at the centre 
of the Earth? 


What is the distance between Dhaka and Panchagar? 


How many revolutions wil the wheel make while travelling to 
Panchagar from Dhaka? 


In figure ABC is a circular wheel and length of the arc AB is 25 c.m. Find 
the value of 0. What distance will the wheel cover in a single rotation? 


What is the speed of the wheel ABC if it revolves 5 times in a second. 


In the figure find the value of sinf from ABOD, to prove that, tané + 
sech = x 


16. In a right angled triangle if the length of smallest side is 7c.m. and the 
smallest angle is 15', then what is the length of hypotenuse? 
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Exponential and Logarithmic 
Function 


Exponential and logarithmic functions retain their place and importance in the 
theory and applications of mathematics as well as real life applications. For 
example: population growth, compound interest calculation etc. 


After completing the chapter, the student will be able to — 


> explain rational and irrational exponents; 

> prove and apply the laws concerning rational and irrational exponents; 

> explain the relation between exponents and logarithms; 

> explain, prove and apply the laws of logarithms; 

> explain the concept of exponential, logarithmic and absolute value functions 
and solve mathematical problem; 


v 


sketch the graph of functions; 


v 


represent exponential, logarithmic and absolute value Function by graphs; 


v 


find logarithms and antilogarithms using calculators. 


Rational and Irrational Exponents 


We recall some notations : Fè denotes the set of real numbers 
N denotes the set of natural numbers 

Z denotes the set of integers 

Q denotes the set of rational numbers 


If a is any real number and n is any natural number, when a is multiplied n times, 
the product is written as a” = a-a-a--- (n times) and a” is called n th power of 
a. In such cases, a is called the base and n is called the exponent or index. 
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. in 3* the base is 3 and exponent is 4. 
rg 2 
Again, in 2139 the base is 3 and exponent is 4. 


Definition: For all a € R 
1l. ala 


2. a°=a-a-a---a (n times factor of a), where n € N,n >1 


Irrational Exponent 


When an exponent z is irrational, we fix the value of a*(a > 0) so that for some 
rational value p approximate to x, the value of a? is close to the value of a”. 
For example, we consider the number 3V5. We know, v35 is an irrational number 
and y5 = 2.236067977 --- (We have obtained this value using calculator and --- 
indicates that the decimal expression is infinite). 


As the approximate values of v5 considering 


m= 2.23 = pp = 2.236 — p4—22360 — py = 2.23606 ps = 2.236067 
Ds = 2.2360679 ^ p; = 2.23606797 


we obtain the following approximate values of 3⁄5. 

qı = 37-3 = 11.5872505 q2 = 37736 = 11.6638822 q3 = 322360 = 11.6638822 
Qa = 323906 — 11.66465109 q5 = 32236067 — 11 6647407 

gg = 322360679 — 11.6647523 qy = 3223606797 = 11.6647532 

This values have also been obtained using calculator. 


Actually, 3¥5 = 11.6647533 - - - 


Laws of Exponents 


Formula 1. Ifa € R and n € N, a! =a, a"*! =a" . a. 


n+1 times 


hemes eee! 
Proof: By definition a! = a and for all n € N: a™! = G@-a-a::--aa@ = 
— V 
n times 


n 


a` a 
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Note: N is the set of all natural numbers. 


Formula 2. 


Proof: 


For every a € Rand m,n € N, a" . g^ = qt» 


Let us consider the statement a™ - a” = a^^? ... (1) fixing some value for m € N 


and taking n 


as the variable. 


Putting n — 1 in (1) we get, 


L.H.S = a” - al =a":a=a"' = R.H.S [Formula 1] 


.. (1) is true for n = 1. 


k 


Now, let (1) is true for n =k. i.e. a™ - a* = a™+tk 


Then, a” - a*** = a™(a*- a) [Formula 1] 


= (a - aF)- a 


= qmtk : 


a 


= a™*k+1 [Formula 1] 


ie. (1) is true for n= k + 1. 


Hence, by mathematical induction for all n € N (1) is true. 


.. for every m,n € N a™-a™ = ann 


q".gq"^ = omm 


This is the functional law of exponents. 


o 
Formula 3. For every a € R,a # 0 and mn c Nim Æ nm, 
a" a"7^. whenm >n 
an when m « n 


Proof: 


1. Suppose, m >n. Then m —» € N. 


t qa” 


a™ 


E 


- a” = ai)" = q* [Formula 2] 


=a™™ (definition of division] 
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2. Suppose, m < n. Thenn-—mewN 
Sat figno gomme a” [Formula 2] 
a” 1 
"a^ qnom 
Note: Prove the above formula by mathematical induction. [like formula 2] 


[definition of division] 


Formula 4. Ifa € R and m,n €N, then (a")^ = a™ 
Formula 5. For all a,b € Rand n € N, (a b)” = a^ -b 


[Prove the above formulae by mathematical induction] 
Zero and negative integer exponents: 
Definition: For some a € R,ifa #0, 
3. a =1 
2 1 
4. q * = —, wheren € N 
a" 


Remark: While expanding the concept of exponent, the validity of the functional 
law of exponents a” - a” = a™™” is assured carefully. 


If the formula is true for m = 0, then a? . a” = a9*" i.e, a? = um 1 must be 
held. 

if the formula is true for m = 0, then a? - a” = a°” i.e, a? = = = 1 must be 

a 
held. 
Similarly, if the formula needs to be true for m = —n (n € N), then 
1 
a™” . a” Sa = al = 1 ie, a™ = — must be held. Above definitions have 


been defined considering these cases. 


Example 1. 1) 25.96 = 25:6 — 9 


3° 5-3 2 

3 1 1 

32 ws 
4) 5\ 5.5 5 5x5x5 5 
4j 4 4 4 4x4x4 48 


5) (42)" = 42x7 — 414 


6) (a2b3)° = (a2)? . (B3)° = g2X5 . p3x5 — g10pl5 
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Example 2. 1) 6°=1 


2) (-69-1 

1 
8) T'-. 
»n-i-à 
5) 10 = =01 
6) == 


n 


Example 3. If m,n € N, assuming the validity of the law (a™)” = a"" show 


that, (a'")" = a™ where a #0 and m € N andn € Z 
Solution: Prove that, (a”)” = a" ..- (1) 
where, a # 0 and m € N and n c Z 


Step 1. First assume that, n > 0, in this case the validity of (1) has been 
ascertained. 


Step 2. Now let, n = 0 so here (a”)” = (a*)? = 1 
and, a™” = a? lr n = 0] 
. (1) is true. 


Step 3. Last suppose, n < 0 and n = —k, where k c N 
1 


(am)? 


Example 4. Show that, for all m,n € N, vd a^^. where a # 0 
a” 


a mk am Cc) = qmn 


Here (a™)” = (a) * 


m 
Solution: If m > n, - = a?" [Formula 3] 
a 


q™ 
Ifm<n, qe [Formula 3] 


n qnm 


S = azem) [Definition 4] 


n 


a 
= gm-n 
a” 0 m 
Ifm =n, — = — = 1 = a? [Definition 3] 
Ge d 


Forma-27, Higher Mathe, Class-9-10 
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Note: From the definitions of exponents described above, for any m € Z we can 
get the explanation of a™, where a # 0. Considering exponents as positive or zero 
or negative, we can prove the formula below for all integer exponents. 


Formula 6. Ifa Z0, bz 0and m, n € Z, 


1. a” -a ean 
m 
qt 
an 
S. day enge 
4. (ab) = a^p^ 


«Qs 


Jse mathematical induction method to show that, (a™)” = a", where 
€ Randnc N 


Jse mathematical induction method to show that, (a - b)" = a" - b^, 
where a,b c Rand n c N 


3 TA 1 
Use mathematical induction to show that, (i) xi where, a > 0 


andn eN 


av” 


n 
Next using the formula (ab)” = a"b", show that, ( 3 = ~ where 


a,b6€R,b>0andneN 

a + 0 and for positive integer exponent m,n € Z, justify the formula 
a™ . g^ = a™*” and show that, a” - a” = at” when (1) m > 0 and 
n<0(2) m «0 and n « 0. 


Explanation of the Root 


Definition: If n € N,n > 1 and a € R, if there is such z € R that z” = a, then 
this z is called a n-th root of a. If n — 2 this root is called square root and for 
n, — 3 it is called cube root. 


Example 5. 1) 2 and —2 both are the fourth root of 16, as (2)! = 16 and 
(—2)4 = 16 
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2) —3is cube root of —27, because (—3)? = —27 
3) Vn € N,0 is the n-th root of 0. For n > 1, 0^ =0 


4) —9 has no square root, because square of any real number is non-negative. 


It is important to know and remember the following facts, 


(i) Ifa > 0 and n € N,n > 1, then a has a unique positive n-th root. This 
unique positive root is denoted as {ya (4/a is replaced with ya) and it is 
called the principal n-th root of a. If n is an even number, a has another 
n-th root and that is — Va 


(ii) If a «0 and n € N,n » 1 is odd number, then a has only one n-th root 
which is negative. This root is denoted as —4/a. If n is even and a is 
negative, a does not have have any n-th root. 


(iii) n-th root of 0 is YO = 0 
Note: 
1. Ifa» 0, /a»0 


2. ifa « 0 and n is odd, %/a = — %/|a| < 0 [where |a| is the absolute value of 
al 


Example 6. v4 = 2, (V4 # —2), /-8 = —2 = —4/8, 
aues ial = t when a > 0 


—a, when a < 0 


Formula 7. Ifa<0,2€N,n » 1 and n is odd then show that, ~/a = — t/ |a| 


Proof: 

Va — X —la| [^a « 0] 

= &/(—1)^la| |. n is odd] 

- Yfal 

90, Va — V la 

Example 7. Find the value of —¥/27. 
Solution: —4/27 = — 3/(3)3 = —3 


Formula 8. Ifa>0,meéZandneé N,n» 1, (*/a)” = Yar 
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Proof: Let, ya = z and Va™ = y 

Then, z” = a and y” = a” 

or, y^ = a™ = (2)™ = (gn) 

Since y > 0,2” > 0, therefore considering the unique n-th root we get, y = 
TD 

or, Va = (3/a)™ 

ie, (Ya)” = Yar 

Formula 9. Ifa » 0 and T = 2 where m,pc Z and n,q c Nn» 19 »1 


then, Va™ = Yar 


Proof: Here, qm — pn 

Let, Ya™ = z then, z^ = a^ 

or, (2")* = (a™)? 

or, p"4 = a™ = qin 

or, (29)” = (aP)” 

or, £? = a? [considering the unique n-th root] 
or, x = Yar 

ie, Va™ = Ya 


Corollary 1. Ifa O0 andm, kc N, n>1, then, Ya= Wak 


Rational Fractional Exponents 


Definition 5: If a € R and n € N, n » 1, an = Va when a > 0 ora « 0 and n 
are odd. 


Remark: Exponent Rule (a”)" = a^ [Formula 6] 


n 


n 
If it is true in all cases, then (a*) = q^ = a! = a needs to happen, i.e 


n-th root of a» needs to happen. So the definition mentioned above is explained 
to prevent ambiguity for more than one number of roots. 


Remark: If a « 0 and n € N, n > 1 odd then from formula 7 it is seen that 
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NER T i 
at = Và = - y/o] = -lalt 
In these cases using this formula, the value of a* is determined. 


Remark: If a is a rational number, then in most of the cases an will be a rational 
number too. In these cases, the approximate value of a* is used. 


Definition 6: If a  0,m € Z and n € N,n > 1 a* = (ax)" 

Note: From definition 5 and 6 and formula 8 we see that, 

an = (x/a)" = Ya” where, a» 0,m € Z and, n € N,n » 1 

So, p € Z and q € Z,n > 1 if such that, Z = : happens, then we can see from 
formula 9 that, a% = aa 


Note: From the definitions of integer exponents and rational fractional exponents, 
we can get the explanation of a’, where a > 0 and r € Q. From the above 
discussion we see that if a > 0, then if r is divided into equal fractional value, 
the value of a” does not change. 

Note: The rules explained in formula 6 is generally true for all exponents. 
Formula 10. 1ía 50,5» 0andr,seQ 


1) "a . a3 = arts 


2) f$ =a 


4) (ab) = a'b* 


a\r a 
8 (5) =F 
From repeated applications of (a) and (d) we see that, 
Corollary 2. If 


1) a>Oand ri, T% Te € Q, 


a!.g?.g3...gfk = Qritratrat +r. | 


2) Ifa, 7 0,05 >0,--- ,an >O and r € Q then (a) - ag--- a4)" = 01: 05: 07. 


Example 8. Show that, a% Goya tg 


e 
N 
& — where a> 0;m,p E Z;n,q E N,n>1,q>1. 
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; " m p. : ; 3 
Solution: Transforming — and = into fractions with same denominator we can 
n q 
see that, 
m ma n 1 1 


an Q4 =a™ qm = (a^«)"4(ag»«)"? [Using definition 6] 


= (ara mato [Formula 6] 


Some Important Facts: 
(i) If a7 = 1, where a > 0 and a Æ 1, then z = 0 

(ii) If a” = 1, where a > 0 and z Z0, then a = 1 

(iii) If a® = a”, where a > 0 and a £1, then z = y 

(iv) If a* = b”, where ; > Oand z £0, then a = b 
Example 9. Ifa” = 6, b¥ = c and c? = a, then show that, ryz = 1. 
Solution: From the given condition, b = a*,c = bY and a = c* 
Now; b = aë = (P) = œ =O)? =r 


or, b = b?** or, b! = b797 


J cyz=1 

Example 10. Ifa? = b^, then show that, (2) * — @$-1 and from this prove 
that, if a = 2b, then b = 2 

Solution: Given that, a’ = b° 


“b= (ab) = (a)? 


Again, if a = 2b 


2b 
bo 
@ = (2b)? -1 


or (2)? = (25-7 or, 4 = 2b 
= 2 (proved) 
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Example 11. If x*V® = (,/z)*, then find the value of z. 


Solution: Given that, 2°V" = (x,/z)* 


1 1 2 
Example 12. f a? = bY = œ and b = ac, then prove that, — + = = 5. 
zT zZz y 
Solution: Given that, a? = bY or, a = bz 
Again, c^ = b or, c = b? 
Now, b? = ac or, b? = bz - bz = bst? 


opea 
r z 


2 1 1 
or, — = — + — [Dividing both sides by y] 
y gz 


1.1 2 
— + = = (proved) 
£ z y 


b\ otc cN cta aN atb 
Example 13. Prove that, Ẹ ) x (=) x (5) =i 


re 
b\ b+c c\ cta a\ a+b 
Solution: L.H.S. = (£) x (5) x (5) 
xe ze zb 
= (z^ eye x (gees x a ae 


b2 


E 2 a2 2_p2 
cup ce x gT x g 


= qP e re 0? +0? 1? 
cix = 1 emus. 
Example 14. If a* — bs — c* and abc — 1, then show that, x +y 4 z — 0. 


Solution: Let, as cbe coh ck 
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then we get, a = k?,b = k¥,c = k” 
<. abe = k® - k? - k? = ket 
Given that, abc = 1 


s kettete — 1 = £2 


c r+y+z=0 
Example 15. Simplif + : T : 
.  Simplify ————————— + —— + L————— 
p PUY DF arepane pareta C lat +a 
Solution: Here, 
1 = a y s aY 
l-c-a9-*--av-*  a-¥(1+a¥*+av-*) aY +a +a 
i 1 a” a” 
Similarly, —————————— = —— = 
l-ca7-?-ra"  a-(lca*7-Fa^") a7 +a™ + a™ 
1 a? 
and Sa ———————— 
l+ at +a at*+tat%+a* 
H . oes 1 1 1 
ence given quantity — TG aws lau. ary pareja teu NU Eur prp 
a v a” a7 


a¥+a*+ta*7 a*+a*+a¥ aT tata 

ata” +a? 

a-*+a¥+a* — 

Example 16. If a = 2+ 23 + 23, then show that, a? — 6a? + 6a —2 = 0 
Solution: Given that, a = 2+ 23 +23 

a—-2=23 42i 

or, (a — 2)? = (23 4-23)? = 22 -24-3.2$.23(23 +23) = 6+6(a—2) [2$ +23 = 
a — 2| 

or, à? — 3a? -2 + 3a. 22 — 2 = 6 + 6a — 12 

or, à? — 6a? + 12a — 8 = 6a — 6 

<. a — 6a? + 6a 2-0 

Example 17. Solve: 47 — 3.27? + 25 = 0 


Solution: 4* — 3. 2*7? + 25 = 0 
or, (22)* — 3.2% -2? 432 —0 
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or, (27)? — 12-27 + 32 =0 

or, y? — 12y + 32 = 0 [suppose 27 = y] 

or, y? — 4y — 8y + 32 = 0 or, y(y — 4) — 8(y — 4) = 0 
or, (y— 4)(y— 8) =0 

So, y-—4=0or,y—-8=0 

or, 27 — 4 = 0 [; 2% = y] or, 279-8 = 0 [27 = y] 
or, 27 =4= 2 or, 27 = 8 = 23 

“z2=2or,2£=3 


.. Required solution, z = 2, 3 


Activity: 
1) Find the value: 


5"*?..35 x 571 34 . 38 
4x Br (2) 314 


24 ab+b? px be +be+c? c N € caa? 
p p p 
Show that, (&) x (E) x (E) =1. 


If a = zy? 1, b = zy?! and c = zy", then show that 
at? . bP . PT = J 

Solve: 

(1) 4 -— 37-3 — 37+} — 227-1 

(2) 9? = 3s 

(3) 29r + 2+1 320 

Simplify: 


(1) (a8)4/ (a) Vat 


-1 
Q n-10-a-297)7 

If a = Yb = 4/c and abc = 1, then prove that, z +y + z = 0. 
If a^ - a” = (a™)", then prove that, m(n — 2) + n(m — 2) = 0. 


Forma-28, Higher Mathe, Class-9-10 
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Exercise 9.1 


mp 
n 


p 
1. Prove that, (a ) =an, where m, pc Zandnc N 


m m. m 
n 


3. Prove that, (ab) = (a) í (o) ", wherem e Zone N 
4. Show that, 


1) c — vt) (a? + a3b3 +b!) =a—b 


Pacto : 
gj Se rA ieu ed 
a? +a? +1 
5. Simplify: 


(sth - (sz5a-i 
1) b ; a 


Co 
3 


ge 
| 
o 
Ne 
e 
| 
o> 


1 1 1 


d ee t m ee 
) luu mee mor pb ong bonn". ee Pam pe tb 
b Js A 
5) t TES 4 a X t m 
xe Te La 
6) (a? EN b?) (a = py 


6. Show that, 
1) If zr — aU", y = atb, z = ath", then 22" yP. 2P Y= 1. 
2) If a? =b, b! = cand c = a, then pqr = 1. 
3) Ifa? =p, a” = q and a? = (p¥q")*, then ryz = 1. 
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7. 1) IfavYatyW¥b+2%c =0 and a? = bc, then show that, 
az? + by? + cz? = 3azxyz. 


2) If z — (a+b)? + (a -— b)3 and à? — b? = c3, then show that, 
z? — 3cz — 2a = 0. 


3) Ifa — 23 +273, then show that, 2a? — 6a = 5. 
4) Ifa? 4-2 — 33 +37 and a > 0, then show that, 3a? + 9a = 8. 


3 b 2 
5) Ifa? = b, then show that, ($) rai (2) ? gh + -3. 
6) I£b — 1-- 33 +33, then show that, b? — 3b? — 6b — 4 = 0. 
7) Ifa+b+c=0, then show that, 
CE NM NE. zd 
EHETE geteel retel C 
8. 1) Ifa =b, bY = cand c^ = 1, then find the value of vyz. 


2) If x° =y? = z^ and ryz = 1, then find the value of ab + bc + ca. 
3) If 9* — 27, then find the value of " 
9. Solve: 


(1) 322*?2 + 2771 = 36 (2) 57 +3” — 8, 57-1 3671 = 2 
(3) 434-2 - 16774, 3rt2v P 92x11 (4) 22x1,.93yT1 zn 8, 212,992 — 16 


Logarithm 


Logarithm originated from two Greek words Logos and arithmas. Logos means 
discussion and arithmas means number. So logarithm means discussion about 
numbers. 


Definition: If a? = b, where a > 0 and a Æ 1 then z is called the logarithm of b 
to the base a where x = log,b 


Hence, if a” = b, then z = log, b 
On the other hand, if x = log,b, then a” = b 


In this case the number b is the antilogarithm of z with respect to base a and we 
write, b = antilog,x 


In many cases the bases of log and anti log is not written. 
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Example 18.  antilog2.82679 = 671.1042668 

antilog(9.82672 — 10) = 0.671 

and antilog(6.74429 — 10) = 0.000555 

Note: The approximate value of loga can be determined using scientific 


calculator. (Detailed explanation is given in the mathematics book of class 
9-10) 


According to the definition, we get, 
log,64 = 6 as 26 = 64 and log,64 = 2 as 8? = 64 


Therefore, logarithm of same number can be different based on different bases. 
Different logarithm values of same number can be determined by taking any 
number as base which is positive but not 1. Any positive number can be 
regarded as & base of logarithm. Logarithm values of zero or any negative 
number can not be determined. 


Note: If a > 0,a Z 1 and b Æ 0 then logarithm of b with a unique base a can be 
denoted by log, b. 


Therefore, 
1) log, = < if and only if a” = b. From (a) we see that, 
2) log,(a*) = z 


3) agat — b 
Example 19. 1) 4?—16 ==> log,(16) = 2 
1 1 1 
Dy qoe n logi 5 = -2 
3) 109 = 1000 => log,4(1000) = 3 
4) 710879 =9 es q)8ab = b] 
5) 18—1og,(27) [~ log, (a°) = z] 


Formulas of Logarithm 


Since proofs have been already given in the mathematics book of class 9-10, here 
only the formulas are shown. 


1. log,a = 1 and log,1 = 0 
2. log, (M x N) = log, M + log, N 
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M 

3. log, ($) = log, M — log, N 
N 

4. log, (MY) = Nlog,M 

5. log,M = log, M x log,b [Formula for changing the base] 


Example 20. log,5 + log,7 + log53 = log, (5-7-3) = log4105 
20 
Example 21. log,20 —1og45 = logs = log34 
Example 22. log;64 = log;28 = 6 log,2 
Note: 
(i) If2>0, y>Oanda¥1 then z = y if and only if log, z = log,y 

(ii) Ifa >1 and x > 1 then log,z > 0 

(iii) TEO<a<land0<2 <1 then log, z > 0 

(iv) Ifa >1and0< z « 1 then log,z <0 


Example 23. Find the value of x when 


1 
1) logt = 35 


3 
2) log,9[98 + Vz? — 12z + 36] = 2 
Solution: 
1 10 
1) log gT = 33 = 3 
or, z = (V8 = (VE) 
or, = 273 = 25 = 32 
ot 32 


2) Since log,9[98 + Vx? — 12x + 36] = 2 
or, 98 + Va? — 122 + 36 = 10? = 100 
Or, v z? — 12x + 36 =2 
or, z? — 127+ 36 = 4 
or, z? — 127 + 32 = 0 
or, (x — 4)(r — 8) =0 


z-—4orz-—8 
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Example 24. Show that, aleebloske x plogse-logsa x çlogpa—logsb — 4 


Solution: Let, p = al?&k5-logke x plogyc-logko x clog,a—log,d 

then, log,p = (log,b—log,c)log,a+ (log,c—log,a)log,b6+ (log,a — log, 5)log,.c 
or, log,p = 0 or p= k? =1 

.. gle&b- loge x plogkc-logea y clog,a—logyb — 1 


Example 25. Show that, z!%«¥ = ,lo&7 


Solution: Let p = log,y, q = log,z 
Therefore a? = y, al — x 

*. (a?) = y! or y! = a? 

and (a4)? = x? or z? = a”! 

og? = yf or aad = qon 


Example 26. Show that, log,p x log,g x log,r x log,b = log,b 


Solution: L.H.S. = log,p x log,g x log,r x log,b 
= (log,p x log,q) x (log,r x log,5) 
= log,q x log,b = log,b = R.H.S. 


1 1 1 
log, (abc) P log,(abc) x log,(abc) - 


Example 27. Show that, 


Solution: Let, log, (abc) = x, log, (abc) = y, log. (abc) = z 
Therefore, a? = abc, b" = abc, c* = abc 
“a= (abc)s, b= (abc), c = (abc): 


Now, (abc)! = abe = (abc)? (abc)¥ (abc) = = (abc)s*v** 


1 1 1 
n =+=+==1 
T yz 
1 1 1 


^ Tog, (abe) * Togs (abc) * lg (ob) ~ * 

Example 28. If p — log,(bc), q = log,(ca), r = log.(ab), then show that, 
1 1 Te. = 

pa gad T 


2023 


2023 


Chapter 9. Exponential and Logarithmic Function 223 


Solution: 1+ p= 1 + log, (bc) = log,a + log, (bc) = log, (abc) 


Similarly, 1 + q = log,(abc) and 1 + r = log,(abc) 
1 1 1 
Using th lt of th i le, —— + —— + —— = 
sing the result of the previous example, IE ae + PRES + COA 
TE E 
"ptl q+1 rl 
loga — logb loge 


Example 29. If then show that, a7b¥c* = 1 


y-z z—2 T-Y 


l l l 
Solution: Let, ium oe MEET 
y-2 z—v mr-—y 


Then, loga = k(y — z), logb = k(z — xz), loge = k(x — y) 

*. zloga + ylogb + zloge = k(ay — zz + yz — zy + zz — yz) = 0 
or, loga? + logb¥ + loge” = 0 

or, log(a*b*c*) = 0 

or, log(a”b¥c*) = log! ['.: log] = 0] 

<. b= 1 


Activity: 
l logb l 
1) If 2597. = SS’ .. "UE" then find the value of a^ - b^ - c^ 
b-c c-a a-b 
If a, b, c are three consecutive integers, then prove that, 
log(1 + ac) = 2logb 


If a? + b? = Tab then show that, 
a+b 1 1 
log 3 ) = 9 lostab) = 3 (loga + logb) 
y 


T 


7 


If loe( i r) = 5 (loss + logy) then show that, - + 


If x = 1 + log,(bc), y = 1 + log,(ca) and z = 1 + log,(ab) then show 
that, vyz = zy + yz + zx 

If 2logs(A) = p, 2log,(2A) = q and q — p = 4 then find the value 

of A. 
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Exponential, Logarithmic and Absolute Value 
Functions 

In the first chapter, we learnt about function, in this chapter we shall know about 
Exponential, Logarithmic and Absolute Value Functions. 


Exponential Function 


Observe the following three tables of corresponding values of x and y: 
Table 1 Table 2 


r,—-2|—1/|0/|1/213 £:0]1|]2|3|4 5 
y|-4|-2/:0/2.4]|6 y|0/1/4/9.16.25 
Table 3 

r/0|l1 3/4|5|6 7 8 9 10 


2 
z)1)2)4] 8] 16} 32 | 64 | 128 | 256 | 512 | 1024 


In Table 1, for different values of r we get values of y of equal differences, 
complying with the function y = 2g. This is an equation of straight line. 


In Table 2, the same happens complying with the function y = z?. 
In Table 3, the same is true for y = 2°. 


Exponential function f(x) = a?” is true for all real number z. Here, a > 0 and 
a #1. For example, y = 27, 10”, x*, e* are exponential functions. 


Note: The domain of exponential function f(z) = a” is (—00, co) and range is 
= (0, oo) 


Activity: 


1) Write the exponential function described in the following table: 


z/-2|-1.0/1/2 
Cy Ee tad P D EUR 
[y |-3]0|3]|6[9] 


(3) z|1| 2/3] 4 5 
y | 4| 16 | 64 | 256 | 1024 
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» See 
yi 0} 1] 2 )3)4 
z£,—2|—-1/0/|1/,2 
5 
© n Izxlilils[s 
z/)1|2]|3]|4./5 
(6) 5 | 10} 15 | 20 | 25 
2) Which of the following functions are exponential functions? 
(1) y = -37 (2) y = 3x (3) y = -2r - 3 
(4) y 25-x (5 y=2?+4+1 (6) y = 32” 


Graph of Function f(x) = 2” 


To draw the graph of given function, we list the values of y for some corresponding 
z values. 


z(—3|-2,-1/|0/.1 2 
vig li? i het 


Plotting the ordered pair (x,y) in the graph 
wehavethisgraph. eee 
notice the figure: 
(i) If z is negative and |z| is large enough, 
y tends to zero, even thought it’s never 
exactly zero. i.e, if z — —oo then y > 
0. 
(ii) If x is positive and |x| is large enough, 
y is large enough.. i.e if z — oo then 
y — oo. 
We understand from this, range of the 
function f(x) = 2* is (0, oo). 


> 


Activity: Draw the graph where -3 <z < 3 


)y-2* — r3 y-4 3) y- 2 


Logarithmic Function 


As exponential function is a one-one function, hence it has an inverse 
function. 
Forma-29, Higher Mathe, Class-9-10 
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Inverse function of f(z) = y = a? is f !(y) = x = log,y 


i.e x is y’s a based logarithm. 


Definition: Logarithmic function is defined by f(z) = log,z where a > 0 and 
a #1. 


such as, f(a) = logaz,log,z, log,)& etc are logarithmic functions 


Drawing graph of y = logs 

as y = log r hence, with respect to 
the inverse function of y = 27, y = 
X the reflection of exponential function is y, | |, s 
determined which is logarithmic function and 
symmetrical with y = z. 
Here, domain R = (0,00) and range D = 


C PAE 


Activity: Draw the graphs of these functions below and determine their inverse 


functions 
2) yout +3,¢>0 3) yor 1 
2r 41 
5) y = 3r go 
8 y-4 
Example 30. f(z) = al Determine the function’s domain and range. 
Solution: f(0) = a = ` which is undefined. 


., the function is not defined at z = 0 point, but is defined at any other point. 


. Domain of the function D; = R — {0} 


3 = =1, when x > 0 
q)— — = 
f) |z| Z =-Ĉ1 whenx < 0 


-. range of the function Ry = {—1,1} 
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a+r 


Example 31. y= f(z) = ln , a > 0 and integer, determine the domain 


and range of the function. 


Solution: As logarithm is defined only for positive integers. 


oetra E 


TE DE 
(i) a+z>Oanda—x>0or 


) “a a 
(ii) a+xz<Oanda-—z<0 
) 


(i 


= r» -—aanda»zrz 

= —a«randz«a 

<. domain = (z: -a < z) n(z:xz <a} 

= (—a, 00) N (—00,a) = (—a, a) 

(ii) => z«-aanda«zr 

= r«-aandza 

<. domain = (z:z < —a} N {x : x > a) = Ø. 


.. We get from the domain of the given function D, = (i), and (ii) (—a,a)U 
Ø = (-a,a) 


range: rriren — e 2T 
a-Z 


a—2 
=> a+r =a” — ge 

=> £+re¥ =a e 

= (1+ e)z = a(e? — 1) 

_ ate! = 1) 

BEES 

x is real for all real values of y 


— X 


.. Range of the given function Ry = R 


Activity: Determine the domain and range of the function: 


24+2 
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Absolute Value 


In mathematics book of class 9-10 absolute value is discussed elaborately, here 
only definition is given. 


For any real number z is zero, positive or negative. But absolute value of x 
is always zero or positive. Absolute value of x is expressed by |x| and defined 
as: 

_ ju, when z 20 
a= E when z < 0 


Example 32. |0| =0, |3| 23, | -3| = -(-3) 23 


Absolute Value Function 
If z € R then 


= BZ) = || = 
yc lel eer 
.. Domain D; = R and range Ry = [0, 00) 


xz when x 20 


Example 33. f(x) = e= when —1 < z < 0. Determine domain and range. 


Solution: f(r) = eT, —1<r<0 
z's value is between —1 to 0 
Therefore, domain D; — (—1, 0) 
-1 


again, in the interval —1 < x < 0, f(x) € (e7,1) 


so, range f = (e 7,1) 


Graphs of Function 


Function is detected by representing geometrically in a plane. This geometrical 
representation is the drawing of graphs. Here we discussed the method of drawing 
graphs of exponential, logarithmic and absolute value function. 
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(1) Draw the graph of y = f(x) = af: 
(i) when a > 1 and z is any real number then; f(x) = a” is always positive. 


Step 1. For positive value of z, the value of 
f(a) is increased with the increase of z. 

Step 2. When z = 0 , y = a? = 1, therefore, 
(0,1) is a point on the line. 

Step 3. For negative value of z, the value of 
f(x) is decreased with the increase of 
x. ie if z — —oo then y > 0 

Here, the graph of function y = a”, a > 1 

is shown beside. Here D, = (—00,00) and 

Ry = (0, oo). 


(ii) When 0 <a < 1, x is real, then y = f(x) = a” is always positive. 


Step 1. Observe if the value of z is increasing 
from the right side of origin, i.e if z — 
oo then y > 0. 

Step 2. When z = 0 then y = a? = 1 hence 
(0, 1) lies on the line. 

Step 3. When a < 1, the value of x is 
negative and monotone increasing to 
the left side from the origin then y is 
monotone increasing. i.e y — oo. 


1 
Le, a— 5 <1, gz = —2, —38,---,—n then 


y= f(e) - a = (5)? - Py Pes 

y = 2^. When n — œ then graph of y > oo. 
y = f(x) = a” is shown beside. 

Here D, = (—co, 00) and Ry = (0, 00). 


Activity: Sketch the graphs of the following functions; mention their domains 


T 


1 
2 


,2<e<3 
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(2) Sketch the graph of f(x) = log,z: 


Higher Mathematics Classes IX-X 


(i) Let, y = f(x) = log,z when 0 < a < 1. the function can be written as 


z= 

Step 1. When y’s positive value is increasing 
and increasing, i.e, y — oo then z tends 
to zero, i.e x > 0. 

Step 2. As a? = 1 hence y = log,1 = 0, So 
the line goes through (1, 0). 

Step 3. The negative value of y, ie. y 
decreases below origin point, ie y — 
—oo then, x increases continuously, i.e 
T — oo. 

In the figure beside, y = log,z, 0 < a < 

lis shown. Here D; = (0,00) and Ry = 

(—oo, oo). 

(ii) when y = log,z, a > 1 then 

Step 1. When a > 1, for all y, x is positive 
and with increasing values of y, x 
increases. i.e if y — co then x > oo. 

Step 2. As a? = 1 hence y = logl = 0 So, 
the line passes through (1,0) 

Step 3. If for negative values of y, y keeps 
increasing i.e., if y — —oo then z tends 
to zero. ie xz — 0. 

Now, graph of f(x) = log,z, a > 1 is shown 

here Here D, = (0,00) and Ry = (—00,00) 


Example 34. Draw the graph of f(r) = 
log 9% 

Solution: Let y = f(z) = log, x 

As 10° = 1 hence y = log,,1 = 0 So, the 


line passes through (1,0). When z > 0 then X' 


y => —oo. When z — oo then y > oo. 
.. y = log;gz goes upwards. 
The graph is drawn below: 
Here D; = (0,00) and Ry = (—0o,oo). 
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Example 35. Sketch the graph of f(x) = 


231 


Inz 


Solution: Let y = f(z) 21n x 


As eœ = 1 hence y = lnl = 0 So, the line 


passes through (1,0) When x — 0 then y > x- = -= 


—oo. When z — oo then y > oo. 


*, y — ln z goes upwards. 


The graph is sketched here. 


Here D; = (0,00) and Ry = (—00, o0). 


T. : 
is a function. 
A+gz 


1) Determine the domain of the function. 


Example 36. y= 


2) Determine its inverse function. 


3) If g(x) = ln y, then determine the domain of g(z) 


Solution: 
4-2 
1) Gi = — 
) Given, y "E 
Here 4+ x = 0 i.e if z = —4 then y is undefined. 
"$43 A 
.. Domain of function = R — {—4} 
4-r 
2) Gi = 
) Given, y "m 
or, z(y + 1) = 4(1— y) 
s _ A1 - y) 
Let, f(r) =y ".z = f (y) MOM TE 
Now, y = => 4a y) 
~w, Y= Fr or, -(y)- : 
or, 4y - zy — 4— x nod 
or, zy +x —4— 4y <. f£) = ERA 
variable] 


3) Given, g(z) = In(y) 


— T i: arg) 
E C Hand: 


4 
BS) s 


[Changing the 
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pte 
“. g(t) € Rif | > 0 
Now ——" >0if 
4ctz 
(i) 4—2z»0and4c4-z»00r 
(ii) 4—r<0and4+r<0 


Now (i) => z < 4and z > —4 


~ Domain = (r € R: 2 < 4}N {zx € R: a > —4} 2 (—o, 4) N (-4,00) = 
(—4,4) 


again, (ii) —» z > 4 and g < —4 
<. Domain = {z € R: z >4}N {z € R:x < -4) = (4,%) N (—%,4) = Ø 
.. Domain of the given function = (—4, 4) U Ø = (—4,4) 


Activity: 
1) Sketch the graph of y = log,9x using values of x and y from the table. 


[y[-03[0|03|05 | 0.6 | 0.7] 1 | 1.07 | 


2) To sketch the graph of y = log, z, make a table like it was done for (A) 
using values of z and y, and then sketch the graph. 


Exercise 9.2 


24213 
1. Which is the simplest form of the expression (z3) zi "1 
1) 0 2) 1 3) a 4) x 
2. Ifa, b, p» 0anda z 1,b Z 1 then 
(i) log, P = log; P x log, 
(ii) log, /a x log, vb x log, /c's value is 2 
(iii) lEaY — ylOgaT 


Which combination of these statements is correct? 
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1) 


i and 4€ 2) idi and iii 3) i and tii A) i, i$ and iii 


Answer questions 3-5 when z,y,z Æ 0 and a? = b! = c 


3. Which is correct? 


1) a=b} 2) a-c* 3) a-cs 4) az Ë 
4. Which of the followings is equal to ac? 
1) bz. bz 2) bs - by 3) b**s 4) but? 
5. If b? = ac, which one is correct? 
P wh 2 1 1 2 Li iy 2 1 
1) 2+2% J +=% 3) += 4) +t 
zr z y T y 2 y 2 cx zr y 2 
6. Show that, 
a" b^ c? 
1) log, (s ) + log, e =) + log, (Z =) =0 
a b c 
2) log,(ab)log;, (2) + log, (bc)log;, £) + log, (ca)log, (5) =0 
3) log jab x log ge x log ca = 8 
4) log, log, log, (a) cdi 
do 1) É loga _ log.) _ loge then show that, a%b’c° = 1 
b-c c—a a-b 
loga  log,b  logąc 
2) If = = then show that, 
y-z 2-H T-Y 
(1) qm pror — 1 
(2) qu tyz+z? . pe teeta? : cp tayty? =1 
l 1 1 
3) If badia = 2 then show that, z = AA 
log,z 2 
PN Ea 
4) Show that, log, —— == = 2log; (x — Vz?—1 
) w m Fi Vzi-1 &x( ) 
5) Ifa? *p57 = q5**55* then show that, zlog, (5) = log,a 
6) If ry! = p, ay’! = q, ry! =r then show that, 


(b — c)log,p + (c — a)log,g + (a — b)log,r = 0 
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11. 
12. 


13. 


14. 
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l l l 
jj qp abiens cad be Togi (o) EROR) e pe ie 
a+b b+c cta 
ea hoc 
C aC EO) MCI luc n o 
log, log, y log, z 
pyy? = yr Ze = 274^ 
Sketch the graph: 
1) g-8* 2) y--$ 3j gegen 
E S ere 6 y=3"" 
Write down the inverse function in each case, mention the domain and range 


and sketch the graph: 
1 y=1-2 2) y = logge 3) y=2?,r>0 
Determine f(x) = In (x — 2) function’s domain D; and range Ry. 


1-2 
Determi =| 
etermine f(x) = In TE 


function's domain and range. 
z 


Sketch the graph mentioning domain and range: 
1) f(z)-|z|, when -5 € z€5 
2) f(z)-z-|x|, when -2€  €2 
|z| 
3) fG)- zo whens #0 
0, when x =0 
61-2 
Given, 27 27-1 = 64. (i) and 67 - —— = 72 --- (ii 
1) Convert (i) and (iċ) into linear equation of z and y. 
2) Solve the equations and verify them. 


3) Should z and y be lengths of two adjacent sides of a quadrilateral and 
the angle included them be 90°, state whether the quadrilateral would 
be a rectangle or a square; find its area and the lengths of the diagonals. 


Given, y = 2” 
1) Mention the domain and range of the function. 
2) Draw the graph of the function, and mention its salient features. 


3) State whether the given function has an inverse function. If so, is it 
one-one? Sketch the graph of the inverse function. 


2023 


2023 


Chapter 9. Exponential and Logarithmic Function 235 


15. f(x) eges and g(x) ez 
1) Find the domain of f(z). 
2) If f(z) + g(x) = 36 then find the value of z. 


3) gers g= then, sketch the graph of q(x) and determine domain 


and range. 


Chapter 10 


Binomial Expansion 


In our previous classes, addition, subtraction, multiplication, division, square and 
cube related algebraic expressions (single term, binomial and polynomial) had 
been discussed. When the power of a binomial or a polynomial expression is 
more than three, determining the value of such expression is labourious and time 
consuming. In this chapter, the working method will be presented in case of power 
being more than three. Generally, formula will be demonstrated for the power of 
n, by which the value of binomial expression of non negative integer of power 
will be possible to determine. But at this stage the value of n will not exceed 
a definite limit (n < 8). A triangle will be introduced called Pascal’s Triangle 
so that students can easily understand and use the subject matter. The power 
of binomial expression may be a positive or negative integer or fraction. But our 
present discussion will be limited to only positive integer of power. In higher 
classes detailed discussion will be included. 


After completing this chapter, the students will be able to- 


P describe the binomial expression; 

> describe the Pascal’s triangle; 

> describe the binomial expression for general power; 
> find the value of n! and *C,; 


> solve mathematical problems using binomial expression. 


Binomial Expansion of (1+ y)" 


An algebraic expression consisting of two terms is called a binomial expression. 
a+b, z—y, lo z, 1— 2?, a? — b? etc are binomial expressions. We first consider 
a binomial expression of (1+ y). Now we multiply (1+ y) by (1 + y) successively 
then we get (1-- y?, (1-- y)*, (1 +y), (12- y)5, --- etc. We know, 
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(ity?=(1+y)lt+y)=1l+at+y 
+y —(1-y)1—y? = (1-9)(1-2y +4) = 1+ 3y+3y +y 


Similarly it is possible to determine the value of (1 + y)*, (1-- y)5,--- etc by the 
process of lengthy multiplication. But it will be lengthy and time consuming if 
the powers of (1+ y) is increasing. So it will be better to find out a method to 
easily determine the expansion of (1+ y)n for any powers (say n) of (1+ y). For 
n = 0, 1, 2, 3, 4,--- i.e., for non negative values of n, our discussion is limited 
in this context. Now we carefully observe the procedure. 


Value of n Pascal’s Triangle Number of Terms 
( 1 1 
1-9)- l+y 2 
uy? = 1+2y+y? 3 
(1T yf = 1+ 3y + 3y? + y? 4 
(+y) = 1 + 4y + 6y? + 4g? + yt 5 
(14 y) = | 1+ 5y + 10y? + 10? + 5y* +45 6 


On the basis of the above expressions, we come to the decision of the expansion 
of (14 y)^. 


1) In the expansion of (1 + y)" the number of term is (n +1) ie. number of 
terms is greater than power. 


2) The power of y is increasing from zero to 1, 2, 3,--- ,n ie. power of y is 
increasing orderly up to m. 


Binomial coefficient 


The coefficient of different powers of y on the above expansion is called Dinomial 
Coefficients. 1 is considered as the coefficient of y. If we arrange the coefficients 
of the above expansion, 


n=0 1 

n=1 1 1 

n=2 1 2 1 
n=3 1 3 3 1 

n —4 1 4 6 4 1 
n=5/1 5 10 10 5 1 
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If we observe we see, the coefficients have formed a triangular shape. The technique 
of determining the coefficients of binomial expansion was first used by Blaise 
Pascal. So it is called Pascal’s Triangle. We can easily determine the coefficients 
of binomial expansion by pascal’s triangle. 


Use of Pascal’s Triangle 


From Pascal’s Triangle, we see that 1 is in both left and right side. The middle 
term of the triangle is the summation of two number just above the numbers. If 
we observe the following example, we can easily understand it. 


Binomial coeffecients for n =5 n = 6 will be: 
n—5— 1 5 10 10 5 1 


n=6>1 6 15 20 15 6 1 
- (17 y) =1+4 5y + 10y? + 10y? + 5y* + y? 
"n (1+y)® = 1+ 6y + 15y? + 20? + 15y* + 6y" + y 
(1+ y)! 21-4 7y + 21y? + 35y? + 35y4 + 21y5 + Ty? +y" 


Activity: Find the expansion of the following (using the above expansions): 
(+y) = 


(l+y)? = 
(l+y)°= 


If we observe carefully, we will understand that this method has a special weakness. 
For example, if we are to determine the expansion of (1+ y)?, we need to know the 
expansion of (1 +y)*. Again it is necessary to know preceeding two coefficients just 
above for any binomial coefficients. To get relief from this position we want 
to directly find out the technique for determining the binomial coefficients. From 
Pascal's Triangle we see that the power of coefficient of binomial expansion depends 


n 
on power n and position of the term. We consider a new symbol ( ) where the 
T 


power n and the position of the term r are related. For example if n — 4, the 
number of terms will be 5. We write the terms like this: 


When n = 4, number of terms is 5: T4, To, T3, T4, Ts 
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Coefficients of them are: 1, 4, 6, 4, 1 

i 4 4 4 4 4 
Using new symbol: i) B B 5 () 

4 4 4 4 4x3 4 4x3x2 

E (o) E () egere (5) Sja 9 (5 7"i1x2x3 ^ 

4\  4x83x2xl _ 1 

4j 1x2x3x4 


[You will understand easily from Pascal’s triangle. 


Using new symbol (n = 1, 2, 3, ---) Pascal’s Triangle will be like this: 


Therefore from the triangle above we can easily say that coefficient of third term 


(T2341) of (1+y)4 is € and coefficient of third (75,4) and fourth (73,4) of (1+y)* 


5 5 
are ( ;) and ( 3) respectively. Generally, coefficients of (r + 1)th term (T,+1) of 


(1 +y)” is ("). 


Now, to know the value of (5). we again observe the Pascal’s Triangle. From 
T 


the two sides of Pascal's Triangle, we see that 


()- (o (o (o 
O (0-2 Q2 (= 


Taking n = 5 we get, 


5 5 5 5x4 
Q-«Q- Q-it-» 
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5 ZORA S cu 5 eRe ee 3 
3] 1x92x3 ° A 1x2x3x4 
(C) - RAT 


5 TOCA LAE EO 


_ 5x (5-1) x (6-2) 
E 1x 253 


Therefore, in case of it can be said, (3) d 


6\ _ 6 x (6—1) x (6 — 2) x (6— 3) 
B 1x2x3x4 


4 


Generally, we can write, 


A 


[5 _ nx (n=1) x(n-2):-(n—r4 1) 


T 1x2x3x4---xr 


Using appropriate sign, 


vont Qe Qoo Qe Qe 


= 1+ 4y + 6y? + Ay! + y* 


vere Qu Ge e e Qe Qe 


= 1 + 5y + 10? + 109? + 5y* + y? 


and expansion of (1 + y)” 


Example 1. Expand (1 + 3z)* 


Solution: With the help of Pascal’s Triangle 


2023 


Chapter 10. Binomial Expansion 241 


1 5 10 10 5 1 
(1 + 3T)? = 1 + 5(3z) + 10(3z)? + 10(3x)3 + 5(32)^ + 1(3x)5 
= 1 + 15z + 902? + 2702? + 40527 + 2432? 


Using binomial theorem- 


(14-32) = o (32)° + a (32)! + n (32)? + @ (32)? + a (31)! 

^ (5 (8z)* 
(H8 = 612) +2" (Bay 17 
= 1 + 15z + 90x? + 2702? + 405x^ + 243x5 


s) (az) (3z) 


Example 2. Expand (1 — 3z)? 


Solution: Using Pascal's Triangle 


1 4 6 4 1 
1 5 10 10 5 1 


(1 — 3z)* = 1 + 5(—3z) + 10(—3z)? + 10(—3z)3 + 5(-3z)* + 1(-3z)* 
= 1 — 15g + 902? — 27023 + 4052+ — 24325 


Using binomial theorem- 


(1— 325 = D (—32) + m (aide (5) (—32)? + (3) (—32)3 + (1) cao" 


F We (—32)8 


E 4 5-4-3 5-4-3-2 
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= 1 — 15g + 90z? — 270x? + 405x* — 24325 


Remark: From the expansion of (1+ 3x)° and (1 — 3z)°, we see that both the 
expansions are same. By changing only the signs of coefficients we get one from 
the other, ie. +, —, +, 


Activity: Expand (1 + 2x7)’ and (1 — 227)’ 


2 
Example 3. Expand up to the fifth term of (1 + —)8 
x 


Solution: 


2 
Using Binomial expansion, expand up to the fifth term of (1+ = as follows: 


24 _ (8) (20, (8) 21, (ys V (8\(2)34 (8) (2). 
a+ 2 = (er (Dr GS (a+ VO 
rs 8:7, 4, 876 8 E 

i 1 z 1:2 z 1-2-3 æ 1 
16 112 448 1120 

Sa) ee 


2 16 112 448 1120 
" 1 n 8 = 1 l 
. (+7) Pash ae as -i 


=1+ 


[Expansion up to the fifth term] 


[Try yourself using Pascal’s Triangle] 
2 
Example 4. Find the coefficients of z? and zê in the expansion of (1 — ves 


Solution: By binomial expansion, we get 


ir (MBN OD 


z^. 8-7-6 x 
arg ap) 


2 
HA 
Here we see that in the expansion of (1— p the term containg z? is absent. So 


T 
coefficient of z? is 0 and coefficient x is ^g 
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7 
., coefficient of z? is 0 and coefficient zê is -5 
Activity: Verify using Pascal’s Triangle. 


Exercise 10.1 


1. Find the expansion of (1+ y)? by the help of pascal’s triangle or binomial 
theorem. With the help of the above expansion find 1) (1 — y)? and 2) 
(1+ 2z)°. 


2. According to the ascending power of z, expand the following up to first four 
terms 1) (1+4z)® and 2) (1- 3z)* 


3. Expand (1 + 2?)® upto first four terms. Find the value of (1.01)® by using 
the result. 


4. According to the ascending power of x , expand the following upto first three 
terms 


1) (1—22)? 2) (1+ 3z)? 


5. Find the following expansion upto first four terms [using Pascal's Triangle 
or binomial theorem] 


1) (1— 222)" 2) c 3) (- à) 


6. Expand 1) (1— z)Ü and 2) (1+ 2z)° up to z? 


Binomial expansion of (x + y)" 


We have so far discussed the expansion of (14- y)", now we shall discuss the general 
form of binomial expansion (x + y)" where n is a positive integer. Generally the 
expansion of (z + y)” is known as bionomial theorem. 


We know, 


(+y =1+ (Dus ME (en (rre (Dv 


Now, (z--y* = [a B] 20 + 2)" 


244 Higher Mathematics Classes IX-X 


This is the general form of binomial theorem. Observe that it is similar to (1--y)^. 
Here, power of z is added from n to 0. We also observe that addition of power 
of x and y in every term is equal to the power of binomial expansion. Powers of 
€ from initial term to the last term is decreasing from n to 0 and conversely the 
powers of y is increasing from 0 to n. 


Example 5. Expand (x + y) and from that expansion find (3 + 27)*. 


Solution: (z+ y)? =2°+ a zty + (2 gy? + (3) ry’ + o) zy* +y’ 


5.4 5-4-3 5-4- 
a uq zy? r^p) 
=O rU y. L7 W 173 39 V * 1-5. 


= 2° + 5aty + 1023y? + 10z7?y? + 5xy* + y? 


'. Required expansion (x + y)? = 2° + 5aty + 10z*y? + 1027? + 5zy* + y? 
Now, putting x = 3 and y = 2x 

(3 4-22)? = 3° + 5 - 3!(2z) + 10 - 33(2z)? + 10 - 32(2z)? + 5 - 3(22)* + (2x)? 
= 243 + 810z + 1080x? + 7202? + 240z* + 322° 

^. (84 2x)? = 243 + 810z + 1080z? + 7202? + 240x* + 322? 


1 6 

Example 6. Expand (: + =) upto fourth term in decending power of x and 
T 

identify the term which is free of x. 


Solution: We get by binomial theorem, 


ea GOGG 
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6-5,1 65-4.,1 
— mô 3 Se pr: Mic 
DUCTOR S TUO ut Tota ut 


1 
= zê + 6z? +15 +20- +: 
T 
1 
.. Required expansion is zê + 6? + 15 + 20-5 +--+ and z-free term 15 
T 


7 
Example 7. Expand (2 — 5) upto first four term in ascending power of z. 


Find also (1.995)" upto four decimal places. 


seio (2 8)" = n (Qe C2 Qe C3 Qe 


x 7-6 x 7-6- z? 
-1847-64 (-F) +15 a (F) (E) 


7 
. (2 z =) = 128 — 2247 + 1682? — 7003 + -.- 


7 
.. Required expansion is (2 — 5) = 128 — 2242 + 1682? — 70x? +--- 


Now, 2— 5 = 1.995 or, ; — 2 — 1.995 Hence z — 0.01 
Now, putting x — 0.01 we get 


‘ory! 
(2 = =) = 128 — 224 x (0.01) + 168 x (0.01)? — 70 x (0.01)? + --- 


or, (1.995)’ = 125.7767 (up to four decimal places) 
Required Value (1.995) = 125.7767 


Finding the value of n! and "C, 

Observe the following examples: 
2=2-1,6=3-2-1,24=4-3-2-1,120=5-4-3.2-1,--- 

We can briefly express the product on right side by a symbol. 
2=2-1=2!,6=3-2-1=3!, 24 2 4.8-2-1— 4, 120=5-4-3-2-1= 5), 


Now we observe 
41—4.3-2-1—-4-(4— 1)-(4-2)- (4-3) 
5125.4.3.2.1—5.(5—1)-(5—2)-(5—3)-(5— 4) 
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Therefore, generally we can write, n! = n(n — 1)(n — 2)(n — 3)---3-2-1 and n! 
is called Factorial n. Similarly, 3! is called factorial of 3, 4! is called factorial of 
4. 


Again we observe: 


5ÀV 5.4.3. 5.4.3.2:1. BE 5! 
()-Lxs-muGs 8I 3:3 3-63 

T\ 7-6-5-4 17-.6:5-4.3.2.1. T7 7! 
(-UEATUGGGnG GN ee 


n n! 
-. Generally we can say Soa 
T r!(n — r)! 


Factorials of the right side can be expressed by this symbol, 


Therefore, C) = "C,, ie., C) are "C. equal. 


An n n\n N) an TP a — n 
. (1) = Ch, 3 =| C5, (3) = C3, A Cn 


n bie = n! E n! me! 
Weknow, (7) = "C. zi x = zi d 


id ie. 01-21 


ES 
= at 


Remember, 


n 
Now we use ”C, instead of C) in binomial theorem. 
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(1 y) 21- "Ciy + "Coy? + "Cay? IO +--+ On 


mn) 1) (Pete), 


or, (Lr y)" 2 19 ny posue 


n-1 
aty 2 1-E ny F5, y t 


and similarly, 


(z 4- y)" =r" + "Cay + "Cz Ay? + "ag" y3 +--+ nC pn tm 
4e Oa 
n(n—1 
(n= 1 sa 


or, (£ + y)" = z" + nary + 5i ae 


Observe : For positive integer n 


the general term or (r + 1)-th term of binomial expansion of (1 + y)" is Try = 


n 
)v or, "Cy" 
" 
n 
Here, (5) or "C, is the coefficient of binomial expansion 


(xz 4- y)" =r” + "Oye" ly + "Cox" 2 y? + "Cp" S +--+ ^C 


nín — 1) 4-9-9, n(n — 1)(n - 2) 
arc LM 3! 


General term or (r + 1)th term 7,41 = C) q' "y" or "Cra "y" where (") or 


nC, is the coefficient of binomial expansion. 


or (z--y)" = z^--nz"-ly-- gn 33M... py? 


15 
Example 8. Expand (: — =) 
T 


Solution: By binomial theorem 


13" 1 Ly? "m 
(: = =) Lg T Sup (-z) F S Cr? (-z) + SC EDS (-z) 
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1 1 


z8 10 


21 54-3. 2. 
zê ' 1-2-3-4 
z^ gt x” 
1\8 
Example 9. Expand (az — 5) up to four terms. 


1\8 
Solution: Using binomial theorem, (2 — =) 
T 


= (21?) 9C (222) (-) + SCy(229 (-à) + *Oy(223y (-à) + 
7 


= 256116 — 102421? + 179225 — 179224 +--- 

Example 10. In the expansion of (k = zi). the coefficient of k3 is 560 
1) if k = 1, expand up to fourth term. 
2) determine x 


3) if in the expansion, coefficient of z? is 15 times the coefficient of z?, then 
determine the value of k. 


Solution: 
7 
1) if k = 1, the algebraic term is (a — Z) 


Using binomial theorem 


. 5 g 
eese . -24 
3 12 9 -3 27 
2.120,75 se 
> 3 3 27 


2) Using binomial theorem, 
6-8 - eoe) oe CD ae (4) 
+ "Cu (-2) + "Ose? (-7) +- 
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e 6.2, 7-6 pr 7-6-5 4 7? 

S= +79" 9 1.2.3" 27 
T654 a af 7:6:5-4-3,, oF 
1-2-3-4 81 1-2-3-4-5 243 

ré Tr? 35a 3574 Ta? 
gel pi LR T peg go e cad 
3 3 27 8l BL 54 
4 
Here, coefficient of k? is Se 
4 
1 
According to the question, a = 560 or, z* = S or, z^ — 1296 


"1-6 
7 
3) Getting from the result of expansion of (k — =) from just above, 


NE, IR TE oro TE ge 30S igi OMS ag b e oo 
(x 3) =k c Pig te aap E DOE T 


ki 
Coefficient of x? is and coefficient of z? is 


E: 4 k2 4 2 1 
Accordingly, zu = E x 15 or, ae IES 


ae 2. 
27 81 ao eer oe 
x k=1 


Exercise 10.2 


1. In the expansion of (1 + 2z + z?)*- 
(i) Number of terms (ii) Second term is 6x (iii) Last term is zê 
is 4 
Which one is correct? 
1) 4d 2) i, iii 3) di, iii 4) i, ii and dii 
1 nr 
(« + x) , where n is even. From this information answer the questions 2 
and 3. 
2. If (r+ 1)th term is free of x what is the value of r? 
1) 0 2) 5 3) n 4) 2n 


3. Ifn = 4, then which one is the fourth term? 
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1) 4 2) 4x 4 a + 
3 T ) x? 
The coefficients of expansion of (x + y)? are: 
1) 5,10,10,5 2) 1,5,10,10,5,1 
3) 10,5,5,10 4) 1,2,3,3,2,1 
r\8 
In the expansion of (1 — z) (a + 2) , the coefficient of x is- 
1) -1 2) 1 3) 3 4) d 
2 2 
1\4 
What is the z-free term in the expansion of G + =) ? 
1) 4 2) 6 3) 8 4) 0 


Ordering the coefficients of the expansion of (z + y)* we get, 


4 1 
1 4 1 1 2 1 
1 2 
) 1 5 5 1 ) 1 3 3 1 
1 6 10 6 1 1 4 6 4 1 
2 6 
2 3 2 6 12 6 
4 
a) 1.-5- 5b. 2 ) 6 18 18 6 
2 7 10 7 2 6 24 36 24 6 
Expand each of these: 156 
1) (2 235 2 2— — 
) Qa?) ) (2- a.) 
Determine the first four terms of these ex ansiop: 2g 
1) (2+3z)® 2) C E 
z 


1 V8 
If (»- 2) = r — 96z + sz? + ---, determine p, r and s. 


r\8 
Determine the coefficient of z? in the expansion of (1 + 2) : 


6 
Expand (2 + z) up to z? in ascending power of x. Find the approximate 


value of (1.9975) up to four decimal places. 
Using binomial theorem, find the value of (1.99)? up to four decimal places. 


In the expansion of (1 + =)", coefficients of 3rd term is the double of the 


coefficient of the 4th term. Find the value of n. Also, determine the number 
of terms and middle term of the expansion. 
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15. 


16. 


17. 


18. 


19. 


5 

1) In the expansion of (2k = z) coefficient of k? is 720, find the value of 

qz. 
k 6 

2) In the expansion of G + 3 coefficient of z? is 160, find the value 

of k. 
A — (1 x)! and B = (1— x)? 
1) Determine the expansion of A using Pascal’s Triangle. 


2) Expand B upto four terms. Use the result to find the value of (0.99)? 
upto four decimal places. 


3) Determine the coefficient of z^ in the expansion of AB. 
(A+ Bz)" is an algebraic expression. 


1 If A=1, B —2 and n = 5, determine the expansion of the expression 
using Pascal's Triangle. 


2) If B — 3 and n = 7, in the expansion of the expression, coefficient of 
x* is 22680. Determine A. 


3) If A= 2 and B = 1, then the coeffecients of 5th and 6th terms of the 
expansion are same. Determine the value of n 
If a1, a2, a3 a4 are four consecutive terms in the expansion of (1 + z)”, then 
ay az _ 2a 
a, + d» j az +a, 34-03. 
Which one is bigger? 995° + 1009? or 10190? 


prove that 


Chapter 11 


Coordinate Geometry 


The portion of geometry where the algebraic expressions of points, straight lines 
and curved lines are studied is known as the Coordinate Geometry. This portion 
of geometry is also known as the Analytic Geometry. With the plotting of 
points on the plane, the straight lines or the curved lines or the figures of the 
geometric regions made by them such as the triangles, the quadrilaterals, the 
circles etc. are expressed. The system of plotting of points on the plane was 
initiated by a French mathematician named Rene Descates (known as 
Descartes). The coordinate system of geometry initiated by Descartes is called 
the Cartesian coordinate system after his name. The coordinate geometry and 
the analytical geometry are mainly based on Cartesian coordinate system. So, 
Descates is called the initiator of the analytical geometry. 


In the first part of this chapter, the tricks of determining the distance between 
two points will be discussed through developing the concept of the Cartesian 
coordinate system among the students. In the second part, the method of 
determining the area of any triangle and quadrilateral created by straight lines 
will be discussed. On the other hand, in the third part, the tricks of determining 
the slope of a straight line and the simplification of the joining straight line 
between the two points will be explained. No figure or equation associated with 
the curved line will be discussed here. In higher classes, it will be discussed 
elaborately. 


After completing this chapter, the students will be able to — 


P» explain the rectangular Cartesian coordinate system; 


find the distance between two points; 


» 
»> explain the concept of slope (gradient) of a straight line; 
» find the equation of a straight line; 

» 


determine the area of a triangle using coordinate system; 
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P find areas of triangular and quadrangular regions by measuring the lengths 
of the sides; 

> construct the geometric figures of the triangles and quadrilaterals by 
plotting of points; 


P present an equation of a straight line by plotting points. 


Rectangular Cartesian Coordinates 


We have been acquainted with the concept of plane in previous class. The surface 
of a table, the floor of a room, the surface of a book, even the paper on which 
we write down, each of them is a plane. The surface of a football or the surface 
of a bottle are curved planes. In this part, the tricks of determining the proper 
position of any point lying on the plane will be discussed. For determining the 
proper position of any definite point, it is necessary to know the distance of the 
definite point from the straight line bisectors constructed on the plane. It is said 
as a reason that only a point can lie at any definite distance from two straight 
line bisectors. 


If two such straight lines X OX' and YOY’ are drawn that intersect each other at 
a right angle on any plane, XOX’ is called the z-axis, YOY’ is called the y-axis 
and the intersecting point ‘O’ is called the origin. 


Now, let P be any point on the plane of the two axis. From point P, on XOX’ 
i.e., the z-axis and on YOY’ i.e., the y-axis, the perpendiculars are respectively 
PM and PN. Then the distance of point P from the y-axis = NP = OM — is 
called the abscissa of P or z-coordinate. Again, the distance of P from the z-axis 
= = MP = ON = y is called the ordinate of P or y-coordinate. The abscissa and 
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the Ordinate are jointly called the Coordinate. So, in the figure, the coordinate 
of P means the perpendicular distance of P from the y-axis and the z-axis and 
by denoting them as x and y, the coordinate of P is expressed by the symbol 
P(z,y). 


The coordinate index (z,y) means an ordered pair whose first element indicates 
the abscissa and the second element indicates the ordinate. So, if z Z y, by (x, y) 
and (y, x), two different points are meant. Therefore, the coordinate of any point 
depending on two axis intersecting each other at the right angle is called the 
Rectangular Cartesian Coordinates. If the point is placed at the right side of the 
y-axis, the abscissa will be positive and if it is placed at the left side, the abscissa 
will be negative. Again, if the point is placed above the x-axis, the ordinate will 
be positive and if it is placed below, the ordinate will be negative. On the z-axis, 
the ordinate will be zero and on y-axis, the abscissa will be zero. 


So, the positive abscissa and the ordinate of any point will be along OX and OY 
respectively or parallel to them. Similarly, the negative abscissa or the ordinate 
will be along OX' and OY' respectively or parallel to them. 


By the two axis of the Cartesian 
coordinates, the plane is divided into 
XOY, YOX', X'OY', Y'OX these 
four parts. Each of them is called a 
quadrant. 

The quadrant XOY is taken as 
the first and by turns the second, 
the third and the fourth quadrant 
remain in anti-clockwise order. 
According to the sign of the point of 
the coordinate, the point lies on the 
different quadrants. 


Distance between two points 


Let, P(zi,y1) and Q(zs, Y2) be the two different points on a plane. From points 
P and Q, perpendiculars PM and QN are drawn on z-axis. Again from point P, 
draw perpendicular PR on QN. 
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Now the abscissa of point P is = OM = 
zı and the ordinate of point P is = 
MP =y. 

The abscissa of point Q is = ON = za 
and the ordinate NQis = yo. 

From the figure we get, 

PR= MN =0N -OM =22-%1 
QR=NQ-NR=NQ-MP=y- 
As per the construction, PQR is a right 
angled triangle and PQ is the hypotenuse 
of the triangle. So, as per the theorem of 
Pythagoras, 

PQ? = PR? + QR? 

or, PQ = +y PR + QR? 


or, PQ = +f (a2 — 21)? + (ys — 1)? 


Q(x» y 


mq 4 


<. The distance of P from Q is, PQ = (za — zi)? + (ya — 1)” 


As the distance is always non-negative, the negative value has been avoided. 


Again, in the same rule the distance from point Q to P is, 


QP = (zi — 22)? + (y1 — ya)? = (za — 1)? + (yo - a? 


A EO OP. 


The distance from point P to Q or Q to P is equal. 


Therefore, PQ = \/(x2 — 21)? + (y - y1)? = QP 
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Corollary 1. The distance of any point P(z,y) lying on the plane from the 


origin (0,0) is 


PQ - (s -0) * (y 0} = Vs? xy? 


256 


Example 1. Plot the two points (1,1) and 
(2,2) on a plane. Find the distance between 
them. 


Solution: Let P(1,1) and Q(2,2) be the 
given two points. In the figure, the two points 
have been plotted on the plane zy. The 
distance between the two points is 


PQ = v (za — 21)? + (y - y1)? 


Example 2. Plot the origin O(0,0) and 
the other two points P(3,0) and Q(0,3) on 
the plane. Find the distance between each 
of them. What is the name of the geometric 
figure after joining these three points? And 
why? 


Solution: The positions of the three points 
have been shown on the plane. 

Distance OP = J/(3 — 0)? + (0 — 0)? 

= V32 + 0? = V3? = 3 unit. 

Distance OQ = 4/(0 — 0)? + (3 — 0)? 

= V0 +3? = V3? = 3 unit, 

Distance PQ = ,/(3 — 0)? + (0 — 3)? 

= V9 +9 = V18 = 3V2 unit. 

The name of the geometric figure is 
the isosceles triangle because the distance 
between the two sides OP and OQ is equal. 
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Example 3. The three vertices of a triangle are respectively A(2,0), B(7,0) 
and C(3,4). Plot these points on the plane and construct the triangle. Find the 
perimeter of the triangle upto five places of decimals. 
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Solution: The position of A(2,0), B(7,0) 

and C(3,4) on the plane zy has been shown. 

Of the triangle ABC, 

The length of the side AB is 
(7 — 2)? + (0 — 0)? 


= /5? = 5 unit LLLLLLTT RPT 
The length of the side BC is i HEN | 
(3 — 7)? + (4-0)? S 


= VY EE = VISTI = 4/1 wit Mit Sx 
The length of the side AC is LELLLLLLLELLLLLL k 
= 4 (3 — 2)? + (4-0)? COCCO E 
= 1? 4 £ = 1T unit LT] | LT] 
'. Perimeter of the triangle = (AB + BC + ERES: EJ aati 
AC) [sum of length of the sides] 
= (5 + 4V2 + V17) unit = 14.77996 unit 
(app.) 
Example 4. Show that the points, (0,—1),(—2,3), (6,7) and (8,3) are the 
vertices of a rectangle. 


Solution: Let, A(0, —1), B(—2,3), C(6, 7) and D(8, 3) be the given points. Their 


position on the plane zy has been shown. 


The length of the side AB is = /(—2 — 0)? + (3 — (-1)? 
= J/(—2Y? + (4? = /44 16 = 2/5 unit 


The length of the side CD is = /(8 — 6)? + (3 — 7? 
= /4+ 16 = 2/5 unit 


'. The length of the side AB = The length of the side CD 


Again, the length of the side AD is = J/(8— 0)? + (3 — (C1)? 
= 8 + 42 = 80 = AV 5 unit 


The length of the side BC is = J/(6 — (—2))? + (7 — 3)? 
= R8? + 42 = 80 = 4V5 unit 

Again, 
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'. The length of the side AD = The length 
of the side BC H 
.. The lengths of the opposite sides are equal. X'e-—— 
Therefore we can say that, ABCD is a | 

parallelogram. He TTT rrr) 


-LLEISEETET] 


The length of the diagonal BD is = J/(8 — (—2))? + (3 — 3? = J/10? + (0)? = 
v 100 = 10 unit 


Now, BD? = 100, AB? = (2/5)? = 20, AD? = (4/5)? = 80 


^. AB? + AD? = 20 + 80 = 100 = BD? 


As per the theorem of Pythagoras, ABD is a right angled triangle and ZBAD is 
a right angle. So, it is proved that, ABCD is a rectangle. 


Example 5. Show that the three points (—3, —3), (0,0) and (3,3) do not form 
a triangle. 


Solution: Let, A(—3, —3), B(0,0) and C(3,3) are the given three points. Their 
position on the plane zy has been shown. 


We know, the sum of the two sides of any triangle is greater than its third side. 
Let ABC is a triangle and AB, BC and AC be its three sides. 
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The length of the side AB is 
= y (0 - (-39? + (0 - (-8)? 

= V3? + 32 = V18 = 3V2 unit 

The length of the side BC is 
= ,/(3 — 0)? + (3 — 0)? 

= 32 + 3? = V18 = 32 unit 

The length of the side AC is 
= /(3 + 3)? + (3+ 3)? 

= /72 = 64/2 unit 

So, AB + BC = 3V2 + 3/2 = 6/2 = AC 
Therefore, the sum of the two sides is equal 
to the third side. So it is not possible to form 
a triangle with them. 

Again seeing the positions of three points on 
plane zy, we can say that the three points 
are on a straight line and so no triangle can 


be formed by them. 


Exercises 11.1 


1. Find the distance between the given points in every case: 
1) (2,3) and (4,6) 2) (—3,7) and (—7, 3) 
3) (a,b) and (b, a) A) (0,0) and (sin@, cos) 
1 
5) 35) an (32) 
2. The three vertices of a triangle are A(2, —4), B(-4,4) and C(3,3) 
respectively. Draw the triangle and show that it is an isosceles triangle. 


3. A(2,5), B(—1,1) and C(2, 1) are the three vertices of a triangle. Draw the 
triangle and show that it is a right angled triangle. 
4. Ascertain whether the points A(1, 2), B(—3,5) and C(5, —1) form a triangle. 


5. Ifthe two points (—5, 5) and (5, k) are equidistant from the origin; find the 
value of k. 


6. Show that, A(2,2), B(—2,—2) and C(-2V/3,24/3) are the vertices of an 
equilateral triangle. Find its perimeter upto three places of decimals. 
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7. Show that the points A(—5,0), B(5,0), C(5,5) and D(—5,5) are the four 
vertices of a rectangle. 


8. Ascertain whether the quadrilateral formed with the points A(—2, —1), 
B(5,4), C(6, 7) and D(—1,2) is a parallelogram or a rectangle. 


9. Which of the points A(10,5), B(7,6), C(—3,5) is the nearest to the point 
P(3, —2) and which is the farthest? 


10. From the point P(z, y), the distance of the y-axis is equal to the distance of 
P from Q(3,2). Prove that, y? — 4y — 6z + 13 = 0 


11. The vertices of the triangle ABC are A(2, —1), B(—4,2), C(2,5). Find the 
value of the median AD. 


Area of triangles 


We know we get the region of a triangle if we connect straight lines with three 
different points that are not lying on the same straight line. That region of the 
triangle may be different respective of the side and the angle. In this part we 
will be able to determine the area of any triangle by finding the sides of the 
triangle with the help of only one formula. With the help of this same formula, by 
dividing any quadrilateral into the two triangles, the determination of the area of 
the region of the quadrilateral will be possible. In this case we will determine the 
area using the perimeter of the triangle (the sum of the lengths of the sides) and 
the length of the side. To determine the area of a triangle-shaped or angle-shaped 
land, the method i.e. by the length of side, is very important. So, it is very useful 
in determining the area of the land. It is said, as the reason, if the coordinates of the 
vertices of the triangular or quadrangular land are not known or are not possible 
to know but if the coordinates are known, we will be able to determine the area 
more easily. In this part we shall determine the area of a triangle or a polygon by 
these two methods. 


Method 1: Determination of the Area Using the Length of Sides and 
Perimeter 


The determination of the Area: A triangle ABC has been shown in the 
adjacent figure. A(zi,y1), B(x, y2) and C(za, ya) are three different points and 
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AB, BC and CA are the three sides of the triangle. With the help of the 
formula of determining distance, it is possible to determine easily the lengths of 
the sides AB, BC and CA. For example: 


Taking c as the length of side AB, 
c= A/ (11 — £2)? + (yi — yo)? unit 
Taking a as the length of side BC, 
a = y/ (£2 — za)? + (ya — ys)? unit 
Taking b as the length of side AC, 
b = y (a1 — £3)? + (yı — ya)? unit 


Now taking the perimeter of the triangle as 2s, 


2s = a + b + c [Perimeter = the sum of the lengths of the three sides.] 
1 
So s = zC +b +c) unit, Here s is the half of the perimeter of the triangle 


We can easily determine the area of any triangle with the help of s and a,b,c. 


The Formula for Determining the Area of Triangular Region 


If in ABC, the length of the side AB is c, the length of the side BC is a and 
the length of the side CA is b and perimeter is 2s. So the area of AABC is 

s(s— a)(s — b)(s — c) square unit [The proof has been given in the part of 
mensuration of the Mathematics book of class 9-10. The students should check 
out the proof] 


By the following examples, the use of the formula will be easily understood. 


Observation: There are different formulas for determining the area of different 
triangles but here we shall able to determine the area of any triangle with the 
help of only one theory. 


Example 6. A(2,5), B(—1,1) and C(2, 1) are the three vertices of a triangle. 
Draw a rough figure of the triangle and find its area by the perimeter and the 
length of its side. Determine what type of a triangle does it appear to be and 
justify your answer. 


262 Higher Mathematics Classes IX-X 


Solution: The triangle has been shown in the figure. 


Length of the side AB is c = 
(—1- 2} + (1-5) 

= V9 + 16 = 5 unit 

Length of the side BC is a = 
(2+ 1? 4 (1-1) 

= J9 1-0 — 3 unit 

Length of the side AC is b = 

V - 2» + (1-5)? 

= y0 + 16 = 4 unit 


1 


13 
= £ =6 unit 
2 unl 


<. Area=,/s(s — a)(s — b)(s — c) square unit 


= ,/6(6 — 3)(6 — 4)(6 — 5) square unit 
= y6 x 3 x 2 x 1 square unit 
= y6 x 6 = 6 square unit 


From the figure we can understand that it is a right angled triangle. It can be 
proved easily by the theorem of Pythagoras. 


AB? = è = 5? = 25, BO? =a? = 3? = 9, CA? = b = 4 = 16 


-. BC? + CA? = 9 +16 = 25 = AB? 


-. ABC is a right angle triangle. AB is hypotenuse and 7ACB is a right angle. 


Example 7. A(2,—4), B(—4, 4) and C(3, 3) are the three vertices of a triangle. 
Draw the triangle and find the area by determining the length of the side. 
Determine what type of a triangle does it appear to be and give a name of it and 
justify your contention. 
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Solution: The triangle is shown in the figure. 


AB =c = /(-4—2)? + (4—(-4)? 

= /36 + 64 = V100 = 10 unit 

BC = a = J/(8 — (—4))? + (8 — 4)? 

= v49 +1 = v50 = 54/2 unit 

CA-b- (2-39 (4-3) 

= V1 +49 = V50 = 54/2 unit 

Now, s = 5(at+b+c) = 2 (10--5V/2-- 5v) 
= 5 + 5V2 unit 


.. Area = y s(s — a)(s — b) (s — c) square unit 


= 4/ (5 + 5V2) (5 + 5/2 — 10)(5 + 5V2 — 5V2 (5 + 5V2 — 54/2) square unit 


= 4/ (5 + 5V2) (5V2 — 5) -5- 5 square unit 


= 54/ (5 + 5/2)(5/2 — 5) square unit 
= 54/ (5/2)? — 52 = 5/50 — 25 = 54/25 square unit = 25 square unit 


The given triangle is an isosceles triangle. Because BC = CA = 54/2 unit i.e., 
the two sides of the triangle is equal. 


Again, AB? = 10? = 100 

BC? + CA? = (54/2)? + (5V2)? = 50 + 50 = 100 
. AB? BC? + CA? 

<. AABC is a right angled triangle. 


So AABC is a right angled and isosceles triangle. 


Example 8. The three vertices of a triangle are A(—2,0), B(5,0) and C(1, 4) 
respectively. Find the length of each side and the area of the triangle. 
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Solution: The triangle is shown in the figure. 


AB =c= J/6- C3 € (0 0? 
= V/49 = 7 unit | I--LJ-T- T: 
BO = a= V -5 + (4 — 0)? L-ECHHHA 
= /16 + 16 = 42 unit HHH 


CA =b = „y (—2 — 1} + (0 — 4)? Xe 
|_| la¢aoay | JO) | || 
= v3 + T6 = 5 unit, Ere T PEOTI 
s=z(a+b+0)=5(7+4V2+5) | BEBABERERRENE 
1 H-H4-I-EIHÁAAHÁÀ LT: 
= 5(12 + 4/2) = 6 + 2v2 unit Coco ue TIL 
Y 
<. Area = 4/s(s — a)(s — b)(s — c) square unit 


= J/ (6 + 2/2)(6 + 2/2 — 7)(6 + 2/2 — 4//2)(6 + 2/2 — 5) square unit 


= 4/(6 + 2/2) (2/2 — 1)(6 — 2/2)(2/2 + 1) square unit 


= 4/ (6 + 2/2)(6 — 24/2) (24/2 + 1)(2/2 — 1) square unit 


= 4/ (62 — (2/2)?) ((24/2)? — 12) = v28 - 7 = 14 square unit 


The given triangle is an obtuse angled triangle. Because, it has no side equal to 
its any other side. 


Observation: Among the three triangular regions whose area we have 
determined, the first one is a right angled triangle, the second one is an isosceles 
triangle and the third one is an obtuse angled triangle. The area of each triangle 
has been determined with the help of only one formula. In the same way we can 
determine the area of any other triangle. There will be more problems related to 
the area of triangles in the exercise. 


Example 9. — A(1,0), B(0,1), C(—1,0) and D(0,—1) are four vertices of a 
quadrilateral. Draw the quadrilateral and find the area by determining its length 
of any two sides and the diagonals. 


Solution: In the adjacent figure by plotting the points, the quadrilateral ABCD 
is shown. AB, BC,CD and DA are the four sides of the quadrilateral and AC 
and BD are the two diagonals of the quadrilateral. 
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Side AB =c=4/(1—0)? + (0-1)? 
= V1+1= V2 unit Y 
Side BO =a = (03-1)? 4 (1 0} cooctoo 
= VI FI = V2 unit 
Side AC = b = J/(14- 1)? + (0 — 0)? 
= VZ = 2 unit 

Side CD = 4/(-1— 0)? + (0 + 1} 


unit 


Side DA = J(0—1?--(-1—-0? = 
unit 

We can see that, AB = BC — CD — DA 
/2 unit 


.. The quadrilateral is a square or a rhombus. 

Now, AB? + BC? = (1/2)? + (V2? =24+2=4= AC? 

.. The quadrilateral is a square. 

The area of the quadrilateral ABCD = 2x the area of the triangle ABC. 


Now the perimeter of the triangle ABC is 2s = AB + BC+CA= V2+ V24-2- 
2+ 24/2 unit 


s= 58-28) =1+ V2 unit 
.'. The area of the triangle ABC is = J/(s(s — a)(s — b)(s — c) square unit 


= /(14+ V2) + V2 — VJA V2 - 2)(1-- V2 — V2) square unit 


= (V2 1)-1- (V2— 1)-1 square unit 


= 4/ (V2)? — 1 square unit = /2 — 1 square unit = 1 square unit 
.. The area of of the quadrilateral ABC D is = 2 x 1 square unit = 2 square unit. 
Remark: By squaring the length of à square, the area can also be found. By 


multiplying the length and the breadth of a rectangle, the area is also to be found. 
But the area of any quadrilateral can not to be determined. 


Example 10. Draw the quadrilateral having its vertices at the points A(—1, 1), 
B(2, —1), C(3,3) and D(1,6). Find the length of its each side and one of its 
diagonals and also the area of the quadrilateral. 
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Solution: By plotting the points on the plane xy, the quadrilateral ABCD is 
shown. In the quadrilateral ABCD, 


Side AB = a = V3? + 2? = V/13 unit 

Side BC = b = V12 + £ = V17 unit 

Side CD = d = VZ + 32 = V13 unit 

Side DA = e = 2? + 52 = 4/29 unit 
Diagonal AC = c = V4 + 2? = /20 unit 
In AABO, 2s = a +b + c = (V13+ V17 + 
v20) unit | LI TET 
= (3.6056 + 4.1231 + 4.4721) unit = 12.220000 || || ||| | Peri 
unit TESTER 
-< s= 6.1004 unit a AE 


Area of AABC is = y/s(s — a) (s — b)(s — c) square unit 

= V6.1004 x 2.4948 x 1.9773 x 1.6283 square unit 

= 49.000 square unit = 7 square unit 

In AACD, 2s =c+d+e = (v20 + V13 + V29) unit 

= (4.4721 + 3.6056 + 5.3852) unit = 13.4629 unit 

'. $ = 6.7315 unit. 

Area of AACD is = ,/s(s —c)(s—d)(s — e) square unit 

= 4/6.7315 x 2.2591 x 3.1256 x 1.3460 square unit 

= /63.9744 square unit = 7.9983 square unit 

.. Area of the quadrilateral ABCD is = (7.000 + 7.998) square unit 


= 14.998 square unit = 15 square unit (app.). 


Remark: The quadrilateral is not a square or a rectangle or a parallelogram or 
a rhombus. This method is very useful in determining the area of such an obtuse 
shaped land. 


Example 11. The coordinates of the four points are respectively A(2, —3), 
B(3,0), C(0,1) and D(—1, —2). 


1) Show that ABCD is a rhombus. 
2) Find the length of AC and BD and ascertain whether ABCD is a square. 
3) Find the area of the quadrilateral by the region of triangle. 
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Solution: By plotting the points, the quadrilateral ABC'D has been shown in 
the figure. 
1) Suppose, a,b,c,d are the length of the sides 
AB, BC,CD and DA respectively and the 
diagonal AC = e and the diagonal BD = f. 


a= /(3—-3 + (0+3) = V1? +3? = v10 


unit 

b= /(0—3)2+ (1— 0)? = V3 + 2? = 10 
unit 

c= f/(-1—0)? + (-2- 1} = 1243: 
= y 10 unit 

d= /(2+1)?+(-34+ 2) = V3 +1? 

= 710 unit 


Since a = b = c = d = V10 unit 
.. ABCD is a rhombus. 


2) Diagonal AC = e = ,/(0— 2)? + (1 + 3? = V4 + 16 = V20 unit 
and diagonal BD = f = J/(-1— 3)? + (-2 - 0)? = VE + 2? = /20 unit 
.. It is seen that AC = BD therefore, the diagonals are equal. 
AC? = (/20)” = 20 
AB? + BC? = (VTO)? + (VTO)? = 10 + 10 = 20 = AC? 


.. According to the theorem of Pythagoras ZABC is a right angle. 
.. The quadrilateral ABCD is a square. 
3) Area of the quadrilateral ABCD is = 2x area of the triangle ABC 
Here in the case of AABC, 
10 10 20 2V10+2V5 
Se s R - 04 V6 


s= s(atb-+e) = 
.. Area of AABC, 
= ,/s(s — a)(s — b)(s — e) square unit 

= 4/(v10+ V5)(V10 + V5 — V10)(V10 + V5 — v10)(V/10 + V5 — v20) 


square unit 


= 4/(/10 + V5) - v5 - v5 - (V/10 — V5) square unit 


268 Higher Mathematics Classes IX-X 


= 4/5 - ((V10)? — (/5)?) = V5 -5 = 5 square unit 


.. Area of square ABCD is = 2 x 5 square unit = 10 square unit. 


Remark: Easy method: the area of a square ABCD = (V10)? = 10 square unit. 


Method 2: Determination of the Area Using the Coordinates of the 
Vertices 


By this method the area of a triangle can be determined very easily with the 
help of the coordinates of the three vertices of a triangle. If the coordinates of the 
vertices of any polygon are known, the area of the polygon can also be determined 
in the same way. However, in real life, it is not possible to use this method. This 
is because if we want to determine the area of a land and if the shape of the land 
is triangle or square, the area can not be determined by this method since the 
coordinates of the angular points are not known or are not possible to know. But 
we can easily measure the length of the sides of a land and determine the area 
by the Method 1. So, it is necessary for the students to have conceptions about 
both methods. Method 2 for determining the area of triangles and polygons is 
discussed below with examples: 


The General Formula of Determining the Area of a Triangle: Let, 
A(z1, 91), B(z2, Y2) and C(zs, y3) be the three vertices of the triangle ABC. Like 
the figure similar to below, the points A, B and C are arranged in anti-clockwise 
order. 

Y B(x yj) 


E(x5,0) F0 X 


From the figure we get, 


Area of polygon ABC DF = area of triangle ABC + area of trapezium ACDF. 
= area of trapezium ABEF + area of trapezium BCDE. 


Therefore we get, 


a 
e 
N 


Area of triangle ABC = area of trapezium ABEF + area of trapezium BCDE 
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— area of trapezium AC DF. 
.. Area of the Triangle ABC 


= 5 x (BE + AF) x EF +5 x (CD + BE) x DE- 5 x (OD + AF) x DF 


1 1 
X (ya +91) X(zi- ta) * 5 X (ya + y2) X (za — 23) — 5 X (ys +91) X (z1 — 23) 


Where in the side of multiplication as the positive sign N we get £1Y2 + zoys + 2311 
and as the negative sign we get —z2y1 — tala — £1Y3 


Tı T2 X3 Tı 


square unit 
Yı Y2 YB Yı 


So, area of triangle AABC = ; 


Remark: It is very important to remember that in applying this formula, the 
zı X2 T3 Tı 
Yı Yo Vs Yı 
Example 12. Find the area of the triangle ABC with the vertices A(2,3), 
B(5,6) and C(—1, 4). 


vertices must be taken in anti-clockwise order. 


Solution: The vertices 4(2,3), B(5,6) and 
C(—1, 4) are taken in anti-clockwise order. 


Ano ABC eu cB ceret 


23x e 4 3| m 


unit 
= 302 + 20 — 3 — 15 + 6 — 8) square unit 


1 
= 312) square unit — 6 square unit 


Example 13. The vertices of a triangle are A(1,3), B(5,1) and C(3,r) and its 
area is 4 square unit. Find the possible value of r. 
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Solution: Considering the vertices A(1,3),B(5,1) and C(3,r) are in 
anticlockwise order, the area of AABC is 
it eet 


Snag P g| Square unit 


1 
=U tor +9—15—3—r) square unit 


1 
= 3r — 8) — (2r — 4) square unit 
According to the question, |(2r — 4)| 2 4 
or, t(2r — 4) 2 4 


or, 2r — 4 = +4 
Therefore, 2r = 0 or, 8 
r=0, 4 


Area of Quadrilateral 


In the figure below ABCD is a quadrilateral. Its vertices are A(zi, yi), B(x2, Y2), 
C(zs, ys), D(za,y4) respectively and A, B, C, D are arranged in anti-clockwise 
order. 


Now area of quadrilateral ABC D = area of triangle ABC + area of triangle ACD 
il 1 


2 2 


X1 X2 X3 Tı 
y Y2 Y3 Yı 


Tı T3 T4 Xi 
Yı Y Ya Y 


2 


1 1 e 
EU (z192--t2ya--X3y1 — 21 —43ya — X193) t3 (z1ya-T394--4V1 — 391 — vaya — 1194) S 


e 
S 
A 
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1 
3 git + Z3ys + T3y4 + X4yi — Loy — L3Y2 — Lays — T194) 


So, the area of Quadrilateral ABC D 


USE zı X2 T3 T4 X] 


21 Y2 Vs Va Yı 
Similarly, if A(zi,y1), B(2, ye), C(za, ys), D(a, ys) and E(zs, ys) are the vertices 
of a pentagon ABCDE, and if the vertices are arranged in anticlockwise order, 
the area of the pentagon ABC DE is the sum of the area of the three triangles 
ABC, ACD and ADE. 


Like the area of the triangle and the quadrilateral, just in the same way, the area 


1 
of the pentagon ABCDE = — EBEN E QE EUR 
2|t 2 Vs Va Us Yı 
If the coordinates of the vertices of any polygon are to be known, in the same way 
we can determine the area easily following the above method. 


square unit 


square unit 


By, yj) 


>x 


Y 


Work: Establish the formula for the area of hexagon with the help of the 
method of determining the area of quadrilateral. 
Example 14. Find the area of the quadrilateral ABCD with vertices A(1, 4), 
B(—4,3), C(1, —2) and D(4,0). 
Solution: Taking the vertices in anti-clockwise order, the area of the quadrilateral is 


ABCD = 1 1-4 1 4 


34 3 204 Square unit 


1 
= 5(8+8+0+16+16—-3+8—0) square unit 


1 
= 3 (48) square unit — 24 square unit 
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Exercise 11.2 


1. 


10. 


A(—2,0), B(5,0) and C(1, 4) are respectively the vertices of AABC. 
1) Find the lengths of the sides AB, BC, C A and the perimeter of AABC. 
2) Find the area of the triangles. 


In each case find the area of the triangle ABC: 
1) A(2,3), B(5,6) and C(-1, 4) 2) A(5,2), B(1,6) and C(-2, —3) 


Show that the points A(1, 1), B(4, 4), C(4, 8) and D(1,5) are the vertices of 
a parallelogram. Find the lengths of the sides AC and BD. Find the area 
of the parallelogram using area of triangle upto three places of decimals. 


What is the area of the quadrilateral ABCD with the vertices A(—a, 0), 
B(0, —a), C(a,0) and D(0, a)? 

Show that the four points A(0, —1), B(—2,3), C(6,7) and D(8,3) are the 
vertices of a rectangle. Find the lengths of its diagonals and the area of the 
rectangle. 


If AB — BC holds for the coordinates of the three points respectively 
A(—2,1), B(10,6) and C(a, —6), find the possible value of a. Then find 
the area of the triangle formed with the help of the value of a. 


The coordinates of the three points A, B, C are respectively A(a,a + 
1), B(-6, —3) and C(5, —1). If the length of AB is twice of AC, find the 
possible value of a and describe the properties of the triangle ABC. 


Find the area of the quadrilaterals as follows. [Use method no. 2]: 

1) (0,0), (—2, 4), (6, 4), (4, 1) 2) (1,4), (—4,3), (1, —2), (4,0) 

3) (0, 1), (-3, =3), (4, 3); (5, 1) 

Show that the the area of the polygon with vertices A(2, —3), B(3, —1), 
C(2,0), D(—1,1) and E(—2, —1) is 11 square unit. 


The vertices of a quadrilateral, arranged in anti-clockwise order, A(3, 4), 
B(—4,2), C(6, —1) and D(p,3). Find the value of p if the area of the 
quadrilateral ABC D is twice the area of the triangle ABC. 
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Gradient or slope of a straight line 


In this part of Coordinate Geometry, at first we shall discuss what Gradient or 
Slope means and how to determine the Slope or the Gradient of a straight line. By 
using the concept of the slope how the algebraic form of the straight line appears 
to be will be discussed. If any straight line passes through two points, the nature 
of that straight line and the determination of the equation of that straight line are 
mainly the subject matter of the discussion. If two straight lines meet or intersect 
at any point, determining the coordinates of that intersecting point and triangles 
formed by three straight lines denoted by three equations will also be discussed. 


Gradient or slope 


In the figure beside, let’s consider the straight 
line AB. The line passes through the two 
points A(2,3) and B(6,7). According to the 
figure, the line produces an angle @ with 
the positive side of x axis. The angle @ is 
the measurement of the inclination of the 
straight line AB with the horizontal z-axis. 
In Coordinate Geometry, we measure the 
Gradiant m of the line AB in the following 
way: 


Change of the coordinate of y 
Change of the coordinate of x 


——_ =-=] 


6-2 4 
.. gradient of the line AB, m = 1 
Generally, when a straight line AB passes through the points A(z1, y1) and 
B(x2, y2), we express the gradient (m) as 
y2 — Yı H rise 
tT = ae — s o ni 
T2 — 21 | run run 


In reality, the relation between the slope m and the angle 0 produced by any 
straight line with the positive side of z-axis is, m = tan9. In the figure above, in 
case of AB, slope of the line is m = 1 i.e., tan? = 1 or, 6 = 45° (an acute angle) 
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Example 15. In each of the following 
cases find the slope of the straight line H 
passing through the given pair of points: CTT ie TTT TT er 
1) A(2,3) and B(3,6) 
2) A'(2,1) and P'(—1,4) 


aD 


Solution: : i8 lel Lax 

1) Slope of the line AB — Longe CER MER INL LT] 

3 run 3—2 

pus ^ pop CBEBEREREEED 
2) Slope of the line A’B! = == = PH eO eO HH 

run E — 2 O ee Se ee ee Ee a | 
do ž 
—3 


Note: In the above figure, it can be seen that the slope of the line AB is positive 
and the angle produced is an acute angle. Again from the same figure, it is clear 
that the slope of the line A B is negative and the angle produced is an obtuse 
angle. Therefore, from the above discussion we come to the conclusion, if the slope 
is positive, the angle produced by the line with the positive side of the z-axis is 
an acute angle and if the slope is negative, the angle produced by the line with 
the positive side of the z-axis is an obtuse angle. 


If the produced angle is zero or right angle, what will be the slope? This has been 
explained with the help of the following example: 


Example 16. The coordinates of the three points A, B and C are respectively 
(2,2), (5,2) and (2, 7). Draw the lines AB and AC on the Cartesian plane. If 
possible, find the slopes of the lines AB and AC. 


Solution: The lines AB and AC have been drawn on the Cartesian plane. 
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From the figure, it is observed that the line 
AB is parallel to the x axis, while the line 


AC is parallel to the m E =. I. 
Slope of AB, m — - A -itis L1 | 
Slope of AC’ can not i determined by the +4 


HTM because Tı = T2 = 2 T | 
439 — Tı i 
and Tz — 24 = 6. If zı = zz then the slope Me i 
of the line is not determined but the line is | 
parallel to the y-axis. 
Generally any straight line passing through 
the point A(zı, yı) and B(2e,y2) has the 
slope, 


—- Wa Wu yı pee — Ya if zz 
CU Hd Tı — T2 


formula m = 


i iz 
seo 
[1 bit ttt | 


| 


Observe: If zı = z3, the line is parallel to the y-axis i.e., a perpendicular on the 
z-axis. It is not possible to walk on the perpendicular line or the vertical line. So, 
the determination of the slope is not possible. 


Remark: In the above figure, on any point of the line AB, the ordinate i.e., 
y = 2 and on any point of the line AC, the abscissa i.e., x = 2. Therefore, the 
equation of the straight line AB is y = 2 and the equation of the straight line AC 
is z = 2. 


Example 17. Find the slope of the T 
line passing through the points A(—3, 2) and SESS Rd Shee hee 
B(3, -2). | H 


Solution: If m is the slope of AB, then 
_ n-th _ tise _ 2 — (-2) 4 


7 ty- run -3-3 — ET. Eri 

—3 LLELEITITELLTELTL] 
As the slope is negative, the angle produced |_| | LA LE pp E pg or y 
by the line with the positive direction of the Cc | | | | | LLLLLETI 


z-axis is an obtuse angle. y. 
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Example 18. What is the value of t if the 
three points A(1,—1), B(2,2) and C(4,t) are 
collinear? 


Solution: As they are collinear, their slopes 

will be same. So, we get, 

2*1 .1—2 

2-1 4-2 
3 t-2 


or,t=8 
So, value of t is 8. 


Example 19. A(t,3t), B(t?, 2t), C(t — 2,t) and D(1,1) are the four different 
points. If the lines AB and CD are parallel, find the admissible value of t. 


2t — 3t -t 1 
. : B = = — 
Solution: Slope of AB, m, @—t tt-1) 1-t 
l-t — 1-t 


lope of OD um, = zs 
"opem LAT 


As the lines AB and CD are parallel, they have the same slope i.e., my = ma 
1 1-t 
r = >; 
A ee Set 
or, (1 — t}? = (3 — t) 
or, 1—2t +t —3-t 
or, 2—1—220 


o, t=—lort=2 


So, possible values of t are —1 and 2 


Exercise 11.3 


1. In each case below, find the slope of the straight line passing through the 
points A and B. 
1) A(5,—2) and B(2,1) 2) A(3,5) and B(-1, —1) 
3) A(t,t) and B(t?,t) 4) A(t,t +1) and B(3t, 5t + 1) 
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2. 


The three different points A(t, 1), B(2,4) and C(1, t) are collinear; find the 
value of t. 


Show that the points A(0, —3), B(4, —2) and C(16, 1) are collinear. 
If the points A(1,—1), B(t,2) and C(t?,t + 3) are collinear, find the 


admissible value of t. 
Find the value of p if the line joining the points A(3,3p) and B(4, p? + 1) 
has slope -1. 


1 1 
Prove that the points A(a,0), B(0, b) and C(1, 1) are collinear if " + = l. 


If the points A(a, b), B(b, a) and C € 1 


;) are collinear, prove that, a+b = 
0. 


Equation of Straight Lines 


Suppose, a definite straight line L passes through two definite points A(3, 4) and 
B(5, 7). In the figure below, the line is shown. 


Then 


my = 


the slope of the straight line AB is 
7—4 38 (1) 
5-3 2 


Suppose, P(x,y) is any point on the line 


L. T 
y—4 
r—3 
Since 


line, both have the same slope. i.e. 


Th = 


or, 32 —9 —2y — 8 


hen the slope of the line AP is mg = 


... (2) 


AB and AP are segments of the same 


m2 


or, 2y = 32 —1 


3 1 
or, y= 592 —5...(3) 


2 
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again, slope of PB, m3 = LIE ... (4) 
= 


As slopes of AB and PB are same, 


Mm, = Mg 
3 T7T—y 
Or, 2 = a [From (1) and (4)] 


or, 15 — 3z = 14 — 2y 
or, 2y + 15 = 3z + 14 
or, 2y = 3z — 1 

3 1 
or, y = z273 5) 
The equation (3) and (5) is the same equation. So, the equation (3) or (5) is 
the Cartesian equation of the straight line L. If we observe, we will find that the 
equation (3) or (5) is the single equation of z and y and it indicates a straight line. 
So, undoubtedly it can be said that the single equation of z and y always indicates 
a straight line. The equations (3) and (5) can be expressed in the following way: 


NE 
9-5 
ae ag 

2-4 7-4 ye -4 
ie a a 
ie, f = mor tam 


Therefore, it is said usually, if two definite points A(x1, yi) and B(z»,y3) lie on 

any straight line, the slope 

m= Bom me [m 
T2 — Tı |run | |run 

and the Cartesian equation of that straight line will be: 


y — yı Yy — y2 
———=m...(6 =m...(7 
TN QT (7) 


From equation (6): 
y — yı -m(z — zi)...(8) 
From equation (7): 
y — ya = m(z — z3)...(9) 
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'. From (8) and (9) we can say, if the slope of the line is m and the line passes 
through the definite points (71, y1) and (22, ys), the Cartesian equation of the line 
will be determined by the equation (8) or (9). From the equation (6) and (7) we 
get, 
m=” Y- ...(10) 

T — Ly T — T2 


From the equation (10), it is said clearly, if a straight line passes through two 
definite points A(z1,y1) and B(x, y), its Cartesian equation will be 

oR _ u-u m 929 ZY% M27 VL ..(11) 

X—12 EE eU "p m3 23—231 ^ 

Y-Y we" 

zı — 22  7T2— 01 


As, m — 


'The above discussion is explained with the help of the following examples so that 
the students can easily understand the slope of the straight line and the equation. 


Example 20. Find the equation of the straight line connecting the points 
A(3,4) and B(6, 7). 


Solution: Slope of AB, m — Hnc x e = 2 =1 
run 6-3 3 


By applying the equation (8), the equation of the line AB is, y — 4 = 1(x — 3) 


or,y—-4=2-3 
o,y=r+1 
By applying the equation (9), the equation of the line AB is, y — 7 = 1 (x — 6) 


or,y=r+1 
. ‘ : : .Vy— 4-7 
By applying the equation (11), the equation of the line AB is rcx 
a e nd 
y-4 -3 
— ——= A 1 
"pes eg 


or, y—4=2-3 
or,y=2+1 


Observe that, by applying any one of the formula (8) or (9) or (11), the equation 
of the straight line connecting two definite points can be determined. The learners 
can use either one according to their convenience. 
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Example 21. The slope of a definite straight line is 3 and the connecting point 
of the line is (—2, —3). Find the equation of the line. 

Solution: Given that, slope m = 3 and the definite point (x1, 91) = (—2, —3) 

<. The equation of the line, y — yı = m(z — zi) 

or, y — (-3) = 31 - (-2)] 

or, y +3 = 3(z + 2) 

or, y= 3z + 3 

.. Required equation, y = 3z + 3 


Example 22. The straight line y = 3z + 3 passes through the point P(t, 4). 
Find the coordinate of P. The line intersects the z-axis and the y-axis on the 
points A and B respectively. Find the coordinates of the points A and B. 


Solution: The point P(t, 4) lies on the line y = 3x + 3; so coordinates of P will 
satisfy the equation of the line. 


So, 4=3-t+3 

or, t = 4— 3 TELL 

otas EEE 
.. The coordinate of P is (t,4) = P EE, EEEEELH qom [TT 


3 batty 
The line y = 3z + 3 intersects the z-axis at X#———ACLD, 


A. So, the ordinate or y coordinate of the ETETA IT [1] 
point A is 0. [Since y is 0 on all points of the 1| 111 
x-axis. | aa ais eee +} i i 
or, 0 = 3x + 3 or, x = —1 os i hielo 
'. coordinate of A is (—1,0) 
Again, the line y = 3x + 3 intersects the y-axis at B. So, the abscissa or z 
coordinate of the point B is 0. [Since z is 0 on all points of the y-axis.| 


So, y=3-0+30r,y=3 

.. Coordinate of B is (0,3) 

Now, draw the line AB on the Cartesian plane. The line AB intersects the z-axis 
at the point (—1,0) and the y-axis at the point (0,3). i.e., when the value of x is 


-1, the line y = 3x + 3 intersects the x-axis. Again, when the value of y is 3, the 
line intersects the y-axis. So, the bisector x of the line is —1 and bisector y is 3. 


a 
E 
S 
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The general equation of such straight line which is not vertical can be expressed 
in the following way. 


Here, the slope of the line is m and c is the bisector of the y-axis. For m > 0 and 
c > 0 of the line is shown in the first figure. 


Again, parallel to the y-axis, i.e., the general equation of the perpendicular line 
on the z-axis is z = a. In the same way, parallel to the z-axis, i.e., the general 
equation of the perpendicular line on the y-axis is y = b. See the first figure. 


Observed, as the value of c is positive, the line y = mz + c intersects c to the 
positive side of the y-axis at a single distance. As the value of m(m = tan > 0) 
is positive, the angle produced by the line y = mx + c is an acute angle. As the 
values of a and b are positive, the line = a has been on the right side of the 
y-axis and the line y = b has been shown above the z-axis. 


In the case of the negative values of a,b and c, the position of the lines are shown 
in the second figure. 


(c) 


From first two figures and above discussion, we can say clearly, if c = 0, the line 
y = mz will pass through the origin (0,0) and if a = 0, the line will pass through 
y-axis and if b = 0, it will pass through z-axis. 
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Example 23. Find the slope and the intersector of the straight line y— 2x +3 = 


0. Draw the line on the Cartesian plane. 


Solution: y — 22 - 320 
or, y = 2x — 3 [shape of y = mz + c] 
. Slope, m — 2 and Intersector of y-axis is 
c -— —3 
Now, if the line intersects the r-axis and the 


y-axis at A and B, we get, 
3 
The coordinates of the point A is (26) 


3 
[Putting in z-axis y = 0 z = zl 
The coordinates of the point B is (0,—3) 
[Putting z = 0 in y-axis, we get y = —3] 


The line is drawn on the Cartesian plane. 


Example 24. The line joining the points A(—1,3) and B(5, 15) intersects the 
x-axis and the y-axis at the points P and Q respectively. Find the equation of 


the line PQ and the length of PQ. 


Solution: The equation of the line AB, 


y-3 3-15 
g+1 -1-5 
49 
= — = 2 
—6 


or, y- 3 = 2r +2 


or, y= 2z +5... (1) 
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From (1), the coordinate of P is (-3:0) 


and and the coordinate of Q is (0,5) 


of the line PQ, 


the equation 


y-0 0-5 
5 —5 
"CREE 


or, 2y = 4x + 10 


or,y—-2r-5 


Remark: AB and PQ are the same straight 
line. 


Now, length of 
5 2 
(-5-*) + (0 — 5)? 


[25 [125 5/5 . 
= E +25 = 4 = > unit 


A(3,4), B(—4,2), C(6,-1) and D(k,3) points rotate 


PR = 


Example 25. 
anti-clockwise. 


1) Show that the connecting straight line between points A and B form an 
acute angle with z-axis. 


2) If P(x,y) point is equidistant from A and B then show that, 14x + 4y = 5 


3) Determine the value of k if the area of quadrilateral ABCD is thrice that 
of AABC. 
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Solution: 


1) Ifthe slope of AB is m, 
2—4 -2 2 


“2453 ca. 
As the slope is positive, the line forms acute angle with positive z-axis. 


2) PA= „(æ — 3)? + (y — 4?! and PB = V(x +4} + (y — 2)? 
As P is equidistant from A and B, PA = PB 
(z 39 3 (y — 49) = (s 3 49 3 (y 2? 
or, z? — 6z +9 + y? — 8y + 16 = z? + 8z + 16 + y? — 4y + 4 
or, —6z — 8y — 8z + Ay = 20 — 25 
or, — 14x — 4y = —5 
- lr--4g — 5 


3) Area of quadrilateral ABCD — ; ) -4 6 k ; 


4 2 -13 4 


= 5 (6-44 18--4k — (C16 +12- k-9)) = 5 (08--4& 5k) = 5 (28+5k) 


. | 13 -4 6 3 
Area of triangle ABC = 5 |y B. c i 


1 41 
= 5{6+4+24—(-16+12-3)}= > 


1 41 
According to the question, 5 (23 + 5k) =3x F 


or, 23 + 5k = 123 
or, 5k = 100 or, k = 20 
z. k= 20 


Exercise 11.4 


1. If A(—1,3) and B(2,5) then, AB’s 
(i) length is v13 unit 


2 
($i) slope is 3 
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(iii) equation is 2z — 3y = 11 
Which of the followings is true? 


1) i, ii 2) i, iii 3) ii, iii 4) i, di and iii 
In ys(s — a)(s — b)(s — c), s means 
1) area of triangle 2) area of circle 
3) half perimeter of triangle 4) half perimeter of circle. 
A 
3 5 
B C 


Area of the triangle is 
1) 12 square 2) 15 square 3) 6 square 4) 60 square 


unit unit unit unit 
oo 
A(1,1) B@G,-3) 


Slope of the line AB 

1) 2 2) -2 3) 0 4) 6 
Product of the slopes of z — 2y — 10 = 0 and 2x + y —3— 0 is 

1) -2 2) 2 3) -3 4) -1 
Equations y — 5 +2 and 5z — 10y + 20 = 0 indicate 
1) two different lines 2) the same line 
3) that the two lines are parallel 4) that the two lines intersect each 
other 
The intersecting point of y= x — 3 and y = —z + 3 is 
xz = 1, y = 1. The coordinate of the point on which the two lines intersect 
x-axis is 
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13. 


14. 


15. 


16. 


17. 
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1) (0,1) 2) (1,0) 3) (0,0) 4) (1,1) 


x= 1, y = 1. The area of the region created by the two lines with the two 
axes is 

1) z Square unit 2) 1 square unit 

3) 2 square unit 4) 4 square unit 

Find the equation of the straight line which passes through the point (2, —1) 
and whose slope is 2. 


Find the equation of the straight line passing through each pair of points 
below: 

1) A(1,5), B(2,4) 2) A(3,0), B(0, —3) 

3) A(a,0), B(2a, 3a) 


In each case given below, find the equation of the straight line 
1) Slope is 3 and intersector of y is 5 

2) Slope is 3 and intersector of y is —5 

3) Slope is —3 and intersector of y is 5 

4) Slope is —3 and intersector of y is —5 


Draw these four straight lines on the same plane. |By these lines it will be 


understood in which quadrant the slope and the symbol indicating bisector 
will remain] 


Find the points where each of the following straight lines intersects the z-axis 
and the y-axis. Also draw the lines. 

1) y232-3 2) 2y = 5z + 6 

3) 3r — 2y 4-0 

Find the equation of the straight line passing through the point (k, 0) and 
having slope k using k. Find k if the line passes through the point (5, 6). 
Find the equation of the straight line passing through the point (k?, 2k) and 


1 
having slope —. If the line passes through the point (—2, 1), find the possible 
value of k. 


A straight line with slope : passes through the point A(—2,3). If the line 
passes through the point (3, k), what is the value of k? 


A line with slope 3 passes through the point A(—1,6) and intersects z-axis 
at the point B. Another line passing through the point A intersects x-axis 
at the point C(2,0). 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


1) Find the equations of the lines AB and AC. 
2) Find the area of AABC. 


Show that the two lines y — 2r + 4 = 0 and 3y = 62 + 10 do not intersect 
each other. By drawing the two lines, explain why the equation have no 
solution. 


The three equations y = z + 5, y = —x + 5, and y = 2 indicate the three 
sides of a triangle. Draw the triangle and find the area. 


Find the coordinate of the intersecting point of the two lines y = 3r + 4 
and 3z + y = 10. Draw the two lines and find the area of the triangle with 
x-axis. 


Prove that the three lines 2y — x = 2, y +x = 7 and y = 2x — 5 are 
concurrent, i.e., the lines pass through the same point. 


y=2+3, y=x2-—3, y= -zr +3 and y = —z — 3 indicate the four sides 
of a quadrilateral. Draw the quadrilateral and determine the area in three 
different methods. 


A(—4, 13), B(8,8), C(13, —4) and D(1, 1) are the vertices of a quadrilateral. 
1) Determine the angle that line BD forms with z-axis. 
2) Determine the characteristic of quadrilateral ABCD. 


3) Determine the area of that portion of quadrilateral ABCD which forms 
a triangle with z-axis. 


Four corner points of a quadrilateral are P(5,2), Q(—3,2), R(4, —1) and 
S(—2, -1) 
1) Determine the equation of straight line PS. 


2) Determine the length of the diagonal of the square that has the same 
area as that of quadrilateral PQSR. 


3) Determine the area of that portion of quadrilateral PQSR which resides 
in the second quadrant. 


Chapter 12 


Planar Vector 


In physics, we have learnt about two types of quantities. One type is denoted only 
by the magnitude [quantity being measured by using addition 4) or substraction 
(—) signs]. The other type requires both magnitude and direction. The first one is 
known as scalar and the second as vector. We shall discuss about vector quantities 
in this chapter. 


At the end of this chapter, the students will be able to- 


P describe scalar and vector quantities; 

explain scalar and vector quantities with symbols; 
explain equal vector, opposite vector and position vector; 
explain vector addition and rules of vector addition; 
explain the subtraction of vectors; 

explain the scalar multiple of vectors and a unit vector; 


explain the scalar multiple of vectors and the distributive law; 


vvyvrvvvy 


solve different geometrical problems using vectors. 


Scalar and Vector Quantities 


Measurement of things is necessary in all spheres of our daily life. Length of a 
body, measure of time, amount of money, measurement of volume and temperature 
can be denoted by 5 cm., 3 minutes, 12 taka, 5 litres and 6° C, respectively. For 
these measurements, it is sufficient to state those quantities with their respective 
units. Again, if it is stated that a man starting from a point first travels 4 metres 
and then 5 metres; then to determine his distance from the starting point, it is 
necessary to know the direction of his motion. It is not possible to determine 
correctly how far the man has moved from the starting point unless the exact 
direction of the motion is known. 


The quantity which is completely described by its magnitude with a unit or + or — 
signs before magnitude is a Scalar Quantity. Length, mass, speed, temperature 
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etc. are scalar quantities. 


The quantity which, for its complete description, requires magnitude as well as 
direction is a Vector Quantity. Displacement, velocity, acceleration, weight, 
force etc. are vector quantities. 


Geometrical interpretation of a vector: directed line segment 


If one end of a straight line is termed as the initial point and the other end as the 

terminal point then the straight line is called a directed line segment. The 
directed line segment whose initial point is A and terminal point is B is denoted 
by AB. Each directed line segment is a vector quantity whose measurement is 
the length of the line segment (represented by (ABI) or shortly AB) and whose 
direction is along the line AB straight from A to B. 


Conversely, any vector quantity can be expressed by a directed line segment where 
the length of the line segment is the measurement of the vector quantity and the 
direction represented from initial point to terminal point is the direction of the 
vector. Hence, vector quantity and directed line segment are the same. Directed 
line segments are also called Geometric Vectors. Our discussion will be limited 
to the vectors in a plane. By vector we shall mean Geometric Vectors. 


Any vector (directed line segment) which is a part of an unending straight line is 
called the support line or just support of the vector. 


Usually a vector is represented by a letter e.g. u — AB. To denote a vector, the 
vector is underscored and its directive line segment is adorned with a — above. 
u = AB means the initial point of the vector u is A and terminal point is B; its 
direction is from A to B and its length |u| — |AB| is the length of the line segment 
AB. 


Activity: 


1) The school is situated 3 kilometres to the south of your home. What is 
your velocity if you require 1 hour to go to the school from your home 
on foot? 


2) What is your velocity if you come home by a bicycle in 20 minutes 
after the school breaks? 
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Equivalence of vectors and Opposite vector 

Equal vector: A vector u is said to be equal to another vector v if 
1) |u| = |v| (Length of u is equal to length of v ) 
2) Supports of u and v are same or parallel. 


3) Directions of u and v are same. 
U 
C —— — D 
u v u 
A ———— B C — D A ———— B 


It is easily understood that the definition of equivalence abides by the following 
rules: 


If the support lines of u and v are same or parallel then we call briefly u and v 
are parallel. 


Note: A vector can be drawn at any point which is equal to a given vector. 
Because if a point P and a vector u are given, we draw a straight line at the point 
P which is parallel to support line of u. Now we take PQ line segment to the 
direction of u and equal to |u| . Then according to the construction, PQ = u. 


Opposite vector: v is called the opposite vector of u if 
1) [v] = [ul 
2) Lines of support of u and v are the same and parallel. 
3) The direction of v is opposite of that of u 


If v is an opposite vector of u then u is also opposite of v. It is clear from the 
definition of equality that if both v then w be the opposite vectors of u then v = w. 
—4 is the opposite vector of u. If u = AB then —u = B 


Addition of Vectors 

If from the terminal point of a vector u another vector v is drawn, then u + v 
denotes such a vector whose initial point is the initial point of u and terminal 
point is the terminal point of v . 
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Let AB =U, BC = v be two vectors such that the terminal point of u is the initial 
point of v then the vector AC joining the initial point of u and the terminal point 
of v is called the sum of the vectors u and v and is denoted by u + v 


Ie 


ley 


Triangle law of addition of vectors: In the above diagram, if u and v are 
not parallel to each other then u, v and u + v vectors form a triangle; hence, this 
addition system is called triangle law. 


As a corollary to the triangle law of addition of vectors parallelogram law of 
addition of vectors is as follows: 


Parallelogram law of addition of vectors: If the magnitude and direction 
of two vectors u and v are denoted by the two adjacent sides of a parallelogram 
then the magnitude and direction of u + v is denoted by that diagonal of the 
parallelogram which passes through the point of intersection of the lines denoting 
the two vectors. We shall prove it now. 


Proof: Let OA and OB denote the vectors u and v drawn from any point O. 
Draw the parallelogram OACB and its diagonal OC. Then the diagonal OC of 
the parallelogram will denote the sum of u and v, i.e. OC = u + v. 


In the parallelogram OACB, we have OB and AC equal and parallel. .'. AQ = 
OB = v [by transfer of vectors] 


.. Using triangle law, u + v = OÀ + OB = OÀ + AÓ = OC [Proved] 


Note: 1) The sum of two or more vectors is also said to be their resultant. 
The method of adition of vectors is followed in determining the resultant of forces 
or velocities. 2) If the two vectors are parallel, the parallelogram law is not 
applicable to their addition but the triangle law is applicable in all the cases. 
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Subtraction of vectors 


The subtraction of the vectors u and v is u — v and it is equivalent to the addition 
of u and —v (opposite vector of v) i.e. u + (—7). 


C 


A a B 
Triangle law of subtraction of vectors: If the initial points of u and v are 
same then initial point of u — v will be the same as the final point of v and the 
final point of u — v will be the same as the final point of u. In short, the difference 
of two vectors with same initial point is the opposite vector formed by the initial 
points. Therefore, if u — AB, u = AC then u — v = OB, Le. AB — AC = OB. 
We shall prove it now. 


C 


Proof: Line segment CA is produced such that AE = CA, parallelogram AEF B 
me According to the parallelogram law of additions of vectors, AE + AB = 
AF. 


Again AFBC is a parallelogram, as BF = AE = CA and since BF || AE, then 
BF | CA. 


E AP = CB (by transfer of vector), but AE = —y and AB =u 
Therefore u — v = CB is proved. 


Zero Vector 


A vector whose absolute value is zero and whose direction cannot be determined 
is called a zero vector. 
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A 


B 


If u is any vector,then what is the value of u + (—u)? 
Let u = AB then —u = BA. 
Hence, u — u = AB +BA= AA [by triangle law] 


But what kind of vector is AA? Its initial point and final point are same. Hence 
its length is zero. i.e. AA is to be understood as the point A. This kind of vector 
(whose length is zero) is called zero vector and denoted by the symbol 0. This is 
the only vector which has no fixed direction and support line. 


For the introduction of zero vector we can say that u + (—u) = 0 and u +0 = 
O+u=u 


Virtually trial identity is involved with zero vector. 


Laws of Vector Addition 


Just like arithmetical addition, in vector addition commutative, associative and 
cancellation law can be used. 


Commutative law: For any two vectors u , v , we getutu=vu+u 


Proof: Let OA = u and OB = v. Draw the parallelogram OACB and its 
diagonal OC. OA and BC are equal and parallel. Also OB and AC are equal 
and parallel. 


AOC =OAL AC =i pon again, OC =0B+ BC =O0B+0A=v+u 
<. u +v = v + u Therefore, addition of vectors obeys the commutative law. 


Associative law of addition of vectors: For any three vectors u, v, w we 
have 
(u+v)tw=ut(utw) 


Proof: Let, OA x: u, AB = v, BC = w, ie. vis drawn from the terminal of u 
and w is drawn from the terminal point of v. Join O, C and A, C. 
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Then (u +v) +w = (OÀ + AB) + BÓ = OB + BÓ = 0C 
Again, u + (v + w) = OÀ + (AB + BC) = OÀ + AC = OĠ 


<. (u +v) +w = u + (v + w); Hence vector addition obeys associative law. 


Corollary 1. The sum of three vectors represented by the three sides of a 
triangle taken in the same order is zero. In the diagram above, OB +BA+ AO = 
OA+ AO = -AO + AO = 0 


Cancellation law of addition of vector: For any three vectors u, v, w, if 
u +v =u + w then, v = w 


O 


Proof: As u + 


Ie 
Il 
lg 
+ 
ls 


Scalar multiple of a vector 


If u is any vector and m is any real number, then what is understood by mu is 
explained here now. 


1. Ifm=0 then, mu = 0 or zero vector 


2. If m # 0 then, the length of mu is equal to |m| times that of u and the 
supports of mu are same as that of u’s. And, 


1) If m > 0, then direction of mu and that of u are same. 


2) If m « 0, then direction of mu and that of u are opposite. 
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Note: 1) ifm=0oru=Q, then mu=02) lu = u, (—1)u = —u 
From the above definition, it is observed that, m(nu) = n(mu) = (mn) (u) 
Both m,n > 0, both < 0, any one > 0 and the other < 0, any one or both 
is zero -after considering all these case separately, the reality of the rule can be 
established. An Example of such cases is given below 
u u u u u u 

A B C D E F G 
Suppose, AB = BC =u 
AC is produced up to G, such that CD = DE = EF = FG = AB. 
Thu JG - ABA HO CD DES EP + FC usid ha ard eS Ou 
Again, AG = AC + CÉ + EG = 2u + 2u - 2u = 3(2u) 
And AG = AD + DG = 3u + 3u = 2(3u) 
<. 2(3u) = 3(2u) = 2 x 3(u) 


Note: If the support lines of two vectors are alike or parallel, then one can be 
expressed as scalar multiple of the other. 
|AB| AB 


In reality, if AB || CD then, AB =mCD where, |m| — GBI = 6D 


1) ifm>0, AB and CD are alike in direction, 
2) ifm«90, AB and CD are unlike in direction, 


Distribution laws concerning scalar multiples of vectors 
If m,n are two scalars and u and v are two vectors then 

1. (m+n)u = mu 4 nu 

2. m(u +v) =mu+mu 


Formula 1. (m-4n)u = mu + nu 


Proof: If m or n is zero, then the law is obviously true. 


Suppose both m and n are both positive and AB = mu 5. |AB| = mul 
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AB is produced up to C so that IBÓ| = nju] A BC = nu 

[A| = |AB| + |BC| = mlu| + nul = (m--n)lu] 0. AC = (m+ n)u 

But AC = AB + BÓ “mut nu =(m+n)u 

If both m,n are negative, then the length of (m + n)u is |(m + n)||u| and the 
direction will be opposite direction of u, so the length of the vector mu + nu will 
be |m||u| + |n||u| = ([m| + [n|)|u| and the direction will be opposite of u. But, if 
m < 0 and n < 0 then, |m| + |n| = |m + n|. In that case, (m + nju = mu + nu. 
Lastly, if among m and n, m > 0 and n < 0, then the length of (m + n)u will 
be (|m| — |n|)|u| and direction will be aligned with that of u, when |m| > |n| and 


opposite to direction of u, then vector mu + nu will be aligned in direction 
of (m + n)u and their lengths will be same. 


Observation: Three points A, B, C will be co-linear if and only if AG be a scalar 
multiple of A 


Remark: 1) If the support lines of two vectors are alike or parallel and their 
directions are alike, then the vectors are called similar vectors . 2) The vector 
whose length is 1 unit is called a unit vector. 


Formula 2. m(u+v) = mu + mu 


D 


Proof: Let, OA = u, AB = v then OB = OÀ + AB =u +v 


OA is produced to C such that OC = m- OA, The straight line CD drawn at C 
and parallel to AB meets the produced OB at D. Since the triangles OAB and OCD 
are similar, 


Hence (CC! _ CBI ODE, 
' OÀ) |AB| [OBI 
OC 2 m- OA,CD — m: AB,OD — m- OB 


«CD = mAB = mw 
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here, Oc + CD E OD 

or, m(OÀ) + m(AB) = m(OB) 

<. mu + mu = m(u + v) 

Observation: This formula is true for all values of m. 

For ease of usage, the formulas related to Vectors are given below, 


l. utv=v+4u 


2. (u+v)tw=ut(ut+w) 
3. u+0=0+u=u 

4. u+(-u) =(-u) +u=0 
5. ifu+v=u+w then v=w 
6. m(nu) = n(mu) = (mn)(u) 
T. 0u—0 

8. lu=u 

9 u--—u 


10. 


Activity: Verify the formula (m + nju = mu 4- nu for the vector u for different 


numerical vaues of m and n. 


Position Vector 


With respect to a given point O in a plane, the position of any point P in the 
plane can be fixed by OP. OP is called the position vector of P with respect to 
O and O is called the vector origin. 


p 
? 


O P 


Let O be a fixed point in a plane and A is another point in the same plane. The 
vector OA produced by joining O and A is called the position vector of A with 
respect to O. Similarly, OB is the position vector of another point B in the same 
plane with respect to the same point O. 
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O ? A 


don A Bi tet, OA = 6,08 b 
Then OA AB =OP ie. ry en 
sn AB-b-a 


Thus if the position vectors of two points are known, then the vector denoted by 
the line joining them can be obtained by subtracting the position vector of the 
initial point from that of the terminal point of the vector. 


Observation: 'The position vector of a certain point may be different with respect 
to different vector origins. In solving a particular problem the position vector of 
all points of the problem are supposed with respect to the same origin. 


Activity: Take a point O as origin on a page of your khatha. Then take 


another 5 points on it at different positions and draw their position vectors 
with respect to O. 


Some Examples 
Example 1. Show that, 
1) -(-8)-4 
2) —m(a) = m(—a) = —(ma) where m is a scalar. 


1 
3) —a is a unit vector whose direction is along that of a 


lal 
Solution: 
1) According to opposite vector law, a + (—a) = 0 
again, (—a) + (—(—a)) = 0 
'. (~a) + (-(-a@)) = a + (~a) 
'. (—(—a)) = a [Cancellation law of vector addition] 


2) ma + (-m)a = [m+ (-m)]a = 0a = 0 
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Again ma + m(—a) = m|a + (—a)] = m0 = 0 
zn m(—a) = —ma:eeee (2) 
From (1) and (2), (-m)a = m(—a) = -ma 


3) As a #0, so |a| Z 0 


mÓ 


Let, à = —a 
lal 


1 
a| 
unit vector whose direction is along a. 


Hence |@| = —|a| = 1 and direction of à and that of a are same, so @ is a 
Example 2. ABCD is a parallelogram whose diagonals are AC and BD. 

1) Express the vectors AC ; BD in terms of the vectors AB and AD. 

2) Express the vectors AB ; AD in terms of the vectors AC and BD. 


Solution: 


1) AC = AD + DÒ = AD + AB 
Again, AB + BD = AD, BD = AD — AB 


2) The diagonals of a parallelogram bisect each other. So, 


aB = 78408 -170 + DÈ = 70- 1BD 
and AD = AÓ + OD = 14 + 2 BD 


Example 3. With the help of vectors, prove that the line segment joining the 


middle points of two sides of a triangle is parallel to and half of the third side. 


Solution: Let D and E be the middle points of the sides AB and AC of the 
triangle ABC. D and E are joined. It is required to prove that DE || BC and 


DE = ZBO. 
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D E 


B C 


By the triangle law of subtraction of vectors, ABAD = DE (1) 
and AC — AB = BC 


but AC = 2AÉ, AB = 2AD ['- D and E are respectively the middle points of 
AB and AC] 


-. AC - AB = BC 

We get, 

2AÉ — 2AD = BC, ie. 2(AE — AD) = BC 
-.2DÉ = BÓ [from (1)] 

.p-lgó 


1 1 
and IDÉ| = 5|BC| or DE = 5BC 


'Therefore the lines of support of the vectors DÉ and BÓ are same or parallel. 
But DE and BC cannot be same. Hence the lines of support of the vectors D 
and BÓ, ie. the lines DE and BC are parallel. 


Example 4. Prove that by Vector methods that the diagonals of a 
parallelogram bisect each other. 


Solution: Let, the diagonals AC and BD of the parallelogram ABC D intersect 
at O. 


Suppose, AO = a, BÓ =,0C = OD = d 


It is required to prove that, |a| = |e], |b| = |d| 
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AO + OD = AD and BÔ + OC = BÓ 
Since the opposite sides of a parallelogram are equal and parallel, AB = BC 


ie. AO + OD = BO+0C 


or,a+d=b+c 


or, a — c= b — d [adding —c — d to both sides] 
here the support of a and cis AC, .. The support of a — cis AC. 
The support of b and dis BD, ~. The support of b —d is BD 


If a — c and b — d are two equal and nonzero vectors, then their lines of support 
are same or parallel. But AC and BD are two intersecting straight lines which 
are not parallel. Hence a — c and b — d are zero vectors. 


Therefore, the diagonals of a parallelogram bisect each other. 
Example 5. Prove by vector method that the straight lines joining the middle 


points of the adjacent sides of a quadrilateral form of a parallelogram. 


Solution: Let P,Q, R, S be the middle points of the sides of the quadrilateral 
ABCD. Join P and Q, Q and R, R and S,S and P. It is required to prove that 
PQRS is a parallelogram. 


D R C 


A P. B 


bt Anea BCer CDc DA =a 


Then, PO = PB+ BO = Me “BC = (a + b) 
Similarly, OR = i04 o, RS = ieta Sh S (d- a) 


But (a +5) + (c-- d) j- 38 DÀ wan 
ie. (a+b) = —(c+d) 
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<. PÒ = ja) = -H(e+d) = -RÅ = SR 


-. PQ and SR are equal and parallel. 
Similarly, it can be proved that QR and PS are equal and parallel. 
-. PQRS is a parallelogram. 


Exercises 12 


1. if AB || DC then 
i) AB =m.: DÈ where m is a scalar quantity 
(ii) AB = DC 
(iii) AB =CD 
Which one of the above sentences is true? 
1) ż 2) ài 
3) i and ii 4) i, ii and iii 
2. If the two vectors are parallel 
(i) Parallelogram law is applicable in case of their addition 
(ii) Triangle law is applicable in case of their addition 
(iii) Their lengths are always equal 


Which one is true among the above sentences? 
1) i 2) ii 
3) i and i A) i, ii and iii 
3. Which one of the following is true if AB — CD and AB || CD? 
1) AB = CD 2) AB = m- CD, where m > 1 
3) AB + DÊ «0 4) AB + mOD — 0, where m > 1 


Answer the questions 4 and 5 on the basis of the information given below: 


C is any point on the line segment AB and a, b and c are respectively the 
position vectors of the points A, B and C with respect to a vector origin. 


— 
4. AA vector is a — 


(i) Point vector 
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10. 


11. 


12. 


13. 


(ii) Unit vector 
(itt) Zero vector 


Which one of these is right? 
1) 4, ii 2) i, iii 


3) di, iii A) i, ii, and dii 


Which one is true in case of AABC? 
1) AB 4 BC - CÀ 2) AB + AC = BC 
3) CB+BA+CA=0 4) AB +BC+CA =0 


If the diagonals of parallelogram ABCD are AC and BD then, express 
AB and AC through AD and BD and show that, AC + BD = 2BÓ and 
AC — BD = 2AB. 


Show that, 

1) —(a +b) = —a — b 2) if a+b = c then a = c-b 
Show that, 

1) a+a = 2a 2) (m — n)a = ma — na 


3) m(a — b) 2 ma — mb 


Show that, 


1) Ifeach of a, b is a nonzero vector, then a = mb can be true if and only 
if, a is parallel to b. 


2) If both a, b are nonzero and non-parallel vectors, and if ma + nb = 0 
then show that, m = n = 0. 


If a, b, c, d are the position vectors respectively of the points A, B, C, D then 
show that, ABCD will be a parallelogram if and only if b — a = c — d. 


Prove with the help of vectors that the straight line drawn from the middle 
point of a side of a triangle and parallel to another side passes through the 
middle point of the third side. 


If the diagonals of a quadrilateral bisect each other, prove that it is a 
parallelogram. 


Prove with the help of vectors that the straight line joining the middle points 
of the non-parallel sides of a trapezium is parallel to and half of the sum of 
the parallel sides. 
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Prove with the help of vectors that the straight line joining the middle points 
of the diagonals of a trapezium is parallel to and half of the difference of the 
parallel sides. 


D and E are respectively the middle points of the sides AB and AC of the 
triangle AABC. 


1) Express (AD + DE) in terms of AC 
1 
2) Prove with the help of vectors that, BC || DE and DE = 3BC 


3) If M and N are the middle points of the diagonals of the trapezium 
BCED, then prove with the help of vectors that MN || DE || BC and 
1 
MN= 3 (BC — DE) 
D, E and F are the middle points of the sides BC,CA and AB of the 
A ABC, respectively. 
1) Express AB in terms of the vectors BÉ and OF. 
2) Prove that AD + BE+CF=0 


3) Prove with the help of vectors that the straight line drawn through F 
parallel to BC must go through E. 
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Solid Geometry 


Solids of different shapes are always needed and used in our practical life. Among 
these, there are regular and irregular solids. The method of determining volumes 
and areas of surfaces of regular solids and compound solids constructed of two 
regular solids will be discussed in this chapter. 


At the end of this chapter, the students will be able to — 


» draw the symbolic diagram of a solid; 


> determine volumes and areas of surfaces of prism, solids of pyramid shape, 
spheres and right circular cones; 


> solve problems using the knowledge of solid geometry; 
> measure volumes and areas of surfaces of compound solids; 
» apply the knowledge of solid geometry in practical areas. 


Basic Concepts 


Basic concepts of points, lines and planes have been discussed in secondary 
general geometry. In solid geometry point, lines and planes are considered as 
basic concepts. 


1. Each of length, breadth and height of a body is called a dimension of the 
body. 


2. A point has no length, breadth or thickness. It is an assumption. For 
practical purpose, we use a dot (-) to indicate a point. It can be called a 
replica of position. | Hence a point has no dimension So it is 
zero-dimensional. 


3. A line has length only, but no breadth and height. Hence a line is one 
dimensional. For example, in the figure below, AB is a line. 


4. A surface has length and breadth, but no height. Hence a surface is two- 
dimensional. For example, in the figure below, ABGF is a surface. 
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A body having length, breadth and thickness is called a solid. Hence a solid 
is three dimensional. For example, in the figure below, ABCDEFG is a 
body. 


Some Elementary Definition 


Drawing a three-dimensional figure on a two-dimensional page or board is a bit 


complex. So, drawing pictures with definitions in the classroom will help the 
students grasp the concepts easily. 


1. 


Plane surface: If the straight line joining any two points on a surface lies 
totally on that surface, then the surface is called a plane surface or simply a 
plane. The upper surface of the still water of a pond is a plane. The smooth 
floor of a room polished with cement or mosaic is considered to be a plane. 
But geometrically it is not a plane, for there are high and low points on the 
floor. In the above picture, ABCD, ADEF, ABGF all are planes. 


Observation: Unless otherwise mentioned, lines and planes in solid 
geometry are regarded as infinitely extended. Hence it may be inferred 
from the definition of a plane that if one part of a straight line lies in a 
plane then the other part cannot be outside it. 


Curved surface: If the straight line joining any two points on a surface 
does not lie wholly in the surface, then the surface is called a curved surface. 
The surface of a sphere is a curved surface. 


Solid geometry: The branch of mathematics which concerns with the 
properties of solids and surfaces, lines and points is called solid geometry. 
Sometimes it is called Geometry of Space or Geometry of Three Dimensions. 


Coplanar straight lines: If two or more straight lines lie in the same plane 
or a plane can be made to pass through them, then these straight lines are 
said to be coplanar. In the figure above AB and C'D are coplanar straight 
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10. 


11. 


lines but EF is not coplanar with them. 


Skew or non coplanar lines: Straight lines which do not lie in one plane 
or through which a plane cannot be made to pass are called skew or non- 
coplanar straight lines. In the figure above, AB and EF are skew lines. If 
two pencils are tied cross-wise like a plus sign or a multiplication sign, two 
non-coplanar lines are formed. 


Parallel Straight lines: Two coplanar straight lines are said to be parallel, 
when they do not intersect each other, i.e., they have no common point. In 
the figure above, AB and CD are parallel straight lines. 


Parallel planes or surfaces: Two planes are said to be parallel when they 
do not intersect, that is, they do not have any common point. In the figure 
above ABCD and EFGH are parallel planes. 


Line parallel to a plane: If a plane and a straight line are such that they 
do not intersect though they are extended indefinitely, then the straight line 
is said to be parallel to the plane. In the figure above, C'D is parallel to 
plane ABGF. 


Normal or perpendicular to a plane: A straight line is said to be normal 
or perpendicular to a plane when it is perpendicular to every straight line in 
the plane meets it. In the figure below on left, OP is normal to the plane, 
as it is normal to all of AB, CD, EF residing on the plane. 


P N 
ON B 
a E 
ee 
Oblique Line: A straight line is said to be an oblique line to a plane if 


it is neither parallel nor perpendicular to the plane. In the figure above on 
right, MN, ST are oblique lines. 


R T 


E 
A 


Q 


Vertical Line of Plane: A straight line or a plane is said to be vertical 
when it is parallel to plumb line hanging freely at rest. In the figure below 
on left, ABCD is a vertical plane and PR vertical line. 
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Horizontal line or plane: A plane is said to be horizontal when it is 
perpendicular to a vertical line. Again a straight line is said to be horizontal 
when it is perpendicular to a vertical line or when it lies in a horizontal plane. 
In the figure above on left, ABEF is a horizontal plane and PQ isa horizontal 
line. 


Planar and skew quadrilateral: A quadrilateral is said to be plane when 
its sides lie in the same plane. Again a quadrilateral whose sides do not lie 
in the same plane is called skew quadrilateral. Two adjacent sides of a skew 
quadrilateral lie in one plane and the other two adjacent sides lie in another 
plane. Hence the opposite sides of a skew quadrilateral are also skew. In 
the above figure on right, ABEF is a planar quadrilateral and BCFE is a 
skew quadrilateral. 


Angle between two skew straight lines: The angle between two skew 
straight lines is the angle between one of them and the line drawn through 
any point in that line parallel to other. Again if two straight lines parallel 
to skew straight lines are drawn at a point, then the angle formed at that 
point is equal to the angle between the skew straight lines. 


Let AB and CD be the skew lines. Take any point O and through O, draw 
OP, OQ, parallel to AB, CD respectively. Then the angle POQ indicates 
the angle between the skew lines AB and CD. In other words, 7BRQ also 
denotes the angle between AB and CD where R is on AB and QR is parallel 
to CD. 
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Dihedral angle: If two planes intersect in a straight line, then the angle 
between the two straight lines drawn from any point on the line of 
intersection and at right angles to the intersection line is called a dihedral 
angle. 


The two planes AB and CD intersect along the straight line AC. From 
O, any point on AC, two straight lines OM in the plane AB and ON 
in the plane CD are drawn such that each is perpendicular to AC at O. 
Then ZMON is the dihedral angle between the plane AB and CD. 'Two 
intersecting planes are said to be perpendicular to each other when the 
dihedral angle between them is a right angle. 


Projection: The projection of a point on a given line or a plane is the 
foot of the perpendicular drawn from the point to the line or plane. The 
projection of a line straight or curved on a plane is the locus of the feet 
of the perpendiculars drawn from all points in the given line to the given 
plane. It is also called orthogonal projection. In the figure, projections of 
a curved line AB on plane XY and a line CD are shown as curved line ab 
and straight line cd. 


X 


Relation between two straight lines 


1) Two straight lines may be coplanar in which case they must either be parallel 


or meet in a point. 
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2) Two straight lines may be skew in which case they will neither be parallel 
nor will they meet in a point. 


Axioms 


1) A straight line joining any two points in a plane lies wholly in that plane, 
though produced indefinitely. Hence if a straight line and a plane have 
two common points, they will have innumberable common points along the 
straight line. 


2) An infinite number of planes can be drawn through one or two given straight 
lines. 


Relation between a straight line and a plane 


1) Ifa straight line is parallel to a plane, then there will be no common point 
between them. 


2) If a straight line cuts a plane, then they will have one and only one point 
common to them. 


3) If a straight line and a plane have two common points then the line will 
completely coincide with the plane 


Relation between two planes 
1) If two planes are parallel then they will have no common point. 


2) If two planes intersect each other, then they will intersect one another in a 
straight line and they will have innumerable common points. 


Solid 


We know that a book, a brick, a box or a spherical ball is a solid and occupies 
some space. Again, a piece of stone or wood, a part of a brick, a fragment of coal, 
a lump of dried sticky soil etc are also examples of solids. But these are irregular 
solids. 


The body enclosed by plane or curved surfaces and occupying some space is called 
a solid. At least three straight lines are required to enclose a portion of a plane, 
so also four planes are required to enclose some space. These planes are the faces 
or the surfaces of the solid and the line in which two such planes intersect is an 
edge of the solid. A book or a brick has six faces and twelve edges. A cricket ball 
is enclosed by a curved surface. 
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Activity: 


1) Write the name of a regular and an irregular solid individually. 


2) Mention some uses of the solids cited by you. 


Volume and area of surface of uniform solids 


1. Rectangular Parallelepiped 


The solid enclosed by three pairs of parallel planes is called a 
parallelepiped. Each of the six planes is a parallelogram and the opposite 
faces are congruent. A parallelepiped has twelve edges divided into three 
groups. 

The parallelepiped of which the faces are rectangles is called a rectangular 
parallelepiped. The rectangular parallelepiped of which the faces are squares 
is called a cube. The faces of the rectangular parallelepiped and the faces of 
the cube in the above diagram are ABCD, A'B'C'D', BCC'B', ADD'A', 
ABB'A', DCC'I/ and the edges are AB, A'B', CD, C'D’, BC, B'C', AD, 
A'D'', AA’, BB’, CC’, DD’. The only diagonal shown is BD’, the rest have 
to be drawn. 


Let the length, breadth and height of the rectangular parallelepiped be 
respectively AB — a units, AD — b units and AA' — c units. 


1) Area of the whole surface 
— Sum of the areas of the six faces 


= 2 (the area of the face ABCD + the area of the face ABB A + the 
area of the face ADD A ) = 2(ab+ac+bc) square units = 2(ab-4-bc-- ca) 
square units 


2) Volume = AB x AD x AA’ cubic units = abc cubic units 
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3) Diagonal 
BD! = VBD? + DD? = VAB? + AD? + DD? = Va +242 unit 

Cube 
For a cube, a = b = c, Therefore, 

1) Area of the whole surface = 2(a? + a? + a?) = 6a? square units 

2) =a -a:a = à? cubic units 

3) = Va? + a? + a? = 4/3a units 
Example 1. A rectangular parallelepiped has its length, breadth and 


height in the ratio 4 : 3 : 2 and the area of its whole surface is 468 square 
metres; find the diagonal and the volume of it. 


Solution: Let the length, breadth and height be respectively 4r, 3r and 
2r metres. 

Then, 2(4z - 3a + 3z - 2x + 2x - Ar) = 468 

or, 523? = 468 or, 32 — 9, cr =3 


. The length of the solid is 12 metres, the breadth is 9 metres and the height 
is 6 metres. 


Hence, the length of the diagonal = V122+92+6? metres = 
V 144 + 81 + 36 = V261 metres = 16.16 metres(approx.) 


And volume = 12 x 9 x 6 = 648 cubic metres 


Activity: Measure the length, breadth and height of a hardboard box 


(cartoon or box containing a bottle of medicine) and find its volume, 
area of six surfaces and the length of a diagonal. 


Prism 


A prism is a polyhedron, bounded by two parallel polygonal faces and the 
other faces always being parallelograms. The parallel sides are known as 
bases and the sides are known as lateral faces. If all the lateral surfaces 
are rectangular it is called a right prism; otherwise they are called oblique 
prism. Practically right prisms are frequently used. The prism is named by 
the shape of its base. For example, triangular prism, quadrilateral prism, 
pentagonal prism etc. 
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If the base is a regular polygon, the prism is called a regular prism. If the 
base is not a regular polygon, the prism is known as an irregular prism. 
So by definition all rectangular solids and cubes are prisms. Right triangular 
prism made of glass is used for the scattering of light. 


1) The area of total surfaces of a prism 
= 2 (area of the base) + area of the lateral surfaces 
= 2 (area of the base) + perimeter of the base x height 


2) volume = area of the base x height 


Example 2. The lengths of the sides of the base of a triangular prism are 
3,4 and 5 cm respectively and the height is 8 cm. Find the volume and area of 
its total surfaces. 


Solution: The lengths of the sides of the base of the prism are 3 cm, 4 cm 
and 5 cm respectively. 


1 
Since 3?--4? = 5?, its base is a right angled triangle whose area= = x4x3 = 6 
sq. cm. So, the area of all the surfaces = 2x6+(3+4+5) x8 = 12+96 = 108 
sq. cm. and volume of the prism = 6 x 8 = 48 cubic cm. 


So, the area of all the surfaces is 60 sq. cm. and the volume is 48 cubic cm. 
4. Pyramid 


A solid figure with a polygonal base and triangular faces that meet at a 
common point is called a pyramid. 


Forma-40, Higher Mathe, Class-9-10 


314 


Higher Mathematics Classes IX-X 


vertex 


The base of a pyramid is a any polygon and its lateral surfaces are of any 
triangular shape. But if the base is a regular polygon and the lateral faces are 
congruent triangles, the pyramid is called regular pyramid. The regular 
pyramids are eye-catching. The line joining the vertex and any corner of 
the base is called the edge of the pyramid. The length of the perpendicular 
from the vertex to the base is called the height of the pyramid. Usually, a 
solid with a square base and four congruent triangles meeting at a point is 
considered as a pyramid. These pyramids are in wide use. 


A solid enclosed by four equilateral triangles is known as regular 
tetrahedron which is also a pyramid. This pyramid has 3+ 3 = 6 edges 
and 4 vertices. The perpendicular from the vertex falls on the centroid of 
the base. 


1) The area of all surfaces of pyramid = Area of the base + area of the 
lateral surfaces 


But if the lateral surfaces are congruent triangles, 


1 
The area, of all surafes of the pyramid = Area of the base, (perimeter 
of the base x slant height) 


If the height of the pyramid is h, radius of the inscribed circle of the 
base is r and l is its slant height, then l = V/A? + r? 


2) volume — 2x area of the base x height 


Example 3. The height of à pyramid with a square base of side 10 cm. 
is 12 cm. Find its area of all surfaces and the volume. 


Solution: The perpendicular distance of any side of the base from the 


centre r — z m = 5 cm., The height of the pyramid is 12 cm. 


2023 


2023 


Chapter 13. Solid Geometry 315 


Therefore, the slant height of any lateral surface = yh? + r? = 12? + 5? 
= 4/144 + 25 = 169 = 13 cm. 


1 
<. The area of all the faces = [10 x 10 + Pis x 10) x 13] sq. cm. 
— 100 -- 260 — 360 sq. cm. 


1 
And its volume — 3 x (10 x 10) x 12 cubic cm. — 10 x 10 x 4 — 400 cubic 
cm. 


Therefore, the area of all surfaces of the pyramid is 360 sq. cm. and the 
volume is 400 cubic cm. 


Activity: 


1) Draw a regular and an irregular (1) prism and (2) pyramid. 


2) 1f possible, fins the total surface area and the volume of the solids 
drawn by you. 


Right circular cone 


The solid formed by a complete revolution of a right-angled triangle about 
one of its sides adjacent to the right angle as axis is called a right circular 
cone. 


In the figure, the right circular cone ABC is formed by revolving the right- 
angled triangle OAC about OA. In this case, if 0 is the vertical angle ZOAC 
of the triangle then it is called the Semi-vertical Angle of the cone. 


If the circular cone has the height OA = h, radius of the base OC = r and slant 
height AC = I, then 


1 
1) Area of the curved surface = 3% circumference of the base x slant 
height 
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1 
= 5 x 2ar x l = nrl square units 


2) Area of the whole surface = Area of the curved surface + area of base 
= nrl + mr? = mr(r +1) square units 


3) Volume = zx area of base x height 
= Los cubic units [You will learn the method of deduction of this 
formula in higher classes] 


Example 4. Ifa right circular cylinder has a height of 12 cm. and a base 
of diameter 10 cm., then find its slant height, the area of the curved surface 
and the whole surface and its volume . 


Solution: Radius of the base r — £ cm = 5 cm 


Slant height | = Vh? + r? = V122 + 5? = 13 cm 

Area of the curved surface = «rl = « x 5 x 13 = 204.2035 sq cm (approx) 
Area of the whole surface = «r(l +r) =a x 5 x (13 + 5) = 282.7433 sq cm 
(approx) Volume — Šarh = 2 x 5? x 12 = 314.1593 cubic cm (approx) 


Activity: Collect a conical cap used in birthday or any ceremonial parties 
and find the volume and the area of its curved surface. 


Sphere 


The solid formed by a complete revolution of a semi-circle about its diameter 
as axis is called a sphere. The centre of the semi-circle is the centre of the 
sphere. The surface formed by the revolution of the semi-circle about its 
diameter is the surface of the sphere. 


A AT A 
Qj TTP R 
h 
O O | 
C C 


2023 


2023 


Chapter 13. Solid Geometry 317 


The centre of the sphere CQAR is the point O, radius OA = OB = OC 
and a plane perpendicular to OA and passing through a point at a distance 
h from the centre cuts the sphere and form the circle QBR. The centre of 
this circle is P and the radius is PB. Then PB and OP are perpendicular 
to each other. 
SOB? = OP? + PB? 
z. PB? = OB? — OP? = r? — h? 
If the radius of the sphere is r then 

1) Area of the surface of the sphere = 4zr? sq units 

4 
2) Volume = ant cubic units 
3) Radius of the circle formed by the section of a plane at a distance h 
from the centre = yr? — h? unit 


Activity: Find the radius of a toy ball or a football. Hence find its 
volume. 


Example 5. An iron sphere of diameter 4 cm. is flattened into a circular 
iron sheet of thickness 3 cm. What is the radius of the sheet? 


4 
Solution: Radius of the iron sphere = a= 2cm 
4 32 
. its volume = 37 * = XU cubic cm 


2 
Let, the radius of the sheet — r cm; The thickness of the sheet — 3 cm 


2 2 
<. Volume of the sheet = zr? x 3 cubic centimetres = “rr? 


32 
2 — —r or, r? = 16 or, r = 4 


2 
By the given condition, —7r 3 


3 
.. Radius of the sheet = 4 cm 


Example 6. A right circular cone, a semi-sphere and a cylinder of equal 
heights stand on equal bases. Show that their volumes are in the ratio 
1:2:3. 


Solution: Let the common height and the radius of the equal bases be A 
and r units respectively. Since the height of a semi-sphere is equal to its 
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radius. 


1 1 
So, volume of the cone = grr h = 377 cubic units 


1,4 2 
Volume of the semi-sphere — iat) = 377 cubic units 


Volume of the cylinder = r?h = rr? cubic units 
2 1 2 

"igmim—ui:iy:1-1:2:3 

Example 7. The length, breadth and height of a rectangular block of 


1 
.. Required ratio = 377 


iron are respectively 10,8 and 5— cm. How many spherical shots of radius 
12 cm. can be made by melting the block? 


Solution: Volume of the iron block = 10 x 8 x 5; cubic cm. = 440 cubic 
cm. 


Let the required number of shots = n 


4 ,1 
<. Volume of n shots = n x au)" = ^ cubic cm 
440 x 6 
By the condition of the question, E — 440 or, n — — 840.34 
T 


., Required number of shots is 840 


Example 8. If the volume of a right circular cone is V, the area of its 
curved surface is S, radius of the base is r, height is h and semi-vertical 
angle is a. Then show that, 


zh?tana nr? 


1) S = —— = — square units. 
cosa: sina 
2) V= nh tanta oa cubic units 
3 — 3tana f 
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Solution: In the above diagram, height of the cone OA = A slant height 
AC = L, radius of the base OC = r the semi-vertical angle ZOAC = a 
Here slant height | = Wh? + r? 


From the diagram, it is seen that tana = 


r 
S.T = htana or, h = —— = rcota 
tana 
1 S = nri = arvh?+htan?a = mrhvl-rtan?a = mrhvVsec?a 
rh?tang : 
= qrhseca, = z(htano)hseca = ———— square units 
cosa: 
f ar Tr? cosa mr? . 
again, S = mrhseca = rcoto = — = —— square units 
a cosy sino sing 
3, dre uA S E es S ae =n ( ) tan? 
= -nr^h = -mn(htano)'h = —-«h?tan^o = =r an'a 
3 3 3 3 \tana 
zr? UN 
= cubic units 
3tana 


7. Compound solid 


A solid body consisting of two solids is a compound solid. Exaples of a few 
compound solids are: 


1) A prism placed on a rectangular solid is a compound solid when both 
of them have identical surface. 


2) If the base of a triangular prism and that of a regular tetrahedron are 
identical, they can be used to make a compound solid. 


3) If the radius of a hemisphere and that of the base of a cone are equal, 
they can form together a compound solid. 


4) A capsule is a compound solid having two identical hemispheres at two 
ends of a circular cylinder with base radius equal to the radius of each 
hemisphere. 


In this way, two or more solids can be combined together to make a 
compound solid. Many beautiful architectural constructions are compound 
solids. The items used for exercises are made of such compound solids. 
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Activity: Draw and describe a compound solid on your own. Write down 
formula for its surface area and volume, if possible. 


Example 9. The length and radius of a capsule is 15 cm. and 3 cm. 
respectively. Find the volume and total area of the surfaces of the capsule. 


Solution: The length of the capsule is 15 cm. Since the two ends of the capsule 
are hemispherical, the length of its cylindrical part | = 15 — (3+ 3) = 9 cm. 


Therefore, the total area of the surfaces of the capsule = area of the surfaces of two 
hemispheres + area of the surface of the cylinder 


=2x ; x 4nr? + 2nrl = 4n(3)? + 2r x 3 x 9 = 90r = 282.74 sq cm (approx) 
and the volume of the capsule 
=2x 5 x arr Tar = ary t a2(3) x 9 = 117r = 367.57 cubic cm. (approx) 
Example 10. The outer diameter of a hollow iron sphere is 15 cm. and 
thickness is 2 cm. 

1) Determine the volume of the hollow portion. 


2) Ifa solid sphere is made out of the iron used in the sphere mentioned, then 
what would be the area of the total surface of the solid sphere? 


3) The solid sphere fits fine in a cubic box. What is the volume of the hollow 
space inside the box? 
Solution: 
1) Given, Outer diameter of the sphere is 15 cm. 


15 
., Outer radius of the sphere = 3 cm. — 7.5 em. and thickness of the 
sphere is 2 cm. 
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.'. radius of the hollow portion of the sphere = (7.5 — 2) cm. = 5.5 cm. 

4 4 
*. volume of the hollow portion of the sphere = 377 xd (5.5) = 
696.9116 cubic cm (approx) 


2) Here, radius of the sphere is 7.5 cm. 
4 
.. Volume of the sphere = gt * (7.5)? = 1767.15 cubic cm. (approx) 


.'. Volume of the iron used in the sphere = (1767.15 — 696.9116) = 1070.2384 
cubic cm (approx) 


Let, radius of the solid sphere is r cm. 
4 
.. Volume of the solid sphere = 37 x r? cubic cm. 


As the iron of the hollow sphere is used to make the solid sphere, volume of 
the iron is equal to the solid sphere's volume. 


e on x r? = 1070.2384 or, r? = 255.5 or, r = 6.3454 cm. 
.. Surface area of the solid sphere = 4r x (6.3454)? = 505.9748 sq cm 
(approx) 
3) volume of the solid sphere 6.3454 cm. 
.'. diameter of the solid sphere = 2 x 6.3454 cm. = 12.6908 cm. 


As the solid sphere fits the box, so the box's side length will be the diameter 
of the solid sphere. Therefore, the length is = 12.6908 cm. 


.'. Volume of the box = (12.6908)? = 2043.9346 cubic cm (approx) 


Volume of the solid sphere = Volume of the iron in hollow sphere 
— 1070.2384 cubic cm (approx) 


.'. Hollow portion's volume of the box = (2043.9346 — 1070.2384) = 973.6962 
cubic em (approx) 


Exercise 13 


l. A rectangular parallelepiped's length is 5 cm, width 4 cm and height 3 cm. 
What's its diagonal? 
1) 5V2 cm 2) 25 cm 3) 25/2 cm 4) 50 cm 
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Lengths of other two sides except the hypotenuse of a right-angled triangle 
are 4 cm. and 3 cm. If the triangle is revolved about the larger side, the 
evolved solid will be a 


(i) right circular cone 

(ii) right circular cylinder 
(iit) the area of the base of the evolved solid is 9r square centimetres. 
Which one of the above sentences is correct? 
1) i 2) ii 3) i iii 4) ii id 
Answer to the questions 3 and 4 according to the informations given below. 
A spherical ball of diameter 2 cm. exactly fits in a cylindrical box 


What is the volume of the cylinder? 
1) 2r cc 2) 4m cc 3) 6r cc 4) 8r cc 


What is the volume of the unoccupied portion of the cylinder? 
1) Z ec 2) S oc 3) = ce 4) PT ce 
3 3 3 3 
Answer to the questions 5 and 6 according to the informations given below. 


A metallic solid sphere of diameter 6 cm. is melted and a right circular 
cylinder the radius of whose base is 3 cm. is made. 


What is the height of the cylinder made? 
1) 4cm 2) 6cm 3) 8cm 4) 12cm 


What is the area of the curved surface of the cylinder in square centimetres? 


1) 24r 2) 427 3) 72r 4) 96r 
(Calculator can be used. If required, you can assume 7 = 3.1416) 


The length, breadth and height of a rectangular parallelopiped are 
respectively 16 metres 12 metres and 4.5 metres. Find the area of its 
surfaces, volume and length of a diagonal. 


A rectangular tank of length 2.5 metres, breadth 1.0 metre stands on the 
ground. If its height is 0.4 metre, find the volume and its area of the interior 
surface. 


Find the area of the whole surface of the cube whose edge is equal to the 
diagonal of the rectangular solid whose dimension are 5,4 and 3 cm. 
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10. 


11. 


12. 


13. 


14. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


A hostel building is to be constructed for 70 students in which each student 
gets 4.25 square metres of floor and 13.6 cubic metres of space. If the 
hostel room is 34 metres long, what will be its breadth and height? 


If the height of a right circular cone is 8 cm and the radius of its base is 6 
cm, find the area of the whole surface and the volume. 


The height of a right circular cone is 24 cm. and its volume is 1232 cubic 
cm. What is its slant height? 


The length of two sides at the right angle of a right-angled triangle is 5 cm. and 
3.5 cm. Find the volume of the solid formed by revolving it about its greater 
side. 


Find the surface and volume of a sphere of radius 6 cm. 


Three spherical balls of glass of radii 6,8 and r cm. are melted and formed 
into a single solid sphere with radius 9 cm. Find the value of r. 


The outer diameter of a hollow sphere is 13 cm. and the thickness of the iron 
is 2 cm. A solid sphere is formed with the iron used in the hollow sphere. 
What will be its diameter? 


A solid sphere of radius 4 cm. is melted and formed into a uniform hollow 
sphere of outer radius 5 em. Find the thickness of the second sphere. 


The radius of a solid sphere of iron is 6 cm. With the iron contained in it, 
how many solid cylinders of length 8 cm. and diameter of the base 6 cm. 
can be formed? 


22 

A spherical ball of radius — cm. exactly fits into a cubical box. Find the 
"7" 

volume of the unoccupied portion of the box. 


A sphere of radius 13 cm. is cut off by a plane perpendicular to its diameter 
through a point at a distance 12 cm. from the centre. Find the area of the 
plane formed. 


The outer length, breadth and height of a wooden box with top are 
respectively 1.6, 1.2 and 0.8 metres and its wood is 3 em. thick. What is 
the area of the inner surface of the box? What will be the cost of painting 
the inner surface of the box at the rate of Tk. 14.44 per square metre? 


How many bricks each of length 25 cm., breadth 12.5 cm. and 8 cm. will be 
required to construct a wall of height 2 metres and thickness 25 cm. around 
a rectangular garden with length 120 metres and width 90 metres? 
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The length and breadth of a rectangular solid are in the ratio 4 : 3 and its 
volume is 2304 cubic centimetres. The total cost of making a solid with lead coating 
at the bottom at Tk. 10 per square centimetre is Tk. 1920. Find the 
dimensions of the solid. 


A conical tent has a height of 7.50 metres. How much canvas will be required 
if it is desired to enclose a land of 2000 square metres? 


Lengths of two sides of a prism with a pentagonal base are 6 cm. and 8 cm. 
and the length of each of the other three sides is 10 cm., height is 12.5 cm. 
Find the total area of the surfaces and the volume of the prism. 


The height of a regular hexagonal prism having side of 4 cm. is 5 cm. Find 
the total area of surfaces and the volume. 


A pyramid is situated on a regular hexagon of side 6 cm. and its height is 
10 cm. Determine the total area of surfaces and the volume. 


If the length of an edge of a regular tetrahedron is 8 cm., find the total area 
of surfaces and the volume. 


The lower part of a construction is a parallelopiped of length 3 metres and 
the upper part is a regular pyramid. If the base of the pyramid is of side 
2 metres and the height is 3 metres, find the total area of surfaces and the 
volume of the construction. 


A godown of two-part roof is constructed on a land of length 25 metres and 
width 18 metres. Its height is 5 metres. Each part of the roof is of 14 metres 
wide. Find the volume of the godown. 


1) Find the total area of surfaces of the solid shown in the diagram. 


8cm 


2) Find the approximate number (to the nearest integer) of solid spheres 
of diameter 1.8 cm which can be made after melting a cube whose sides 
are equal to the diagonal of the solid. 
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32. The diameter of the base of a tent like a right circular cone is 50 metres and 
its height is 8 metres. 


1) Find the slant height of the tent. 


2) How much land in square metres will be required to construct the tent? 
Find the volume of the vacuum space inside the tent. 


3) What will be the cost of the canvas of the tent if its price is Tk. 125 
per square metre? 


Chapter 14 


Probability 


In our everyday life we frequently use the word ‘probability’? For example, the 
probability of Jaadob passing the SSC examination this year is really poor, the 
probability of Bangladesh winning the Asia cup is high, the probability of the 
temperature rising tomorrow is high, the probability of raining today is very thin 
etc. 


Therefore, we talk about probability only when there is a doubt about an event 
occurring. And the possibility of the event occurring also depends on the 
magnitude of non-occurrence. But this procedure can not give any numerical 
value. In this chapter, we will know about different formulas and procedures for 
assigning a numerical value to the probability of the occurrence of an event, and 
we will also be able to describe certain events, impossible events and possible 
events after studying this chapter. 


After studying this chapter, students will be able to — 


> explain the concept of probability; 

P describe certain events, impossible events and possible events by giving 
daily-life examples; 

> describe the consequences of repetition of an event; 

> find the probability of an event happening repeatedly; 


P solve simple and real-life problems regarding probability. 


Basic Concepts Related to Probability 


Random Experiment: A random experiment is where you know all possible 
outcomes of the experiment, but you can not say the exact outcome of a certain 


trj 
N 
attempt in this experiment. For example, we know all the outcomes of throwing S 
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a dice, but we can not exactly tell which outcome will occur before throwing the 
dice. So the experiment of throwing a dice is a random experiment. 


Event: An outcome or a combination of outcomes of an experiment is called an 
event. For example, getting 3 after throwing a dice is an event. Again, getting an 
even number in this regard is also an event. 


Equally Likely Events: If the possibilities of the outcomes of a random 
experiment occurring are same, which means no outcome is more or less 
likely to happen than any other outcome, the possible outcomes are called 
equally likely events. For example, the occurrence of a head or a tail in the 
tossing of a coin are equally likely events, unless the coin is defective or biased in 
some way. Therefore, getting head and tail are equally likely events. 


Mutually Exclusive Events: Two or more possible outcomes of a random 
experiment are called mutually exclusive event if the occurrence of one of those 
events precludes the possibility of the other events. For example, in the tossing 
of a coin, the occurrence of a head and a tail are mutually exclusive events since 
if head occurs then tail can not occur and vice versa. That means head and tail 
can not occur at the same time. 


Favourable Outcomes: The outcome of interest of an event in an experiment 
is called favourable outcome. The number of favourable outcomes of getting an 
odd number on throwing a dice is 3. 


Sample Space and Sample Point: The set of all possible outcomes of a 
random experiment is called the sample space. The tossing of a coin has two 
possible outcomes: Head and Tail. If the result of this experiment is expressed 
as S, we can write S = {H,T}. So in this case the sample space is $ = {H,T}. 
Suppose two coins are tossed simultaneously. Then the sample space is 9 = 
{HH, HT,TH,TT}. Every element of a sample space is called a sample point. 
The experiment of throwing a dice once has the sample space S = {H,T}, and 
here each of H,T' is a sample point. 


Determination of Logic-Based Probabilities 
Example 1. Suppose an unbiased dice is thrown. What is the probability of 
getting 5? 


Solution: The possible outcomes of throwing a dice are : 1,2,3,4,5,6. Since 
the dice is unbiased, these outcomes are all equally likely. So the possibility of a 
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1 
particular outcome is one-sixth. So the probability of getting 5 is 6e We write 
1 
this as P(5) — rs 


Example 2. What is the probability of getting an even number on throwing 
an unbiased dice? 


Solution: The possible outcomes of throwing a dice are 1,2,3,4,5,6. The even 
numbers among these outcomes are 2, 4, 6 . So there are three outcomes where we 
can get an even number on the dice, which means there are 3 favourable outcomes. 
As all outcomes are equally likely, the probability of getting an even number on 


the dice is 6 
<. P (even number) = 5, 


So we can formalize the following definition of probability: 


m number of cases favourable to the event 
Probability of an event = ————— — — — — — —————————— 
total number of possible outcomes 

The number of cases favourable to an event can be minimum zero and maximum 
n (all possible outcomes). If there is no case favourable to an event then 
probability becomes zero. And when the amount of favourable outcome is m, 
then the probability is 1. Therefore, the probability of an event ranges from 0 to 
1. 


Two Special Events 

Certain Events: An event which is sure to occur is called a certain event. The 
probability of any certain event is 1. For an instance, the probability that the 
sun will rise tomorrow from the east is 1, the probability that the sun will set in 
the west in this evening is likewise 1. The probability of not seeing the sun in 
the night is also 1. The probability of getting H or T is also 1. The probability 
of getting even or odd in an experiment of throwing dice is also 1. These are all 
certain events. 


Impossible Events: An event which will not occur, that means which is not 
possible to occur in an experiment is called an impossible event. The probability 
of an impossible event is zero. For instance, the probability that tomorrow the 
sun will rise in the west or set in the east, is zero. The probability of seeing the 
sun in the night is zero too. Similarly, the probability of getting a 7 in throwing 
a dice is also zero. All these events mentioned here are impossible events. 
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Example 3. In a bag there are 4 red, 5 white and 6 black balls. A ball is 
chosen at random. What is the probability that the ball will be 1) red, 2) white 
and 3) black ? 


Solution: Total number of balls in the bag is 15. If a ball is chosen randomly, 
any of the 15 balls may be drawn. Therefore total number of outcomes = 15. 


1) Suppose the event of drawing a red ball is R. There are 4 red balls in the 
bag. So the number of favourable cases for this event = 4. 
number of events favourable to draw a red ball 4 
0. P(R) = =. 
total number of outcomes 15 
2) Suppose the event of drawing a white ball is W. There are 5 white balls in 


the bag. So the number of favourable cases for this event = 5. .. P(W) = 
number of events favourable to draw a white ball — 5 1 


total number of outcomes T4579 
3) Suppose the event of drawing a black ball is B. There are 6 black balls in the 
bag. So number of favourable cases for the event — 6. 
number of events favourable to draw a black ball 6 2 
2 P(B) = SS = a=. 
total number of outcomes 15 5 
Activity: 
1) An unbiased dice is thrown. Find the probability of getting: 


(i) 4 (ii) an odd number (iii) 4 or a number greater than 4 (v) a number 
less than 5. 


A bag contains similar type of 6 black, 5 red, 8 white marbles. A marble 
is drawn at random from the bag. Find the probability that the marble 
is: 


(i) red (ii) black (iii) white (iv) not black. 


Data Based Probability 


In the logical approach to determining probabilities, the outcomes are required 
to be equally likely. However, in reality the outcomes are not equally likely in 
all cases. Moreover, in many situations, it is not possible to apply the logical 
approach. For example, today's weather forecast says that the probability of 
raining today is 3096, the probability of Brazil winning the world football cup is 
40%, the probability of Bangladesh winning the Asia cup is 60%. Then statement 
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are based on statistics or data of past records and this is the concept of data-based 
probability. 


Suppose, a coin is tossed 1000 times which resulted in head 523 times. So the 
523 

relative frequency of getting head is 1000 ^ 0.523. Suppose, a coin is tossed 2000 

times which resulted in head 1030 times. So the relative frequency of H in 2000 


times is 50007 0.515. From this we can understand that, the more times an 


experiment (tossing of a coin) is done, the closer the relative frequency will be to 
the probability of getting a head in a single tossing of the coin. This is called data 
based probability. 


Example 4. According to meteorological records, it rained on 21 days in the 
month of July last year. What is the probability that it will rain on fourth of July 
this year? 


Solution: As out of the 31 days in the month of July, it rained on total 21 days 


21 
last year, the probability of raining on a particular day of July this year is 31° 


21 
Therefore the probability of raining on fourth of July is 31° 


Example 5. In a survey among the readers of newspapers, it was found that 
65 persons read the Prothom Alo, 40 persons read the Bhorer Kagoj, 45 read the 
Janakantho, 52 read the Jugantor. If one person is chosen at random from these 
readers, what is the probability that the person reads the Jugantor? What is the 
probability that the person does not read the Prothom Alo? 


Solution: Here, the total number of readers is (65 + 40 + 45 + 52) = 202. 
The number of persons reading the Jugantor is 52. So, the probability that the 


chosen person reads the Jugantor is 202 


65 persons read the Prothom Alo. Number of persons who do not read the 
Prothom Alo is (202 — 65) — 137. So, the probability that the person does not 


P lo is = —— 
read the Prothom Alo is 202 


Activity: In a survey among the first year students in a university, it is found 
that 284 students have taken Economics, 106 have taken History, 253 have 


taken Sociology, 169 have taken English. If a student is chosen at random, 
what is the probability that the student has not taken Sociology? 
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Determination of Probability using Sample Space and Probability Tree 


It has been already mentioned that the set of all possible outcomes of an 
experiment is called the sample space. Often the sample space of an experiment 
is quite large. In such cases, the counting of all sample points and the formation 
of the sample space may be cumbersome and can even lead to mistakes. In such 
cases we may build the sample space by using the probability tree, and use it to 
find the probability of various events. 


Example 6. Suppose, two unbiased coins are tossed together. Form the sample 
space, find the probability of getting H on first coin and T on second coin. 


Solution: The tossing of two coins may be treated as a two step process. In the 
first step, one of the coins is tossed which may result in either H or T. In the 
second step, the other coin is tossed which may, likewise, result in either H or 
T. All possible outcomes of this experiment may be exhibited in the form of a 
probability tree diagram as follows : 


Outcome of first coin 


Outcome of second coin Outcome of second coin 


So the sample points are: HH,HT,TH,TT. So the sample space will be 
{HH, HT,TH,TT}. Here the number of sample points is 4 and the probability 


of observing a sample point is n So the probability of getting H on the first 
2d 
zr 
Example 7. Suppose, an unbiased coin is tossed thrice. Show the sample space 
using a probability tree and find the probabilities of the each of the following 
events. 1) getting just one tail, 2) getting head in all three tossings, 3) getting 
at least one tail. 


coin and the probability of getting T' on the second coin will be, P(HT) 


Solution: The tossing of the coin three times may be treated as a three step 
process. In each toss the number of possible outcomes are two, which are H or T. 
The total result is shown below, using probability tree: 


332 Higher Mathematics Classes IX-X 


First coin 


Second coin Second coin 


Third coin Third coin 


Third coin 


The sample space is: {HHH, HHT, HTH, HTT,THH,THT,TTH, TTT}. 


Here the total number of sample points is 8 and the probability of any one of 


these outcomes is z 


1) The sample points (outcomes) containing just one tail are 
{THH, HHT, HTH} =3. 


3 1 
< P(T) = 3 (as possibility of occurring every sample point is =) 


8 
2) Getting head (H) in all three tossings is the outcome {HHH} = 1 outcome. 
1 
aan P(HHH) = 8 


3) The sample points containing at least one tail (T) are all except HHH which 
means {HHT, HTH, HTT, THH, THT, TTH, TTT} = 7. 


<. Plat leasti T] = : 


Example 8. An unbiased dice and an unbiased coin are thrown and tossed 
once. Form the probability tree and write down the sample space. Find the 
probability of getting 5 on the dice and H on the coin. 


Solution: The throwing of a single dice and the tossing of a single coin may be 
treated as a two step process. In the first step, 6 possible outcomes are possible 
which are {1,2,3,4,5,6}. In the second step, the tossing of the coin will result 
in 2 possible outcomes which are H or T. The corresponding probability tree is 
shown below: 
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Therefore, the sample space will be: 
ILH, 1T, 2H, 27, 3H, 37 AH AT, 5H, 5T,.6H, 67}. 


Here the total number of sample points is 12. .. The probability of getting 5 on 
the dice and H on the coin is P(5H) = i 
Example 9. The probability that a person will travel from Dhaka to Khulna 
by bus is : and that he will travel from Khulna to Rajshahi by train is 2 Usea 
probability tree to determine the probability that the person will travel to Khulna 
by bus and will subsequently travel to Rajshahi not by train. 


Solution: The probability tree will be 
Dhaka 


Cito 
exo 


Rajshahi : 1 Rajshahi | | Rajshahi Í i Rajshahi 


Therefore, the probability that the person will travel from Dhaka to Khulna by 
bus and then from Khulna to Rajshahi not by train is 
3 6 3 


2 
P|Khulna by bus, Rajshahi not by train| = 5 x scm 5 


Activity: 


1) Write down all possible outcomes of three tossings of a coin using a 
probability tree and find the sample space. From these, find the 
probability of getting (i) the same outcome in all three tossings (ii) at 
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least 2T (iii) at most 2T. 


2) Construct a probability tree for throwing of one dice and two coins. 


Exercise 14 


1. Which is the probability of getting 3 in a throw of a dice? 
1 1 2 1 
1) = 2) = 3) = 4) — 
T E ) = E 


Answer questions 2 and 3 based on the information given below: 


A ball is drawn at random from a bag containing 12 blue, 16 white and 20 


black balls. 
2. What is the probability that the ball is blue? 
1 1 1 1 
1) 16 2) 12 3) 3 4) d 
3. What is the probability that the ball is not white? 
1 2 1 1 
1) 3 2) 3 3) 16 4) 28 


Answer questions 4 and 5 based on following information: 
À coin is tossed thrice. 


4. What is the probability of getting a head more number of times than getting 


a tail? 
1 1 1 2 
1) = 2) = 3) = 4) = 
) 6 ) 3 ) 2 ) 3 
5. What is the probability of getting T zero number of times? 
1) 0 9) 1 3) 1 ae 
) 2 ) 8 
6. In the case of throwing two coins- 
(i) Probability of getting at most one H = 0.75 
(ii) Probability of getting at least one H = 0.75 
(iii) HH is a sample point. 
Which one of the following is correct? 
1) i, ii 2) 1,15 3) i, iii 4) i, ii, iii 
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10. 


11. 


12. 


Thirty tickets are numbered serially form 1 to 30. The tickets are mixed 
thoroughly and one ticket is drawn at random. Find the probability of the 
serial number of the ticket being 1) an even number 2) divisible by 4 3) 
less than 4 4) greater than 22. 


In a certain lottery 570 tickets have been sold. Rahim has bought 15 tickets. 
The tickets are mixed together thoroughly and one ticket is drawn at random 
for the first price. What is the probability of Rahim getting the first prize? 


What is the probability of getting an even number or a number divisible by 
3 in a single throw of a dice? 


According to the report of a health centre, 155 babies were born who were 
underweight, 386 babies were born with normal weight and 98 babies were 
born who were overweight. One baby is selected at random from these 
babies. What is the probability that the baby was overweight? 


The employees employed in a factory can be classified based on the types of 
work they perform, as mentioned below: 


Classification | Number of Employees 
Managerial 157 
Inspection 52 
Production 1473 
Office Work 215 


If a person is selected randomly, then what is the probablity of the person 
being- 


1) involved in management duty? 
2) involved in managerial or production duty? 
3) not involved in production duty? 


Out of 2000 newly licensed drivers. the following number of drivers violate 
the traffic rules in a single year. 
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13. 
14. 


18. 


16. 
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Number of Violation of Traffic Rules | Number of Drivers 


More than 4 5 


1) Out of these 2000 drivers, if one driver is chosen at random what is the 
probability that the driver has violated traffic rules once? 2) What is the 
probability that the driver has violated traffic rules more than 4 times? 


Form a probability tree for tossing a coin and throwing a dice successively. 


Fill up the following table with the help of probability trees: 


Tossing of a coin All possible outcomes | Probability 
One tossing of a coin P(T) = 
Two tossings of a coin P(1H) = 

Aan = 
Three tossings of a coin P(HHT) = 
P(2H) = 


The probability that a certain person will travel from Dhaka to Rajshahi 
by train is 9 and that subsequently the person will travel from Rajshahi to 


2 
Dinajpur by bus is T Using a probability tree — 


1) Find the probability that the person will travel from Dhaka to Rajshahi 
not by train and then travel to Dinajpur by bus. 


2) Find the probability that the person will travel from Dhaka to Rajshahi 
by train and then travel to Dinajpur not by bus. 
The probability that a person will travel from Dhaka to Chittagong by 


train is J the probability that the person will travel by bus is 7 and the 


1 
probability that he will take a flight is g The probability that subsequently 
2 
the person will travel to Cox's Bazar by bus is 5 and the probability that 


he will travel by car is 2 Use a probability tree to find the probability that 
he will travel by train to Chittagong and then by bus to Cox’s Bazar. 
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17. A two-taka coin is tossed four times. (Denote its side with Water Lily flower 
by L and the side with the primary school going child by C) 


1) Ifthe coin is tossed twice rather than four times, what is the probability 
of getting a L and that of not getting a C? 


2) Draw the probability tree of the possible events and write down the 
sample space. 


3) Show that, if the coin was tossed n times, the total number of possible 
events is 2". 


18. There are 8 red, 10 white and 7 black marbles in a basket. A marble is 
chosen randomly. 


1) Find all possible outcomes. 
2) Find the probability of the marble being (1) Red and (2) Not white . 


3) If four marbles are picked up one by one without replacing any one of 
them, then find the probability of all the marbles being white. 
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Answers to exercises 


Exercises 1.1 


5. 1) A= {1,3, 5,7,9, 11, 13, 15, 17,19} 
2) B = {2,3,5,7,11, 13,17, 19} 
3) C = {3,5,7, 11,13, 17, 19} 
4) D = {1,2,3,5, 7,9, 11, 13, 15, 17, 19) 


6. 1) x=8 2) 56 3) 24 
7. 0,4 8. 0,3 
16. 2) A 17. 3 
21. 1) 2«z«3 2 r«lonz»65 3 R\{8<2<5} 
22.1) 3E z X4 2) 4«z«6 
3 l<a2<8 4 rzX1,2206,c«10 
23. 1) AUB = (—8,—2,-1,0,1,2,3) 2) AUB= (6) 
24. 1) An B = {0,2} 2) An B — {b,c} 
25. 1) 10 2) 50 


Exercises 1.2 


8. 1) (i) dom S = {1,2,3,4}, range S = (5,10, 15, 20}, 

S-* = {(5, 1), (10, 2), (15, 3), (20, 4)) 

(ii) S and S^! each is a function 

(iii) one-one function 

2) (i) dom S = (—3, —2, —1, 0, 1,2,3}, range S = {—1,0, 3, 8}, 

Ss = {(8, —3), (3, EX (0, ex. (—1; 0), (0, 1), (3, 2), (8, 3)} 

(ii) S function, S^! not a function , since (0,1), (0, —1), (—3,8) 
(3, 8), (—2,3), (2, 3) images are not different 


(iii) not one-one function 


3)- "Gj-domis'e 3 1, Jj ranges A ERE 1, 9; 


m- (83) mcn 2) C2) 


(ii) S not a function since (1,1) and (1, —1) have different images, 
S-! function 


2023 


(iii) not one-one function 
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10. 
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4) (i dom S = {—3, —1,0, 1,3}, range S = {—3, —1,0, 1,3}, $1 = S 
(ii) S, S^! both are functions 
(iii) one-one function 
5) (4) dom S = {2}, range 8 = {1, 2,3}, 8^! = {(1, 2), (2, 2), (3, 2)} 
(ii) S not a function, S~! function 
) 


(iii) not one-one function 


1) 0,2,3 2) a 3) 26 4) 1+y? 
1) dom F = R, range F = R 3) «s 


Exercises 2 


10. 1) 1 2) 0 3) 


) (£+1}(z+2)(x +3) 
) (2a—1)(a + 1)(a + 2)(2a + 1) 
) (z+ 1)(z?+r+1) 
) (x£ +y+z)(zy+yz+ za) 
5) —(@-y)y— z)(z — x) 
) -(a—b)(b—c)(c—a)(a4+ b)(b 4- c)(c + a) 
) (3x + 4y — 2)(5z — 6y + 3) 
) (8a + 4y — 2z)(5x — 6y + 32) 


z 25(2--1)  35(2443)  5(e@+3)? 
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Exercises 5.1 


3 
1 ae 
3, 2 
n YE, VID 
2 2 
$0028 9 


4. i - v33), 1G + v33) 


5. L 7 VIÐ, «( 7+ v37) 


6 
1 1 

6. c0- V105), got V105) 

7. 4,4 
1 1 

Bee V57), n 7+ V 5T) 
1 

. —,2 
$ y 


1. 13 2 : 3. 9 4. 5 
9 9 
MEA 1 
5. 5 655-5 7. 1,5 8. 18 
25 3 9 
Puy E E 
Exercises 5.3 
1. 2 2, 3. 6 
4. 5 5. 3 6 3 
(E 0 9. 0,2 
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Exercises 5.4 


3. (0,0), (13,13), (3, 22), (—2,3) 4. (0,0), (5,5), (2, 1), (—1, 2) 


1 4 5 16 3 
5 ($5) (520) s (3-3). (9-3) 
9C o9 
8. (7,5), (—7, —5), (V2, —6 V2), (-V2, 6v2) 
9. (3,4), (4,3), (53, —4), (—4,—3) 10. (2,1), (2,—1), (9 12 1) 


11. (1,—2), (2, 1), (—1,2), (-2,1) 
13 2 13 2 
12. 63. CL-9. (aor ae) (Comm) 


Exercises 5.5 


1. 16 m., 15 m. 2. 13,9 

3. length 8 m., width 6 m. 4. 19 

5. (length, width) — (6,4) m. or (16, 15) m. 

6. length 25 m., width 24 m. 7. length 8 m., width 6 m. 
8. 36 9. 8/3 m. 


10. length 20 m., width 15 m. 


Exercises 5.6 
(x,y) respectively: 


S 
ue. i 
roan (sal) ron (eH) remp 


341 


342 


Higher Mathematics Classes IX-X 


Exercises 5.7 


13. 
14. 


15. 


Impossible since both the numbers will be multiple of 5. 


x(x +1) = 10n + 6 where n, x are integers. The last digit of z is either 2,3 
or 7,8. But such a number can never be a perfect square. 


11 times 16. 22 times 17. 143 times 


Exercises 6.1 


1. 


8. 


y<8 


r— —— T a G } > 
6 7 8 9 
g<4 
——umumeo H > 
2 3 4 5 
x>1 
th 
0 1 2 3 


< l o— 


Exercises 6.2 


Eno AER e 


2 
3+ 77^ «29, 0« «8 


e+ (0-8) 4,84 2 Ë 
70x +202 «500,0« 2 «5 
TETIT < 100, 0< g < 390 


ba < 40,5< 2 <8 
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10. 
11. 
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Father's age < 42 years 
If the current age of Jeny is z, then 14 « z « 17 


If time is t seconds then t > 50 


5 
If flying time is £ hrs. then t > 38 


If flying time is t hrs. then t > 2 


If the number is z then 0 < x <5 


Exercises 6.3 


12. 


13. 
14. 
15. 
16. 


17. 


Prices of rubber, pen and notebook are redpectively Tk. 19, Tk. 26 and 
Tk. 55 


8 
72°, 36° 
One of length and width will be from z = 1 to 7 m., the other one 8 — z m. 


Hint: Such a triangle can be constructed for which a < c, b < c, a+b < c1 
and a and b can be made as big as desired. 


Sajib will reach earlier 


Exercises 7 


9. 


10. 
11. 


12. 


13. 


14. 


15 r pou 1 

? 3) , 3 

2° 2° 110’ 240° r(r +1) 
5.5 5 


1) 20, 30, 2r 2) 5, 


4) 1,0,1 (r even) and 0 


d (—1)* 
(r odd) 5) 39' 914? 3r-1 6) 0, 1, NEZ NES 
1) 510^ 2) n< 105 3) n 
1) 2 2) 7 3) 3 4) sum diverges 
1 
3 do 7 50 5 
n n 
Dese = needy ms 
) ai ) 9 ) BI, ) 9 
1 
condition z < —2 or z > 0; sum = a 
3 305 41 403 
Ya 2) 2099 3) 3330 4) 39990 
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Exercises 8.1 


1. 1) (i) 1.3177 radians (approx) (iz) 0.9759 radians (approx) (iii) 0.5824 
radians (approx) 


2) (i) 110°46’9.23" (ii) 75729/54.5 (iii) 55°54’53.35" 
3. 12.7549 m. (approx) 4. 57 km./hr (approx) 5. 5 radians , 5 radians 


2 4 
6. cius um zu 7. 562 km. (approx) 8. 1,135.3 km. (approx) 


9 
9. 4.78 m/s (approx) 10. 1 km. (approx) 11. 1.833radians (approx) 
12. 114.59 m. (approx) 13. 1745 m.(approx) or 1.75 km. (approx) 


Exercises 8.2 


1 1) — 2) 2 
v6. ) : 
2. tan = —, sind = —— 3 A = —— =, tanA = —2 
a cos Z 
3 5 12 
4. i = —— = ` i — A= 
sin A 2 ,tanA = 3 5. sinA 13; 999 13 
9. EX. 
zr? — y s 
27 17 5 54/3 
da dyes 2) i5 3) 3 Ay c 
13. 2 
Exercises 8.3 
1 
7. 1) 0 2) 0 3) undefined 4) — 
) ) ) ) v3 
2 1 3 
aise d uem T 
5) Va 6) undefine 7) 5 8) 5 
9. 1) 0 2) 1 3) 2 4) 2 5) 2 
lla 2-T 4r An Um 
LE c 233 DF DU 
T 7 T "T R T 
1X our ue B) 5 Bu oe 8) 
2r Ar -T 5r -T 3x bm TT 
l EUNE 7a E MR ni NEL 
ee Pd 7 ee 7 11 4 roe quas 
x 3n 5r Tr "T 5v TH T n 5r 
AY (ote gee Ec NN Lf eee 
) 4? 4 $ 4? 4 5) 6’ 6 3 6° 6 6) 3! 3 
T 5r 
7) 0, 3? T, 3° 27 
18: 142 
V3—1 
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Exercises 9.1 


2. 72 
5 gn ees 2) we 3) z 
ab b a 
4) 1 5) 1 6) C) id 
3 
8. 1)0 2) 0 3) 5 
9. lj r=0 2) z=1, y=1 3) z = —2, y = —2 


4) r—--1,y-1 

Exercises 9.2 

9. 1) z=ln(1-— y) 2) z= 10 
3) r= +y 

10. D; = (2,00), Ry =R 

i -cbeetid5mH 

12. 1) D, =[-5,5], Ry = [0,5] 2) D; = [-2,2], Ry = [0,4] 
d DAR. By 04 


Exercises 10.1 


1. 14+ 5y + 10y? + 10y? + 5y* + y? 
1) 1—5y + 10y? — 10y? + 5y* — y? 
2) 1+ 10a + 402? + 80r? + 8024 + 322° 
2. 1) 1--24z + 2400? + 128023 + --- 
2) 1— 21z +1892? — 9452? +... 
3. 14 8r? + 2824+ 5629 +--- and 1.082856 
4. 1) 1- 10z - 402? — ..- 
) 14+27¢ + 3242? +... 
5. 1) 1- 14r? + 84r — 28025 + -.- 
) 


7 1 21 1 35 1 

207 4 r? 8 r 

6. 1) 1—6z--15z? — 2023 +.--- 
2) 14122+ 60r? + 1602? +- 


qe. 


Forma-44, Higher Mathe, Class-9-10 


346 Higher Mathematics Classes IX-X 


Exercises 10.2 


8. 1) 32+ 802? + 80x* + 40r° + 1028 + z! 
96 60 20 15 3 1 
Gi a M ME 
1$ T F T? zx? Ag* 825 6476 
9. 1) 64 + 576a + 2160z? + 43202? + --- 


640 160 20 
2) OA aa os 


z2  g? 
10. p=2,r=64,s = 60 
11. 7 
12. 64+ 48x + 152? + 5gs +++, 63.5215 
13. 31.2080 


14. n — 8, no. of elements 9 and middle element ix 


19. 1019? bigger 


Exercises 11.1 


1. 1) V13 units 2) 4v2 units 3) |a — b|V/2 units 
4) 1 units 5) v13 units 
5. k= -—5,5 


6. 16.971 (approx) 
9. B near, A far 


11. E 


Exercises 11.2 


1. 1) 7 units, 4V2 units, 5 units, 12 + 4/2 units 

2) 14 sq. units 
2. 1) 6sq. units 2) 24 sq. units 
3. v58 units, V10 units, 11.972 sq. units 


2023 


2023 


4. 2a? sq. units 


10 units, 10 units, 40 sq. units 
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11 1 
6. If@=5 then > sq. units, If a = 15 then A sq. units 


1 
" =? — 
7. a (93 


If a = 2 then, ABC right-angled triangle, AC hypotenuse and ZBAC right 


angle 
8. 1) 21 sq. units 
_ 59 
TM 


2) 24 sq. units 


10. p 


Exercises 11.3 


Exercises 11.4 


10. y 22-5 

11. 1) y 2—-rz-46 2 y2z-3 

12. 1) y 2345 2) y=3r—5 
4) y=—3r -5 

13. 1) (1,0), (0, —3) 2) (75,0) (0,3) 


14. y= kx—k),k 22,3 
1 

15. y= gE t E) k = —1,2 
11 


16. k= — 
17. 1) y 


3) 15 sq. units 


3) y = 3z — 3a 
3) y =—3r +5 


3) C: 0), (0, —2) 


2) 15 sq. units 
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Exercises 13 


7. 636 sq.m., 20.5 m., 864 cubic m. 8. 1 cubic m. , 7.8 sq.m. 
9. 300 sq.cm. 10. 8.75 m., 3.2 m. 
11. 301.6 sq.cm., 301.6 cc 12. 25 cm. 
13. 64.14 cc 14. 452.39 sq.cm., 904.8 cc 
15. 1 cm. 16. 11.37 cm. 
17. 1.06 cm. 18. 4 units 
19. 1308.82 cc 20. 18.54 sq.cm. 
21. 7.48 sq.m., Tk. 107.98 22. 83800 units 
23. 16 cm., 12 cm., 12 em. 24. 2086.49 sq.m. 
25. 198 sq.cm., 1550 cc 26. 203.14 sq.cm., 207.85 cc 
27. 296.38 sq.cm. 311.77 cc 28. 110.85 sq.cm., 60.34 cc 
29. 40.65 sq.cm., 16 cc 30. 4662.86 cc 


Exercises 14 


1 7 3 4 
. 1l) = 2) — — 4) — 
iD) 2 ) 30 3) 30 ) 15 
1 
8. as 
2 
9. = 
3 
10. a 
11 1) 157 2) 1630 3) 424 
i 1897 1897 1897 
23 1 
12. 1) —— 2) — 
) 1000 ) 400 
8 25 
15. 1) — 2) — 
9L) 63 ) 63 
4 
16. — 
: 45 


The End 
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